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Preface to the Second Edition

We were delighted when Springer invited us to prepare a new edition of our book. Several
considerations convinced us to take on the task once again:

1. We continue to believe that our work fills a gap in the literature. A glance at the
corporate valuation literature reveals a clear bifurcation.

— Papers aimed primarily at practitioners tend to focus on the notion of the cost
of capital. Uncertainty is often reduced to an expected value, whereas detailed
descriptions of the distribution of risky cash flows are rarely provided.

— By contrast, more theoretically oriented papers avoid the term “cost of capital”
altogether—e.g., in Cochrane’s well-known book Asset Pricing, the term appears
only once, and Cochrane describes its application as “difficult to use correctly for
multiperiod problems.” Theorists focus on the so-called pricing kernel (which is
economically equivalent to risk-neutral probabilities). This approach, however,
is not without problems: The cost of capital is directly observable, whereas the
pricing kernel is not and emphasizing the pricing kernel introduces additional
challenges for empirical work.

With our book, we connect the concept of the cost of capital with that of risk-
neutral probabilities. Our approach provides a detailed description of the underlying
uncertainty and accommodates this synthesis without difficulty. The idea itself is not
new—it has been known for more than half a century from option-pricing theory.
Against this background, our goal is to restore the concept of the cost of capital to its
rightful place in financial analysis. Yet we must acknowledge that we still stand rather
alone in pursuing this idea.

2. In recent years, we have continued to work on this subject and are pleased to
incorporate the insights we have gained. This keeps the content up to date. In
particular, this applies to our reflections on stochastic costs of capital—which we
have not encountered elsewhere in the literature—as well as to several other ideas.
We also owe much to the many students whose critical questions have helped us
explain difficult topics with increasing clarity.

3. Finally, in this edition we have modified certain assumptions, as we believe they
tended to create unnecessary confusion. In earlier versions of the book, we defined the
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growth rate of cash flows in the most general way possible, allowing it to vary at every
point in time (denoted by g;). While such generality may be scientifically interesting,
it is pedagogically unwieldy. Moreover, it complicates empirical work, since one
must first specify the functional form of the time dependence before analyzing data.
We have therefore decided to abandon this assumption.

The same applies to several terminological choices. In earlier editions, we referred
to “(weak) autoregression” of cash flows. Yet autoregressive random variables differ
in important mathematical respects from what we intend to describe. It is therefore
more accurate to speak of a martingale property of the cash flows. We have also
revised terminology in the chapter on insolvency. For example, bankruptcy denotes
the legal process of insolvency, which is not our focus here. We have documented
these adjustments relative to earlier editions in the text.

The world has changed considerably since we first published our manuscript with
Wiley. Today, students in classes no longer hold books in their hands; instead, they read
on tablets and write with digital pens. We also believe in the future of open-access
formats, although we admittedly regret the loss of royalties from earlier books (which,
however, were never substantial). Springer provides the framework for a digital edition
as well as the open-access format.

We remain true to ourselves in not expanding the book—despite current fashion—to
empirical questions or to other theories sometimes associated with discounted cash flow.
There is, however, one notable exception, related to our reflections on stochastic costs of
capital. We consider it worthwhile to discuss “excess volatility” in some detail, although
we omit the calculations it entails.

Writing a book together is never quite as efficient as we imagined at the beginning.
Long stretches of agreement are broken up by debates over words, statements, and
entire sections, and since English is not our first language, we began with a generative,
pre-trained habit of expression—as if guided by a robot. Over time, that conversation
transformed into a draft we could finally live with. If some passages still sound like a
dialogue (shaped by our chats) that simply reflects how this text came to life. In that
process, we have been lucky to rely on many hard-working students and their questions,
which helped our presentation evolve and improve.

Berlin, Lutz Kruschwitz
July 2026 Andreas Liffler
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Preface

We are very pleased that Springer was ready to publish a revised version thirteen years
after the our book was published by Wiley. The following items have been changed:

— The way we dealt with the problem of transversality in the Wiley edition never really
got us satisfied. We now believe that we have found a way to deal with this issue
much more convincingly than before.

— The same applies to sections where we discuss companies that can go bankrupt. We
have incorporated new findings where they seemed important to us.

— We have extended the problems and included the sample solutions in the text; a
separately available Solution Manual no longer appeared up to date to us.

— The book is now open access. Such a feature did not exist a decade ago and we are
extremely pleased that Springer makes possible this form of publication today.

— Last but not least, we would like to draw the reader’s attention to the fact that the
title of the book has changed—seemingly only slightly. For us authors, however, this
is an important matter. We have found that the words “Discounted Cash Flow” are
too reminiscent of the literature aimed at practitioners whose job it is to find simple
ad hoc solutions to the many problems of company valuation. We are academics
and see our mission in finding logically stringent answers to complicated questions.
This is sometimes quite far away from what practitioners have to cope with. Unlike
practitioners, we cannot accept “sticking tax rates to capital costs in any arbitrary
way”’ or ignore the probabilistic basis of risk and uncertainty. Rather, we want to
concentrate on the scientific foundations of calculation under uncertainty and focus
on the stochastic questions of valuation. Unfortunately, it then follows that we will
inevitably have to ignore some practically important details in our analysis. But then
the title should not fake what the book does not deliver. Therefore, from now on the
book is called “Stochastic Discounted Cash Flow.”

Undoubtedly, empirical questions of company valuation are currently in vogue.
However, we sincerely hope that there will be a return to analytical questions in the not
too distant future.

Berlin, Lutz Kruschwitz

vii
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Preface to the Wiley Edition

We started the work on the subject in 2002. A first draft of the manuscript was published
as discussion paper of the University of Hannover. Scott Budzynski translated this
first draft and it was subsequently used for several courses in Hannover and as well as
in Berlin. We thank our students who carefully read the manuscript and helped us to
eliminate a lot of mistakes. Further thanks go out to Dominica Canefield, Erik Eschen,
Inka Glédser, Matthias HiauBler, Anthony F. Herbst, Jorg Laitenberger, Petra Pade from
GlobeGround, Marc Steffen Rapp, Stephan Rosarius, Christian Schiel, Andreas Scholze,
Saskia Wagner, Martin Wallmeier, Stefan Weckbach, Jorg Wiese, Elmar Wolfstetter, and
Eckart Zwicker for helpful comments. Arnd Lodowicks and Thorsten Rogall contributed
two financial policies in the corporate tax chapter.

We would like to thank the Verein zur Forderung der Zusammenarbeit von Lehre und
Praxis am Finanzplatz Hannover e.V. Their generous support made our work much easier.
We thank our wives Ingrid Kruschwitz and Constanze Stein, who never complained
when we sat up the whole night in front of our computers.

Berlin and Hannover, Lutz Kruschwitz
February 2005 Andreas Loffler
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Chapter 1

Basic Elements: Cash Flow, Tax, Expectation,
Value, Cost of Capital

“Eine neue wissenschaftliche Wahrheit pflegt sich nicht in der
Weise durchzusetzen, daf} ihre Gegner iiberzeugt werden und sich
als belehrt erkliren, sondern vielmehr dadurch, daf3 die Gegner
allmdhlich aussterben und dafs die heranwachsende Generation
von vornherein mit der Wahrheit vertraut gemacht ist.”

Max Planck, Autobiography

“Science progresses funeral by funeral.”
in Paul Samuelson’s pithy phrasing.

Abstract In this chapter, we describe precisely and carefully all model properties,
assumptions, and definitions required for DCF.

We discuss definitions of cash flow, describe how a stylized tax system should be
modeled, and address uncertainty using five rules for conditional expectations. The
firm’s cost of capital is defined as a conditional expected return, from which we derive a
first valuation equation for pricing cash flows over time. We then introduce the concept
of no-arbitrage and its link to the Fundamental Theorem of Asset Pricing, and finally
examine the infinite-horizon case, where a transversality condition rules out bubble
solutions.

1.1 Introduction: A Stochastic Approach to Discounted Cash Flow

The valuation of firms is an exciting topic. It is interesting for economists engaged
in either practice or theory, particularly for those in finance. Amongst practitioners,
it is investment bankers and public accountants, who are regularly confronted with
the question of how a firm is to be valued. Rappaport’s discussion of shareholder
value highlighted that traditional accounting numbers offer little insight into whether
management has actually created or destroyed value. Instead, it is the firm’s market
value that provides a meaningful measure of managerial performance. This pragmatic
view serves practitioners well, but academic interest in valuation stems from different
considerations.

On closer examination of how finance theorists assess firm value, one finds that they
do not primarily regard firms as institutions that combine production factors to produce
goods or services. The economic activities themselves are not examined in further detail.
Rather, the focus lies on the income available to financiers while the firm’s role in
satisfying consumer needs is of merely secondary relevance. What is decisive is the
amount of payments and its distribution among the owners and creditors. The income a
company generates for its owners determines its value. In the end, a firm is nothing more
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than a risky asset, or a portfolio of assets. The valuation of firms deals with nothing else
than the question as to what economic value future earnings have today. In short: more
is better, sooner is preferable, and lower risk adds value.

The literature on valuation of firms promotes logical, quantitative methods aimed
at determining today’s value of future free cash flows. In this respect, the valuation
of a firm is identical with the calculation of the discounted cash flow, which is often
only given by its abbreviation, DCF. There are, however, different coexistent versions
that seem to compete against each other. Entity approach and equity approach are thus
differentiated. Acronyms are often used, such as APV (adjusted present value) or WACC
(weighted average cost of capital), whereby these two concepts are classified under the
entity approach.

We see it as very important to systematically clarify the way in which these different
variations of the DCF concept are related. Why are there several procedures and not just
one? Do they all lead to the same result? If not, what are the economic differences? If so,
for what purpose are different methods needed? And further: do the known procedures
suffice? Or are there situations where none of the concepts developed up to now delivers
the correct value of the firm? If so, how is the appropriate valuation formula to be
found? These questions are not just interesting for theorists; even the practitioner who is
confronted with the task of marketing her results has to deal with them.

When finance theorists discuss the valuation of risky assets, various conceptual
complications arise that make it difficult to apply their results directly to practical firm
valuation. Theoretical economists usually concentrate on specific details of their object
of examination and leave out everything else which they consider to be less important at
the moment. There have been models in which—for purposes of simplification—it is
supposed that the firm to be valued will survive for exactly one year. Or you find models
in which it is required for convenience’s sake that the firm goes on forever. But in return
for that, it yields cash flows which remain the same and it does not have to pay taxes. In
yet other models, it is assumed that although a very simple tax is brought to bear on
the business level, the shareholders are, however, spared any taxation. It is supposed in
further models that the price of an asset follows a stochastic process, which the analyst
can describe very accurately and over which she is methodically (mathematically) in
total control. Such simplifications and specializations are part and parcel of theoretical
work. Those approaches are not only widely used but also highly advantageous. Yet
they are not always appropriate for practical applications in firm valuation. This is why
considerable effort must be made to move beyond the purely theoretical framework,
which rests on highly simplifying assumptions. Instead, the aim should be to develop
valuation equations that incorporate simplifications only where essential.

The article by Modigliani and Miller represents, for instance, an important starting
point for traditional DCF theory. Two things are characteristic for this contribution: first,
a very simple corporate income tax is depicted; second, the leverage ratio of the firm
is measured in market values. If you now have to value a German firm, for example,
the results of the Modigliani-Miller model cannot simply be applied. Instead, you have
to carry out appropriate adjustments. First, the German system of corporate taxation
is somewhat more complicated. And second, it could be that the managers of the firm
have decided in favor of a financing policy in which the leverage ratio is measured
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on balance-sheet basis. The question must then be asked, “how are the formulas to be
changed?” The theoretical literature so far offers no clear path to follow.

If the theory does not provide an answer, practitioners are left with no other choice
than to ad hoc adjust the valuation equations according to their judgment so that they
do justice to the present situation as far as they are convinced. For the practitioner, the
theory can only be a guideline to go by anyway. They are used to taking matters into
their own hands in order to make the theory at all useable.

The theorists are not under the same time constraints as the practitioners. They are
obligated to the truth, not their mandates. This is the reason it is not allowed for them
to simply change valuation equations ad hoc, which were developed under the specific
circumstances of a model, if the original conditions no longer prevail. They must instead
abide by rules that ensure their assertions are correct. As a first step, the new conditions
are to be described in an orderly way. Building on this foundation and other internally
consistent assumptions, the theorist seeks to derive the valuation equation for the case at
hand using logical and mathematical reasoning. It is only in observing these conventions
that they have the right to recommend a specific valuation equation as appropriate. And
it is only in observing these rules that a third party has the possibility to check whether
a valuation procedure in fact deserves the predicate “suitable.” We are convinced that
whoever does otherwise risks being accused of having no scientific ground to stand on.

We will attempt in this book to stick to the line of thought just described. We will
thus not ad hoc draw up valuation equations, but rather call to mind the theoretical
groundwork upon which these were gotten. We see no other serious alternative in this
matter. Readers, who take the trouble to follow along with us will indeed be rewarded
with a lot of discoveries, which are at once formally precise and also economically
interesting.

In closing, we want to get a little more specific about the “long way round” we have
propagated and impart what we regard as particularly characteristic of our methodology.
More than anything else there are four points, which differentiate our depiction of the
DCEF concept from that of the literature up until now:

No arBITRAGE Certain paradigms dominate finance theory today. These include,
for instance, expected utility theory, the concept of perfect markets, the postulate
that markets are free of arbitrage, and the equilibrium concept, to name just a
few. No empirically minded theorist would claim that any of these are empirically
representative. We are well aware that managers and investors do not always behave
rationally. This observation forms the basis for an important field of research that is
now known as behavioral finance.

The assumption of homogeneous expectations among investors is a defining feature
of the perfect-capital market framework. Yet it is evident that, in reality, market
participants operate under asymmetric information. Principal-agent models, which
explicitly take this into account, have therefore gained considerable importance in
finance theory over the past decades.

As far as the development of valuation equations is concerned, finance theorists have
been successful only when they have strictly followed the principles of the neoclassical
paradigm. This paradigm rests without ifs, ands or buts on the assumption that there
is no free lunch in the market. Although arbitrageurs exist in reality, theorists have
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almost universally refrained from incorporating such opportunities into their models.
Allowing them would render any discussion of prices meaningless, since prices could
no longer serve as the basis of exchange if everyone could, in effect, “print their own
money” at will. The no-free-lunch principle therefore constitutes the indispensable
cornerstone of the neoclassical framework. For this reason, all valuation equations in
this book are derived under this condition. We are convinced that this principle has
not always been consistently observed in addressing the valuation of firms, and we
shall make this explicit where relevant.

Cost oF capitaL  Cost of capital is definitely one of the key concepts in finance.
Surprisingly, there is often no definition of this term in the literature that is precise
enough to be used with logical operations to derive valuation equations, particularly
in a multiperiod context. Since we regard cost of capital as a central construct, we
have chosen to begin our considerations with its clarification.

Consequently, several statements that are regarded in the literature as obviously true
have to be proven by us.

In fact, in modern theoretical finance the concept of cost of capital is far from
uncontested. Its usefulness is often questioned, while in applied contexts it is usually
taken for granted. We shall return to these conceptual difficulties in the following
sections.

Dara GiveN  As far as we can see, the information available to the analyst about the
firm to be valued plays no systematic role in the DCF literature. Yet it is precisely
this information that determines how the analyst should perform the calculation.
Therefore, whenever we develop a valuation equation, we will specify in detail which
information is assumed to be available.

UNCERTAINTY OF CasH FLows  We have found that in the process of evaluating a
company, many practitioners attach little or no importance to the stochastic structure
of future cash flows. Practitioners are much more likely to limit themselves to
estimating the expectations of cash flows. Taking this implication seriously would
rule out valuation concepts explicitly based on the stochastic structure of payment
patterns.

We thus concentrate on results where the stochastic structure recedes into the
background, and the expectation of cash flows emerges as the key element. That will
play an important role in our analysis.

The first version of our book has been published some 20 years ago. Since then we
have worked continuously on the subject and added new insights to the second edition.
We removed mistakes and typos, added a new chapter on transversality and were able to
enrich our findings on insolvency. New literature was also included. Some of our ideas
have since then found its way into textbooks, although we still think that a systematic
and concise approach as we prefer it is still missing.

Following earlier convention, we marked all random variables with a tilde, i.e., X.
Today, such a notation clearly looks old-fashioned, typographically complex and in
the modern literature the use of the tilde is discouraged. Notwithstanding this fact, we
decided to mark random variables with a tilde and this mainly for didactic reasons.
Otherwise, it may take the inexperienced reader some time to see when an equation like
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E[XY] = X E[Y]

is valid and when it is not.

There has been—certainly accelerated by the COVID-19 pandemic—a strong increase
in demand for supplementary materials such as videos, and the authors of this book have
always enjoyed experimenting with new media (one of the authors recorded his first
lecture as early as 2005). We provide extensive additional material for those who wish
to use this book for teaching or self-study. Slides and further resources are available on
our website:

www.wacc.info

1.2 Fundamental Terms

Valuation is being talked about everywhere. Finance experts, CPAs, investment bankers,
and business consultants have been debating the pros and cons of discounted cash flow
(DCF) methods for years. This book joins that debate by contributing a theoretical
perspective.

Anyone engaging with the DCF approach will inevitably encounter a few recurring
terms. It is typically said that the valuation of a firm involves the discounting

— of its future payment surpluses
— after consideration of taxes
— using the appropriate cost of capital.

Three things need to be clarified: first, what exactly constitutes a cash surplus; second,
how taxes are treated; and third, how the cost of capital is defined.

The payment surpluses are also called cash flows. Nowhere in the literature is this
term clearly defined. So it is safe to say that no two economists mean exactly the same
thing when they talk about cash flows. The reader of this book might expect that we will
go into elaborate detail on how cash flows are determined. We must disappoint such
expectations. Essentially, we will be limiting ourselves to working out the difference
between gross cash flows and free cash flows.

It is relatively clear what is meant by taxes in the context of business valuation.
The lawmakers leave no doubt as to which payments are due to them. Furthermore,
it is known to all those involved in firm valuation that taxes on profit are to be taken
into particular consideration. Finally, every analyst knows that there are taxes on the
corporate as well as on the private level of business. In Germany, for instance, one
must think about corporate and trade tax on the corporate level, and about income
tax on the level of the financiers. This book is not, however, intended for readers who
are interested in the details of a particular national tax system. Therefore, we do not
plan to individually present the British, German or US American tax systems. On the
contrary, we will base our considerations on a stylized tax system. Some readers may
have different expectations regarding this point as well.

As a rule it remains rather unclear in business valuation what is meant by cost of
capital. Even those consulting the relevant literature will, in our view, find no precise
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definition of the term. This brings us head-on with the question as to what cost of capital
is.

Every theory of business valuation rests on a model. Any such model comes with
specific structural features, which we describe in this section. In the following sections,
we discuss cash flows, taxes, and the cost of capital in more detail.

1.2.1 Cash Flows

To apply the DCF approach, the analyst must estimate the company’s future cash flows.
This immediately raises two distinct questions: first, what exactly is meant by cash flow;
and second, how can those future cash flows be forecast? The former is a matter of
definition, whereas the latter concerns prognosis. In this section, we focus on the first
issue.

Gross Cash Flow Gross cash flows refer to the net inflows generated through normal
business operations. These may either be distributed to financiers or retained within
the firm and thus reinvested. When referring to the financiers, we will later distinguish
between shareholders and debt holders, with payments taking the form of interest and
debt service on the one hand and dividends and capital repayments on the other. If taxes
have not yet been deducted from the gross cash flow, we speak of gross cash flow before
taxes, see Table 1.1.

Table 1.1 From EBIT to gross and free cash flow.

Earnings before interest and taxes (EBIT)

+  Accruals

= Gross cash flow before taxes
—  Corporate income taxes

—  Investment expenses

= Free cash flow
—  Interest and debt service

—  Dividend and capital reduction

= Zero

To determine the gross cash flow for a past accounting year, one usually relies on
the firm’s financial statements. One studies balance sheets, income statements and,
most likely, cash-flow statements as well. The way in which one needs to deal with
these individually depends heavily upon which legal provisions were used to draw up
the annual reports, and on how the existing law structures in place were used by the
managers of the firm. It makes a big difference if we are looking at a German corporation,
which submits a financial statement according to the total cost format, and in doing
so follows the IFRS (International Financial Reporting Standards), or if it concerns a
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US American company, which reports according to the cost of sales format and pays
heed to the US-GAAP (Generally Accepted Accounting Principles). There is no uniform
procedure for calculating gross cash flow across firms. Thus, we have justified why we
do not elaborate further on the determination of gross cash flows.

Free Cash Flow Companies must continually invest if they want to stay competitive.
These investments are usually subdivided into expansion and replacement investments.
Expansion investments ensure the increase of capacities and are indispensable if the
firm should grow. The replacement investments, in contrast, ensure the furtherance of
the status quo. They are, hence, usually based on the accruals. We assume that the firm
being valued invests in every period. Sensibly enough, those are only investment projects
that are attractive from an economic perspective.

We refer to the difference between gross cash flow after taxes and the amount of
investment as the firm’s free cash flow. This amount can be paid out to the firm’s
financiers, namely the shareholders and the creditors.

Projection of Cash Flows In practice, the analyst must devote considerable time to
forecasting future cash flows: we already mentioned that it is not the historical payment
surpluses that matter to the firm being valued, but rather the cash flows that it will yield
in the future. The work of finance theorists is generally of limited use for this important
activity. We will not discuss practical questions related to the prognosis of cash flows in
this book at all.

1.2.2 Taxes

Income-, Value-Based-, and Sales Tax A company is, in fact, subject to several types
of taxes. Economists typically distinguish among income taxes (for example, personal
income tax), value-based taxes (for example, real-estate tax) and sales taxes (for example,
value-added tax and numerous others). For the purposes of this book, sales taxes play no
significant role—they simply depict a component of the cash flow and are otherwise of no
further interest. Of course, if such taxes cannot be fully passed on to consumers, they may
affect prices and quantities and thus the firm’s operating cash flows. We abstract from
these incidence effects here. Value-based taxes are also not usually discussed in-depth
in the literature on valuation of firms. We follow this convention and are concentrating
largely just on income taxes.

Corporate and Personal Income Taxes Income tax is imposed on the firm level, as
well as upon the shareholder level. In the first case we will speak about a corporate
income tax, and in the second about personal income tax. In the United States, a corporate
income tax is to be thought of with business tax; in addition, income tax accrues on the
shareholder level (at the federal and local levels).

Our readers should not expect that we will go into detail on either the US American
or other national tax systems. In this book we do not intend to treat the particularities of
national tax laws with their immeasurable details. We have two reasons for this. For one,
national tax laws are subject to constant changes. Every such change would require a
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new edition of the book. We are concerned here with a general theory, which is able to
deal with the principle characteristics of tax law. Secondly, we would thus not only have
to deal with the integration of one single tax law into the DCF approach, but rather of
the tax laws of every important industrial nation around the world. This would, however,
overstep the intended breadth of the book.

Anyone who equates a firm’s value with its marginal price from an average investors’s
perspective has no alternative than to consider the corporate as well as the personal
income taxes.'

Features of a Tax To identify a tax more precisely, three characteristics must be kept in
mind—features that can be observed in every type of tax. The first question, therefore, is
who must pay the tax; this is referred to as the tax subject. The tax base expresses how the
object of taxation is quantified. And finally, the tax scale describes the functional relation
between the tax due and the tax base. We are characterizing the corporate income tax
and the personal income tax as well in the following with regard to the three named
characteristics.

Tax Subject The tax subject describes who has to pay the tax. In the case of the
corporate income tax it is the firm, which is to be valued, while the object of taxation
are the business activities of the firm. In the case of the personal income tax it is the
financiers (owner as well as debt holder) who are the tax subject. The object of taxation
is the income generated by the firm or by other activities, particularly those on the capital
market.

Tax Base The corporate income tax is calculated according to an amount that is
commonly referred to as profit. If one thinks of the US corporate income tax, one
effectively envisages the tax profit. Regarding the personal income tax the gross income
minus some expenses form the tax base.

Tax Scale Once the tax scale is applied to the tax base, the resulting amount determines
the tax due. Proportional and non-proportional scale functions are commonly observed.
In what follows, we will work with a proportional (flat) tax scale and disregard both
allowances and exemption thresholds. The tax due is ascertained by multiplying the tax
base by a tax rate, which we assume is independent of the tax base.

This assumption is, of course, unrealistic. We are not aware of any income tax system
worldwide in which the tax scale is truly proportional. Even the smallest allowance
renders the tax function non-proportional. Although a few studies on nonproportional
taxes have appeared in recent years, they remain rare and can almost be counted on one
hand. Hence, we will uphold a flat tax.

In the meantime, at least in the deterministic case, it has been clarified how to handle
non-proportional taxes. It turns out that the considerations for a linear tax can largely
be transferred to the non-proportional case if a few plausible assumptions are met (for
example, that the tax function is convex). In Sect. 3.1.5, we have provided a more detailed
discussion of this topic.

! In Germany that corresponds to the viewpoint of the profession of chartered accountants, see Institut
der Wirtschaftspriifer in Deutschland (2008).
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What is more, we will assume that the tax rate at the time of valuation is known and
absolutely unchangeable! That is a far-reaching assumption, and we are entirely aware of
the resulting limitations. We are not aware of any systematic discussion of stochastic tax
rates in the literature, apart from isolated cases, and none at all within DCF approaches.
There is a gulf here between theory and practice that we will not be able to bridge over
in this book. The practice-oriented reader may find our approach rather remote from
real-world conditions. In this book, we will later frequently refer to deterministic and
stochastic tax advantages. If we state this here, and then later follow through on it, the
manager may suspect (not unjustifiably) the most important source of uncertainty to
be future unknown tax rates. Regardless, all known DCF approaches rule out just this
source of uncertainty before we even begin. We still have a wide field of research ahead
of us.

1.2.3 Cost of Capital

We do not know if this book’s reader is particularly interested in a precise definition of
cost of capital. We are convinced that it is of considerable importance for the discussion
of DCF methods among theorists. We would be happy, if our readers were sympathetic
to this perspective, or at least came to understand it while reading the book.

Cost of Capital as Returns In order to make our considerations more understandable,
let us leave out uncertainty. The company that is to be valued may promise deterministic
cash flows for the future, which we denote by CF'1, CF'o, . ... We will gain a preliminary
understanding of the notion of cost of capital by examining the role it should play. Cost
of capital serve for the determination of the company’s value. For this purpose the fixed
cash flows are discounted with the (probably time-dependent) cost of capital. A valuation
equation would look, for example, like the following:>

CF CF
Vo= —L + 2 - (1.1)
1+ kg (1+k0)(1+k1)
where kg, k1, ... are the cost of capital of the zeroth, first, and all further periods and

Vo is the company’s value at time ¢ = 0. In the course of our book, we will see that
we repeatedly need an equation for the future value of firm V; at ¢+ > 0. It would be
convenient if Eq. (1.1) could be used analogously at later times. For that we had

V. = CF41 N CFi0 N
"T 14k, (U+k)AHk)

(1.2)

And one obviously gains an understanding of the structural relationship by which such
future values are to be determined.
Eq. (1.2) can be used to infer the relation

2 We are, for the moment, disregarding questions related to an infinite time horizon. These will be
discussed in detail in Sect. 1.4.5.
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ke mpet Tttt Ve g (1.3)
Vi
that gives us a basis for a precise definition of the cost of capital as future return. The
economic intuition of such a definition is most easily revealed if one imagines that an
investor at time ¢ acquires an asset for the price V;. At time ¢ + 1, this asset may yield a
cash flow (a dividend) of CF;,1 and immediately afterwards be sold again for the price
of V;11. The return of such an action is then precisely given through the Eq. (1.3).
Obviously, the definition of the cost of capital (1.3) and the application of the valuation
Eq. (1.2) for all times ¢ = 0, 1, ... are two statements, which are logically equivalent
to each other. If it is decided to understand cost of capital as return in the sense of
Eq. (1.3), then the valuation statement (1.2) is straightforward. The inversion is true
as well: starting out from the valuation statement (1.2), it is implied that the suitable
cost of capital is indeed a return. This simple idea will be the red thread throughout our
presentation.

Cost of Capital as Yields Up to this point, we have considered the firm’s cash flows in
their entirety. To sharpen our understanding, however, let us now shift perspective and
focus on a single future cash flow. By first valuing this isolated payment, we prepare the
ground for subsequently aggregating all such cash flows into the firm’s overall valuation.

Let us suppose for a moment that it is possible at time ¢ to pay a price P; s and in
return to earn nothing else than a dividend in amount of CF's (in which s > ). If under
W the price of a monetary unit is understood that is to be paid at time 7 and
which is due at time s, then we designate «; s as yield. The following relations are valid

for such yields,

. CFn
Piyi1=——
1+ k041
CFt+2
Pt,t+2 =

1+ Kt,t+2)2

The value of a firm at time ¢, which promises dividends at times s = + 1, ... could
be written in the form

V. = CFii1 CF 42
T 1+ Keprl (L4 ke p42)? Y

(1.4)

But to the contrary of the valuation Eq. (1.2), the formal structure of (1.4) cannot be
used at time 7 + 1. The yields of time ¢ will certainly be different from the yields one
period later, i.e.,

CFt+2 + CF:+3

V[+1 = cee e
T+ k142 (14 Kz+1,t+3)2
S—— ~——
? ?
=Kt,r+1 =Kt,t+2
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For our purpose it is only appropriate to understand cost of capital as returns and not as
yields.

Those who are used to work with empirical data will not hesitate to agree with our
definition of the term. At any rate, in all empirical examinations known to us, returns are
always determined when cost of capital is to be calculated. It is much more difficult to
estimate yields or discount rates (to say nothing of risk-neutral probabilities which will
be introduced shortly). Therefore, defining cost of capital as returns is suitable.

The question must now be asked how the concept of cost of capital can be defined
under uncertainty. An answer must wait until a later section.

1.2.4 Time

In order to illustrate a basic idea of the DCF model, let us use an agricultural analogy: a
cow is worth as much milk as it gives. For businesses and their market value, that means
a firm’s market value is determined by its future payment surpluses. If this is accepted,
then the question arises as to how long a firm stays alive.

Lifespan So long as nothing to the contrary is known, one cannot go wrong in assuming
that the firm will be around for more than a year. Such a vague supposition is of little
help. As arule it can be said that firms are set up for the long-run, and that most investors
involved in the purchase of companies—and who fall back on procedures of business
valuation for this means—have an investment horizon, which clearly overstretches one
year. However, we are running in circles, because whether we assume the business will
survive for more than a year, or think that it will remain active until “however long,” the
picture is still pretty unclear.

Coming to a head, this raises the question of whether business valuation should
assume that firms have a finite horizon or operate in perpetuity. At first glance, the notion
of an infinitely lived firm may seem peculiar.

Regardless, there are worthwhile arguments in favor of the fiction of the perpetual
company. If one values a firm, which only has a limited life-span, its end-date must be
determined. An exact answer (apart from very few exceptions) would be impossible.
Moreover, on the last day of the firm’s history, a residual value will be paid to the
owners. If you wanted to answer the question as to how the firm’s residual value is
to be determined, you would have to fall back upon the subsequent payments to be
attained—that certainly does not fit into our assumption anymore that the world is just
about to end. That is why an exact calculation of the residual value would likewise
not succeed. If it can be shown that it makes no difference worth mentioning whether
you operate under the premises of a business life-span of, let us say, 30 years, or that
the business is incessantly active, then the fiction of a perpetually active firm, albeit
objectively false, can be justified for the sake of convenience.’

What we want to convey to our readers is that we are working on the basis of an
investment horizon spanning many periods, without yet committing ourselves to either a

3 If cost of capital in the amount of 10% and constant cash flows are implied, then the first 30 years
explain virtually 95% of the firm’s total value.
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finite (denoted by T) or an infinite horizon. Since, in practice, if our theory were to be
implemented, we would propose an infinite planning horizon.

Trade- and Payment Dates It is necessary to specify the trade- and payment dates
of our model. An investor, who owns a share receives the cash flow at the instant
immediately preceding ¢ (see Fig. 1.1). If she sells this security at ¢, then the buyer
always pays a “price ex cash flow.” Although this arrangement is commonly used within
the framework of the DCF approach, we explicitly stress it here. It leads to not being
able to illustrate particular trading strategies in our model. For dividend stripping, for
instance, a share would have to be bought immediately before the dividend payment—a
comportment our model does not allow.

CF, Vi
t-1 t

Fig. 1.1 Prices are always ex cash flow.

Continuous- or Discrete-Time Model We have chosen to analyze the firm over a time
frame of several periods. But should our model now be continuous-time or discrete-time?

In order to make the difference between both types of models clear, let us look at a
firm with a finite life-span of T years. If we use a time scale, in which there are only
times ¢ = 0 (today), t = 1 (one year from today), ..., = T (T years from today), then
the model’s framework is discrete. We could, without question, divide up each year into
quarters, months, weeks or even days. In the last case, we would run the time index
t from 0 to 365 T, and since the days are countable, we would still be dealing with a
discrete-time model. The more minutely we choose to divide up the time, that many more
subperiods there are in a year. But only after we let the number of annual subperiods
grow beyond all limits, so that the number of time intervals can no longer be counted,
would we be looking at a continuous-time model.

After we have gotten a good enough idea as to where the difference between discrete-
time and continuous-time models lies, we turn back again to the question as to which
type of model we should choose. In so doing, we find out that we do not have any criteria
by which we can ascertain the advantages and disadvantages of one type or another.

One could get the idea that this continuous modeling is unpractical, since just as the
cow cannot be continually milked, neither can a firm pay out dividends incessantly. So,
let us instead say that the cow is milked once a day, and a corporation pays dividends
once a year, for instance. Such intermittent events can, however, be included within a
continuous-time model, as well as a discrete-time model. We must think of something
else.

In the modern finance literature, continuous-time models have experienced a notable
boom. They are much more popular than discrete-time models. There is quite a compelling
reason for this. It is less a matter of whether continuous-time models are more realistic—
as the question of the realism of economic models has been clearly addressed since
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Milton Friedman: the core purpose of economic models is that they are not realistic.
Therefore, this should not guide our choice between the two models. Both discrete-time
and continuous-time models are inherently unrealistic. These considerations do not
provide us with further clarity.

Continuous-time models are more popular because certain calculations (for example,
option pricing) can be performed more easily with them. The known discrete-time
models in the literature require more cumbersome methods for these calculations.*
This criticism does not seem to convince us when it comes to company valuation. We
have tried to perform the proofs and calculations solely by using five clearly defined
computational “rules”—that is, streamlined calculation techniques for working with
discrete-time models (see Sect. 1.3.2)—to keep the effort minimal.

Additionally, the mathematical tools required in continuous-time models are far more
demanding compared to those used in discrete-time models. We can assert this confidently
because we have formed our own impression: our book Loffler and Kruschwitz (2019)
serves precisely the purpose of clarifying, from an economist’s perspective, what is
actually behind the assumptions of a Brownian motion. We believe that for corporate
valuation, this elaborate apparatus of continuous-time calculus is not necessary. Instead,
all that is relevant for valuation can also be discussed within a simple discrete-time model
without Brownian motion. For didactic reasons, we therefore believe that discrete-time
models are better suited for our purposes. Consequently, only these models are presented
here.

There is more that, in our view, speaks against stochastic differential equations and
in favor of discrete-time models. Those who use Brownian motions are essentially
employing nothing more than an (infinitely refined) binomial tree.> These binomial
trees have a very simple structure: uncertainty arises at each node, but in its simplest
conceivable form. Whereas uncertainty in general may involve many possible outcomes,
the binomial tree restricts this number to exactly two—no more than absolutely necessary.
That this is an economically very simple structure is not apparent due to the fog of the
mathematically complex apparatus.

Distinguishing the current time ¢ = 0 (present) from the future r = 1,2...,T, the
ending time T as seen from today’s perspective can or cannot be infinitely far off. The
length of a time interval is not dependent upon the situation in which our model will be
used. Intervals of one year are typically the case.

Point-in-Time Principle In corporate valuation, it is common to distinguish between
the present (¢ = 0) and the future (¢ > 0). It is important to highlight a fundamental
principle that applies to all multi-period models: All considerations take place in the
present (at time ¢ = 0). This requirement is also known as the point-in-time principle,
sometimes called reference date principle.

4 This is very clearly stated, for example, in Cochrane (2005, p. 25f.): “It is often convenient to
express asset pricing ideas in the language of continuous-time stochastic differential equations rather
than discrete-time stochastic difference equations. . . Even if you want to end up with a discrete-time
representation, manipulations are often easier in continuous time. For example, relating interest rates
and Sharpe ratios to consumption growth in the last section required a clumsy lognormal approximation;
you will see the same sort of thing done much more cleanly in this [continuous-time] section.”

5 See, for example, Loffler and Kruschwitz (2019, p. 44).
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14 1 Basic Elements: Cash Flow, Tax, Expectation, Value, Cost of Capital

We do not move away from the present, but we consider what we know today about a
near future (¢ = 1) and what we know today about a distant future (¢ = 2, ...). However,
it is never about how things actually turn out once the near future has arrived. The
point-in-time principle emphasizes what we consider possible today; it is not concerned
with how our knowledge may actually expand over time.

If the predicted relationships do not materialize in the future, this can have serious
consequences. We will illustrate this more precisely with an example in Sect. 1.2: there,
at time ¢ = 0, cash flows are forecasted for the time ¢ = 1 to be either 90 or 110. No other
numbers besides these two values are considered possible today. The theory of the DCF
then does not address how to handle situations in which, one period later, cash flows are
realized at a different level than 90 or 110. The point-in-time principle prohibits this.

One must realize what this means in our example. If, at time # = 1, we observe cash
flows that are neither 90 nor 110, then all conclusions drawn from our considerations at
t = 0 must be discarded. Anyone who has calculated a company value will need to go
back to pencil and paper and perform new calculations. The point-in-time principle thus
consists in making decisions today in the presence of increasing uncertainty about the
future. The appropriate mathematical tool for this is the conditional expectation, which
we will introduce in a moment.

1.2.5 Problem

Problem 1.1 Let the world end the day after tomorrow, 7' = 2. Assume that CF'5 = 100
is deterministic, but b‘ﬁl is stochastic with E [5151] = 100. The risk-free rate is

r¢ = 5%. We show that yields and cost of capital cover different economic terms.

a) Assume that the yield for the first cash flow is k9,1 = 10%. Evaluate the company
and determine the cost of capital kg.

b) Assume that the cost of capital for the first cash flow is kg = 10%. Evaluate the
company and determine the yield «g_1.

1.3 Conditional Expectation

As analysts valuing a firm, we find ourselves at time ¢ = 0, that is, in the present. The
valuation is taking place today, and we can be certain that our knowledge of the company
will increase over time. Although we cannot, so to speak, move ourselves out of the
present, let us still consider what we know today, and what we will know in the future.
This requires the understanding of uncertainty and the notion of conditional expectation.
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1.3 Conditional Expectation 15

1.3.1 Uncertainty and Information

We begin with the hardly surprising observation that the future is uncertain. How now?
For the variables analyzed by the evaluator, this means that as of today it is still not
known what those variables will be. It is not known how many liters of milk the cow
will produce tomorrow. It cannot exactly be said what the cash flow of the firm to be
valued will be in three years. Instead, there exist many possibilities. We also speak of
events, which can influence the amount of the cash flows. Uncertainty in the cash flow is
indicated by adding a tilde to its symbol,

/CTF“t.

This type of notation is certainly out of fashion: In many papers and almost all
textbooks random variables are nowadays not identified by a particular symbol like the
tilde. From a typographical point of view this increases readability. But we believe that
for someone who must learn the difference between a random value and a deterministic
number it is of great help if the random variable has a clear and visible label. There are
transformations that are allowed with deterministic numbers and that fail with random
variables—without a unique label this can lead to serious errors. Therefore, we will
persist on using the tilde.®

States of Nature This representation leaves us in the dark as to what the interested
variable is dependent upon. In fact, it is so that we foresee various possible states of
nature. Such states could be described, for example, through product’s market shares, or
unemployment quotas or other variables. The cash flow would then depend on the state
variables w, however defined. If we do not refer to the entire random variable but to the
cash flow in one particular state we use the notation

CF,(w) .

There are theoretical as well as practical reasons for our not making use of this detailed
notation in the following, but instead only using the more simple spelling.

So we will make no statements in our theory at all about whether the number of
the possible future states is finite or infinite. Rather, we simply leave it open, as to
whether the state space is discrete or continuous. The formal techniques for dealing
with continuous state spaces are more complicated than the instruments needed for the
analysis of a discrete state space. We are trying to avoid wasting energy as much as
possible here.

In our experience, every analyst eventually refrains from making statements about
future states of the world. One tries in practice to determine the expectations of the
established quantities. And future cash flows, or future returns, are approximately

% For example, in the equation E[XY ] = X E[Y ] mentioned in the introduction, it is not immediately
clear to a lay reader whether X is meant to be a random variable or a constant, and under what conditions
the equation does or does not hold. The discussion of the rule introduced next, Rule 5, will exemplify
this.
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16 1 Basic Elements: Cash Flow, Tax, Expectation, Value, Cost of Capital

estimated in such a way so that they do not need to rely upon the state-contingent
quantities. Then why should we not try to avoid these details in our theory?

For both reasons, we will, in what follows, suppress the dependence of random
variables on the states of the world and will not further specify the structure of
uncertainty—except in a few cases, such as in our examples.

Notation In order to make ourselves understood, we must introduce a few mathematical
variables into the discussion. In so doing, we will use the notation common in current
finance literature. The reader who is not used to this, may possibly ask at first why we
did not try for a less exacting notation. The formal notation that we are now going to
introduce, does in fact take some time to get used to, but is in no way so complicated
that one should get scared off. It presents a straightforward and very compact notation
for the facts, which need to be described in clarity. We therefore ask our readers to make
the effort to carefully comprehend our notation. We promise on our part to make every
possible effort to present the relations as simply as they are.

Let us ‘concentrate on, for example, the cash flow, which the firm will yield at time
t = 3,s0 CF3.Betweent = 1 and ¢ = 2, some of the uncertainty surrounding the cash
flow is resolved. When speaking about the expected cash flow from the third year and
wishing to be precise, we must specify the state of information on which we base our
analysis. In earlier versions of this book, we referred, in a mathematically precise way,
to the information that the analyst assumes today she will possess at time t = 1 as 77,
and denoted the corresponding (conditional) expected value as

E[’c‘ﬁgm].

The calligraphic 7 describes a specific subset of all possible states.” However, we do not
use these subsets anywhere in our book. We have learned from discussions with students
that this mathematically correct but cumbersome notation causes more confusion than it
helps in understanding what we mean here. Therefore, we have decided to denote the
analyst’s expectations about the cash flow of time 7 = 3 from today’s presumption of the
state of information at time ¢t = 1 with

E; [’c‘ﬁg] EE[’C‘Fg | ﬂ] .

Both terms stand for the same thing.
If the analyst uses her knowledge at time ¢ = 2, she will have a more differentiated view
of the third year’s cash flow. This view is described through the conditional expectation

By |CFy| .
How is that to be read? The expression describes what the analyst today believes she

will know about the cash flow at time ¢ = 3 in two years. So you see, what at first glance
appears to be somewhat complicated allows for a very compact formulation. One, which

7 For those who want to know more: these are the states of the world that cannot yet be distinguished at
time ¢ because we do not yet have enough information.
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1.3 Conditional Expectation 17

verbally can only be painstakingly presented. Mathematically, the expression
E, [EF,]

is the conditional expectation of the random variable 517;, given the information at time
s.

Classical Expectation What differentiates a classical expectation from a conditional
one? With the classical expectation, a real number is determined that represents the
average amount of a random variable. Here, however, we are dealing with a situation in
which more information about this random variable is already available. The information,
for example, could relate to whether a new product was successful, or proved to be a
flop. Now the analyst must determine the average amount of a random variable (we are
thinking of cash flows) according to the scenario (twice in our example) to establish the
conditional expectation. The conditional expectation will no longer be a single number,
as in the case of the classical expectation. Instead, it depicts a quantity, which itself
is dependent upon the uncertain future: according to the market situation (success or
flop), two average cash flows are conceivable. Summing up this observation, we must
consider the following: the conditional expectation itself can be a random variable! This
differentiates it from the classical expectation, which always results in a real number.

In our valuation theory, we will often be dealing with conditional expectations.
Some readers may therefore be interested in getting a clean definition and being told
about important characteristics of this mathematical concept in detail. We will now
disappoint these readers, as we do not intend to explain in further detail what conditional
expectations are. Much rather, we will just describe how they are to be used to calculate
with. There is one simple reason why we deliberately exclude this. We have, until now,
avoided describing the structure of the underlying uncertainty in detail. If we now wanted
to explain how a conditional expectation is defined, we would also have to show how
an expectation is calculated altogether and what probability distributions are. But we
do not need these details for business valuation. A few simple rules suffice. The entire
mathematical apparatus can be left in the background. Likewise, to be a good driver, you
do not need to worry about the physics of electric motors or understand how batteries
store electrical energy. It is enough to read the owner’s manual, learn the road signs, and
get some driving experience. Experts must forgive us here for our crude handling.®

1.3.2 Rules

In the following, we will present five simple rules for calculating conditional expectations.
You should take careful note of these, as we will be using them again and again.

What is the connection between the conditional expectation and the classical expecta-
tion? Our first rule clarifies this.

8 For those who would like to know more, in the last section we give recommendations for further
reading.
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18 1 Basic Elements: Cash Flow, Tax, Expectation, Value, Cost of Capital

Rule 1 (Classical Expectation) At time t = 0, the conditional expectation and
the classical expectation coincide,

The rule shows that the conditional expectation represents a generalization of the
classical expectation, incorporating additional information as well as future points in
time beyond the present moment.

The second rule concerns the linearity, which is supposedly known to our readers for
the classical expectation.

Rule 2 (Linearity) For any real numbers a, b and any random variables X and
Y the following equation applies

E,[aX + bY] = aE,[X] + bE,[Y] .

For technical reasons we need a further rule, which concerns real numbers. We know,
that these quantities correspond to their expectations. That should now also be true when
we are working with conditional expectations.

Rule 3 (Certain Quantity) For the certain quantity 1 we have

E[l]=1.

An immediate conclusion from this rule affects all risk-free quantities. By linearity
(Rule 2), the following is valid for real numbers X,

EfX] = XE[1]=X. (1.5)

It should be kept in mind that the expectation E; is not dealing with the information,
which we will in fact have at this time. Much rather, it is dealing with the information
that we are alleging at time . The fourth rule makes use of our idea that as time advances,
we get smarter.
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1.3 Conditional Expectation 19

Rule 4 (Iterated Expectation) For s < t it always applies

E, [E[X]] = Es[X] .

The rule underlines an important point of our methodology, although it is supposedly
the hardest to understand. Nevertheless, there is a very plausible reason behind it. We
repeatedly emphasized that we continually find ourselves in the present and are speaking
only of our conceptions about the future. The actual development in contrast is not the
subject of our observations. Rule 4 illustrates that.

Let us look at our knowledge at time s. If s comes before 7, this knowledge comprises
the knowledge that is already accessible to us today, but excludes beyond that the
knowledge that we think we will have gained by time 7. We should know more at time ¢
than at time s: We are indeed operating under the idea, that as time goes on, we do not
get more ignorant, but rather smarter. If our overall knowledge is meant to be consistent
or rational, it would not make sense to have a completely different knowledge later on if
it is built on our today’s perceptions of the future.

If we wanted to verbally describe Rule 4, we would perhaps have to say the following:
“If we today think about what we will know tomorrow about the day after tomorrow, we
will only know what we today already believe to know tomorrow.”

Rule 5 (Expectation of Realized Quantities) If a quantity X is realized at time
t, then for all other Y . _ _

Rule 5 fits our methodology of staying in the present while reasoning about the
future. It illustrates the point-in-time principle once again: today, the quantity X is not
(necessarily) a number but a random variable—at time 0 we can reason about X, yet we
do not know which value it will take at time 7. At time ¢, by contrast, the realization of
X is known given the information available then and X can be treated like a constant.
Consequently, when we form the (conditional) expectation of the product XY, we can
take X out of the expectation—just as we do with ordinary numbers. In other words,
Rule 5 states that whenever a quantity is already known at time ¢, it can be treated as a
certain number inside a conditional expectation taken at time 7.
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20 1 Basic Elements: Cash Flow, Tax, Expectation, Value, Cost of Capital

1.3.3 Examples and Problems

To make our discussion of conditional expectations and their properties more accessible,
we will examine two illustrative cases. These are presented in the “Examples” sections
of this book—one with a finite time horizon and the other with an infinite horizon. Both
examples used throughout the book share an important feature: key characteristics, such
as the stochastic structure of the unlevered cash flows, remain constant across sections,
while only the financial configuration (insolvency risk, debt structure, etc.) varies. In
addition, both cases are designed so that each node is followed by exactly two possible
outcomes. We therefore refer to these examples as binomial models.

1.3.3.1 The Finite Case

We are dealing here with a company, which will bear three years of payments to its
owners. The payments, however, cannot be predicted with certainty. Concentrate on
Fig. 1.2.
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Fig. 1.2 Cash flows in the finite example.

In what follows, we must distinguish between two things. First, we refer to the
movement that occurs immediately at a given node. Here, there are only two possibilities:
“up” or “down” (binomial model). From now on we will be using the terms up and down
not with respect to the actual cash flow movements. Rather, up means that the cash flow
of the next period is stated at the top of the original value in our figure. Hence, up does
not mean that the cash flow increases (as, for example, is clearly visible from 7 = 2 to
t = 3 with the cash flow 110 going up to 96.8).

For any elementary movement up or down, we will use several terms, such as
development, case, or movement. Second, we also consider the sequence obtained by
combining these individual movements as they occur over time—for instance, a sequence
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1.3 Conditional Expectation 21

such as up—down—up. We also use a shortened notation in which we keep only the initial
letters, e.g., udu. Such a sequence will always be referred to as a “state” and denoted by
w; sometimes we also use the term “node” for convenience.

Although our language is occasionally somewhat informal, the distinction between
states and the variables realized in them is important to keep in mind. The cash flow
of 110 at # = 2 can be reached in two distinct ways: ud or du. Mathematically, these
represent two different states, even though the resulting cash flow is identical. In this
sense, 110 is not a state at ¢ = 2; ud and du are.

We will later also consider cases in which one examines what follows a given state.
Take, for example, w = ud. At the next point in time, the movements u« and d are possible,
and we will denote the resulting states by wu and wd.

In the following example, the probabilities of the states will become important.
Again, one must be clear about what exactly is meant. For instance, P(wu) denotes the
probability that the path w is realized first and is then followed by an up-movement.’
Since the individual movements will be independent of one another and each occurs
with probability 50%, this implies, for example, that for w = u,

P(uu) =0.5x0.5=0.25.

By contrast, P(u|u) denotes something different: namely the conditional probability
that, starting from the node w = u, an up—movement occurs. The symbol “|” indicates
conditioning on the state, under which the probabilities of the upward movement, u, is
evaluated. This value is, as mentioned already,

P(ulu) =0.5. (1.6)

1. In the first year (r = 1), two cases are conceivable, which we want to designate as up
or down, as the case may be. If the development is up, then the payment amounts to
110, otherwise to 90. Both payments are equally possible.'”

2. In the second year (¢t = 2), two additional possibilities emerge.

— If we operate in ¢t = 1 from up, the development can again proceed up or down.
Should chance see to it that the sequence is up—up (abbreviated uu), then the cash
flow in the second year amounts to 132. If the development goes in the opposite
direction up—down (ud), then the owners only get a payment of 110.

— But if the movement in = 1 was down, then things could either turn up, or they
could again be down. The development down—up (ud) leads at time ¢ = 2 to
payments in the amount of 110, in the case of down—down (dd), the owners only
receive 88.

9 In Sect. 1.2.3, we used the symbol P; ;.1 to denote the price of a single future cash flow. This notation
appears only there. Hence, following the common convention in the literature, we will from now on also
use P to denote subjective probabilities. Unlike prices in Sect. 1.2.3, probabilities do not carry a double
index 7, ¢ + 1; at most, they carry a single time index indicating the date at which the probability is
assessed.

10 1n case the actual development turns out to be neither 90 nor 110 our model was wrongly specified.
Any decision based on this wrong model will be misleading. See our remark on the point-in-time
principle in Sect. 1.2.4.
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22 1 Basic Elements: Cash Flow, Tax, Expectation, Value, Cost of Capital

The three payment amounts can also be described differently: Chance twice ensures
an unforeseeable development.

— If it goes up twice, then the cash flow amounts to 132. The probability for this
comes to 0.52 = 25%.

— If it, in contrast, only goes up once, then the owners get a payment in the amount
of 110. Since there are two ways of ending up with this payment, their probability
comes to 2 X 0.5 X (1 —0.5) = 50%.

— If, finally, it never goes up, then there is a cash flow of only 88, and the probability
for that is (1 — 0.5)? = 25%.

3. Inthe last year (+ = 3) the following cases are possible, which can be stated as follows:

— The development proceeds up three times. That leads to a cash flow of 193.6, and
namely with a probability of 0.5% = 12.5%.

— It only goes up twice.!! There are three possible ways for moving to the payment
of 96.8, which is why the possibility for this is 3 x 0.5% x (1 — 0.5)! = 37.5%.

— The development is now only up once. There are also three ways of reaching this
amount, which is why its probability is 3 x 0.5' x (1 -0.5)? = 37.5%, and namely
with a payment in the amount of 145.2.

— Finally, it can also always go down. That leads to a cash flow of 48.4, and namely
with a probability of (1 - 0.5)3 = 12.5%.

We will now determine the conditional expectations for every period and in so doing
check our rules. As an example let us concentrate on the third-year cash flow and the
conceptions, that we will probably have of it at time ¢ = 1. It is thus dealing with the
expression -

Ei[CF3] .

At time 7 = 1, two possibilities can have entered in. Let us at first look at the case that
we had an up development. From here, three developments are conceivable, namely

— twice up: cash flow 193.6 with probability 25% ,
— once up: cash flow 96.8 with probability 50%,
— never up: cash flow 145.2 with probability 25%.

The conditional expectation for the up condition at time ¢ = 1 is then
0.25%193.6 + 0.5 96.8 + 0.25 x 145.2 = 133.1 .

Now, we still have the case to look at that at time # = 1 we experienced a down
development. Three developments are again conceivable from here that by an analogous
procedure lead to

0.25x96.8 + 0.5 x 145.2 + 0.25 x 48.4 = 108.9 .

From that we finally end up with

1 As mentioned already, we continue to use the term “up” even if the path is udu = (110, 110, 96.8)
and the cash flow in this case in particular goes down from ¢t = 2to ¢t = 3.
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— 133.1, if the developmentin # =1 is up,
E,[CF3] = . . .
108.9, if the developmentin ¢ = 1 is down.
At this point we discover that E; [5153] is a random variable, since at time ¢ = 0 it still
cannot be known which of the two conditions will manifest at time ¢ = 1.
Let us now direct our attention to the unconditional expectation of the random
variables C'F'3. We can get it directly from

0.125 % 193.6 + 0.375 %X 96.8 + 0.375 x 145.2 + 0.125 x 48.4 = 121

It is, moreover, possible to determine the expectation of the random variables E; [6‘73] .

In order to show that we come to the same result this way, we again have to use our
rules. But, we can limit ourselves here to the iterated expectation (Rule 4) as well as the
classical expectation (Rule 1). The following must apply

E|Ei[CF3]] = Eo[ E1[CF3] ] Rule 1
= Eo[CF3] Rule 4
=E[CF5] . Rule 1

And the result is in fact
0.5%x133.1+0.5x108.9 =121.

__The attentive reader will notice that the conditional expectation of the cash flow
CF 5 and that of CF'; are closely related. In our example, E{[ CF3] = 1.12CF; holds,
since 1.1%2 x 110 = 133.1 and 1.1% x 90 = 108.9. This property does not only apply to
t =2and ¢ = 3, but also to ¢ = 1. It is not chosen arbitrarily and will be analyzed more
thoroughly in Sect. 2.1.2. With this, we conclude our examination of the rules using the
payment example.

1.3.3.2 The Infinite Case

An essential difference from our example that we have been looking at until now is that
the firm will now live on indefinitely. We want to suppose that the cash flows follow a
binomial process according to Fig. 1.3. Seen from time ¢ onward, the cash flows can
move up through time ¢ + 1 with either factor # or move down with factor d, in whereby
we will speak of an upward movement in the first case and a downward movement in the
second case.

For two consecutive times, the following is always valid

CF.. =" CF, ifthe development in t = 1 is up,
“1 74 CF, ifthe developmentin # =1 is down.
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Fig. 1.3 Cash flows in the infinite example.

We will specify neither # nor d in more detail. We only suppose that they are not
dependent upon time, positive and u > d.'? As before, conditional probabilities at state
w and time ¢ + 1 with which the upward and downward movement occur will be denoted
by P;+1(¢|w) and P;1(d|w). In the infinite example, these probabilities do not depend
on time ¢ + 1 and node w, hence, we omit these arguments in the notation from now on.

If under the given assumptions we determine the conditional expectation of a cash
flow CF;41 at time ¢, then the following applies

E; [ﬁt+l] =Py (ulw)u aﬁt + Piy1(dlw) d ﬁt
= (uP(u) +d P(d)) CF, .
—————

=:1+g

The parameter g is thus not dependent on time. Out of this we can immediately derive
the relation

By [CF,| =B, | ... Bt [CF,| .. |

=(1+g)...(1+g)CF,
= (1+¢)"*CF, (1.7)

for s <  on the basis of Rule 4. We will always, for the subsequent examples, be working
from the basis CFg = E[CF1] = 100 and assume that all parameters have been so
chosen that g = 0 is valid.

1.3.3.3 Problems

Problem 1.2 Look at the example in Fig. 1.4. Assume that the cash flows satisfy

12 The factor u need not exceed one; it may be below one as long as u > d.
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6TF’: =E, [67#”1] .

(This particular property of cash flows will become important in the next chapter.)
Assume that the up- and down-movements occur with the same probability. Fill in the

gaps.

193.6
///
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//// \\\
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o 96.8
_— \\\\ ///
< - 121
/ \\
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T 2
\\
\

time

\
=3

Fig. 1.4 Cash flows in Prob.1.2.

Problem 1.3 The following problem shows that expectations under different probabili-
ties cannot be changed arbitrarily.

Go back to the solution of the last problem (see again Fig. 1.4). Let there be two
different probabilities: P assigning the same probability to the up- and down-movements
and Q that assigns 0.1 to the up- and 0.9 to the down-movement. Verify that

o [ 07 - 59 [ 7]

This particular property of probabilities will be necessary when showing that cost of
capital are also discount rates. But be careful if the binomial tree distinguishes between
up—down and down—up as shown in Fig. 1.5. Verify that in this case the following terms
are not equal,

o o[ 59 [ [

Problem 1.4 The following problem shows that for arbitrary but constant expectations

of cash flows
E [?J‘Fl] -B [Ffﬁg] -E [’C‘Fg] = CF,

a binomial tree can be established where the conditional expectations of these cash flows
satisfy an assumption that was mentioned in Prob. 1.2.

Consider a binomial tree where up- and down-movements occur with the same
probability. Let two arbitrary numbers u, d be given such that (this will ensure g = 0)
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Fig. 1.5 Cash flows in Prob.1.3.
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Fig. 1.6 Cash flows (trinomial tree) in Prob.1.5.

1 1
§M+§d:1, u>d>0.

Show that the cash flows following the binomial tree in Fig. 1.3 satisty
Bz |CFy| = CFa, Ei|CFa| = CF1, Fo|CFi|=cFy .

Problem 1.5 Consider a trinomial tree as in Fig. 1.6. Three movements are possible:

LEINT3

“up”, “middle” and “down” (we use u, m and d as in Fig. 1.6). They occur with the same
probability and furthermore (so that the tree is recombining) ud yields the same as mm

ud=m2 .
What further assumptions on u, m, d are necessary so that in this example
E, [672] = CF,

holds?

Page: 26 job: S-DCF macro: SNmono.cls date/time: 15-Mar-2026/8:28



1.4 A First Glance at Business Values 27

1.4 A First Glance at Business Values

In the following section, we introduce a generalized form of a business valuation concept
that will be used throughout this book. The relationships between firm value and the
cost of capital discussed here are to be understood in a general sense, as we wish and are
still able to leave open whether we are analyzing levered or unlevered firms. For this
reason, our exposition does not yet require a fully refined notation.

1.4.1 Valuation Concept

Value and Price Anyone addressing methodological questions of company valuation
is well advised to carefully distinguish between the concepts of value and price. In
financial theory, a clear separation of these two terms is often not made; instead, the
term value is frequently used. We will also treat value and price as synonyms in this
book. However, there are areas in economics where it is very important to distinguish
these concepts precisely. Therefore, we will briefly explain what differentiates the two
terms from each other.

Prices refer to historical and current transaction amounts; such prices can be observed
easily and do not require additional assumptions. On the other hand, we speak of values
when referring to future transactions. Some points need to be addressed here:

— Unlike prices, we cannot know what we will observe in the future when it comes to
values. We have already pointed this out: values are uncertain. Here, we aim to make
reasonable assumptions that allow us to analyze this uncertainty.

— Itis immediately clear that a calculation or a theory is necessary to explain how an
analyst should arrive at values.!> No theory, no values. In this book, for example, we
introduce the theory of discounted cash flow. And every theory is based on assump-
tions; this is also not different for a theory of business valuation. Anyone wishing
to apply the theory must therefore examine whether the assumptions are plausible,
logically consistent, and whether empirical evidence supports its conclusions.

— Finally, it should be noted that values, in contrast to prices, will be subjective. When
different people determine prices, they must inevitably arrive at the same result. This
is not the case for values. Assumptions are always subjective: for example, the number
of states, the assumed cash flows, or the probabilities of occurrence are subject to
personal judgment. This is also true in the theory of discounted cash flow. Even when
using the DCF calculation, one cannot assume that two individuals will arrive at
exactly the same valuation result.

In what follows, we will (as noted above) use the same symbol, V;, to denote both
prices (when ¢ = 0 refers to the present) and values (when ¢ > 0 refers to the future).

13 The fact that at this point (for example in the Capital Asset Pricing Model) people often speak of
price theory rather than value theory does not necessarily facilitate understanding. You do not need a
theory when dealing with past prices.
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No Arbitrage and Equilibrium Trade has existed since time immemorial, and even the
earliest written records discovered by humankind concern the prices of goods. Economic
theory aims to explain why prices are what we observe. It is fair to say that today the
school of neoclassicism has become dominant. For example, while Marxism attributes
prices to the amount of labor contained in goods, neoclassicism holds the thesis that
prices are determined solely by the interplay of supply and demand.'*

Anyone who wants to know exactly how the price of a particular good or service
is determined will find two related concepts in neoclassicism: the idea of equilibrium
and the no-arbitrage principle. We will briefly discuss the interaction of these two
approaches.

First of all, it can be stated that in any equilibrium, arbitrage opportunities must
be absent. On the other hand, the absence of arbitrage does not necessarily mean that
we have already found an equilibrium. In this sense, the no-arbitrage condition is the
logically weaker concept; it requires fewer restrictive assumptions. In earlier versions of
our book, we were tempted to give preference to models that rely solely on no-arbitrage
conditions because their assumptions are harder to criticize. We no longer regard this
perspective as valid, as it is didactically misleading and fails to recognize the importance
of the equilibrium concept. This is because equilibrium and no-arbitrage refer to two
different things that are nevertheless related:

— If one wants to explain how prices can be derived from so-called fundamental
data (elements that themselves are not prices), one must use an equilibrium theory.
Equilibrium relates a price to supply and demand and, in specific models, even allows
for calculating the exact numerical value of a price.

It must be understood that this theory does not attempt to describe how a price “comes
into being” in a market or how market participants agree on this price. In physics, it
is also not explained how gravity causes Earth to attract a stone; rather, gravity is
assumed and described in terms of its strength—then one can determine from this
how fast the stone moves toward the ground. The question “what makes gravity act
on a stone”” makes no sense in physics.

Similarly, equilibrium theory argues that instead of thinking about how prices form
in equilibrium, it assumes that supply and demand are in balance, and that observed
prices emerge from this togetherness. Therefore, equilibrium and prices cannot be
separated conceptually.

— The arbitrage theory follows a different approach. It does not aim to explain prices
based on fundamental data but rather asks whether knowledge of given prices allows
conclusions about what other prices should be—that is, whether particular prices for
some objects imply particular prices for others. Here, it becomes clear that prices
are not explained but rather derived from other prices. One could say that arbitrage
theory builds on equilibrium theory, even though it has its own distinctive features.

Our considerations in this book are characterized by focusing exclusively on arbitrage
theory. Our main focus will always be on deriving prices for other securities based on
known prices—this characterizes the theory of stochastic discounted cash flow.

14 Of course, this presupposes that one can describe what is meant by supply and demand. For the latter,
utility functions come into play.
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If we assume that the capital market does not allow for a free lunch we are quite sure
that this assumption is indisputable. One is usually convinced that arbitrage opportunities
can hold only briefly and will be exploited sooner or later so that they disappear. For us,
this assumption is straightforward.

Assumption 1.1 (No free lunch) The capital market is free of arbitrage.

This assumption is typically specified in finance with the help of an extravagant
formalism. We would like to do away with that here, since the effort far outweighs
the usefulness and the following does not require such details. We limit ourselves
to illustrating the assumption. Arbitrage free means, in loose terms, that no market
participant is in the position to make earnings from nothing. Anyone, who has some
cash inflows will put up with cash outflows. We will go into the conclusions of this
assumption in somewhat more detail.

The central building block of our theory of business valuation is the so-called
Fundamental Theorem of Asset Pricing. It can be derived from the concept of no
arbitrage. We will not go through the trouble of proving the theorem. But to at least
make it plausible, we introduce alternative valuation concepts. While doing so, we limit
ourselves for simplicity’s sake to the one-period case.

The risk-free interest rate in this book does not carry a time index 7. By doing so,
we implicitly assume that risk-free rates are constant over time. This restriction is not
essential and can easily be relaxed: if the interest rate varies over time, it simply takes
on a time index, and the propositions of our theorems remain valid. We adopt this
convention solely for the sake of clarity.

Valuation (in the One-Period Case) under Certainty Imagine a capital market in
which only claims for deterministic payments are traded that are due in = 1. You can
think of a firm, which pays dividends at time # = 1 in the amount of CF';. It is obvious
how these securities are to be valued when the capital market is arbitrage free. The
deterministic cash flows are discounted at the risk-free interest rate. If we denote the
interest rate with r ¢, then equation

CFy

Vo = 1.8
0 1 +ry ( )

must be valid. Otherwise, one could end up with a strategy that practically comes down
to operating a private money pump. And that would be at odds with the no-free-lunch
assumption.

If, for instance, the left hand side of the equation were smaller than the right hand
side, an investor could take out a loan today with the interest rate r ¢ and acquire the firm
for the price Vj. The sum of all payments at time ¢ = 0 would amount to zero. At time
t = 1, she would retain the cash flows and pay back the loan. And the now remaining
account balance would presumably be positive,
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CFl—(1+rf)V0>O.

That is an arbitrage opportunity, and it is exactly such results that we would like to
exclude with the Assump. 1.1.13

Valuation (in the One-Period Case) under Uncertainty Future payments are uncertain
in the world we consider. We must therefore ask in what way the relationship described
in the Equation (1.8) can be generalized. For simplicity, we assume that at # = 1 the cash
flow can take two possible values, which we denote by up and down, corresponding to
payments of 110 and 90, respectively. There are three different ways, the last of which
deserves our particular attention, to incorporate this risk into valuation.

Certainty Equivalent 1f the cash flows payable at time ¢ = 1 are stochastic, one may ask
which risk-free payment at time ¢ = 1 the investor finds just as attractive as the risky cash
flows. Such a payment is called a certainty equivalent. The certainty equivalent will be
discounted at the risk-free rate, instead of the expected payments at time # = 1. Assume
further, that the two relevant states of nature are equally probable and the risk-free
interest rate is 7 = 5%. The certainty equivalent itself must be determined with the
help of a utility function. According to our knowledge, this formulation is rather seldom
incurred in practice.

To illustrate the procedure through an example, let us again look at our firm. We know

Eﬁ’l _ {110 if the developmentin r = 1 is up,

90  if the developmentin ¢ =1 is down.

The certainty equivalent is now that payment S that is just as attractive as the lottery
CF'1, in which one gets 110 or 90 respectively with the same probability. If the investor
has an expected utility representation u(-), that corresponds to equation

u(S1) =E [u (5?71)] ,
from which, according to the application of the reverse function, we get
sv=ut (B]u(CF)|).

If, for example, u(x) = +/x is the utility function, then the certainty equivalent in our
example amounts to

2
Sy = (0.5 % V110 + 0.5 x «/%) ~99.75 .

From that we finally get,

S1 99.75

V: =
T 14r; 14005

=95.00 .

15 We could make a completely analogous argumentation, if the left hand side of Eq. (1.8) were larger
than the right hand side.
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Cost of Capital There is the much more widely spread technique in the valuation
practice of raising the risk-free interest rate with a risk premium. The sum of both
quantities is the cost of capital. In Eq. (1.8) we then adjust the denominator and not the
numerator.

If the risk premium is named z, then the value of the firm in our example results from

E[’C‘Fl]
o= T

and one would come to the same result using the relevant numbers here with a risk
premium of z ~ 0.264% as with the certainty equivalent method, since

_0.5x110+0.5x90 100

'Y 150.05+000264  1.05264 95.00.

Risk-Neutral Probabilities In this third formulation, again the risk-free interest rate
rr is used as the discount rate. In the numerator we find an expectation of the risky
cash flow. But the expectation is not calculated with the actual estimated subjective
probabilities. Instead of that, risk-adjusted probabilities are used, which are also called
risk-neutral.

In our example the subjective probabilities for the up, or, as the case may be, down
development come to 50% in each case. It is plain to see that one can express risk
aversion with measuring up with a lesser weight and down with a heavier weight.

If the expectation calculated on the basis of risk-neutral probabilities is denoted by
E€[], then the valuation formula in our example runs

E2 [6]7“1]
Vo= —
0 1+rf

It can be shown that with the relevant numbers here a risk-neutral probability of 48.75%
for up leads to the same result as both concepts already described, since

_ 0.4875 x 110 + 0.5125 X 90 _ 99.75

Vi =
0 1+0.05 1.05

=95.00 .

Several different terms have been used in the literature for this third way. Equivalent
martingale measure is also often spoken of, instead of risk-neutral probability.

We now turn to the second approach in more detail and will then be dealing with the
last approach.

1.4.2 Cost of Capital as Conditional Expected Returns

Discount Rates and Expected Returns To obtain a preliminary notion of the cost of
capital under uncertainty, let us take a look at the textbooks. It is often said that cost

Page: 31 job: S-DCF macro: SNmono.cls date/time: 15-Mar-2026/8:28



32 1 Basic Elements: Cash Flow, Tax, Expectation, Value, Cost of Capital

of capital is an expected return. For example, Copeland et al. (2005, p. 557) use the
expression “rate of return” instead of “cost of capital,” in order to present the valuation
concept for a firm. Brealey et al. (2025, p. 9-2) write explicitly, that the “assets cost of
capital . .. is the return that investors require for holding the firm’s assets and bearing
the risk associated with doing so.” de Matos (2001, p. 42f.) also explains that the cost of
capital involves expected returns.

However, we also then find the suggestion within the literature to bring the notion of
the cost of capital to life somewhat differently. This concerns the idea that the cost of
capital should be suitable as discount rate for future cash flows. Brealey et al. (2025,
p. 9-9), for instance, speak of the cost of capital as those figures with which cash flows
are to be discounted. There is a related remark in Miles and Ezzell (1980, p. 722), for
example, where it is said that “at any time k, p is the appropriate rate for discounting the
time i expected unlevered cash flow in period j where p is referred to as the unlevered
cost of capital.”

It is not recommended to simply equate expected returns and discount rates. This
warning does not easily stand to reason with the critical reader. This will, however,
change from now on.

Conditional Expected Returns How can our definition of the cost of capital be
generalized, if the future is uncertain? We shift to time ¢ > 0. The analyst will have
gathered some knowledge about the returns at this point in time. In addition, she sets the
return flow of payments one period later in proportion to the capital employed. When
the analyst does this based on the information available at time ¢, the capital employed
V, is known with certainty to her. The analyst can now treat the invested capital like
a real number, granted that she always assumes the information at time ¢. The analyst
considers the conditional expectation of the repayment in ¢ + 1 against the value of the
capital V. Through this understanding of the term cost of capital, a derivation of the
valuation equation analogous to (1.1) will be possible. Hence, we regard the following
definition of the cost of capital as appropriate.

Definition 1.1 (The firm’s cost of capital) The cost of capital k; of a firm is the
conditional expected return

kt =

E; 61*;”1 + ‘7t+1
= -1.
Vi

Before we move on, we must, however, take note that our cost of capital definition
has a possible disadvantage. Look at numerators and denominators separately. In the
numerator of Def. 1.1, the expectations of payments at time ¢ + 1 stand under the
condition that the analyst possesses the information of time 7. One cannot simply take
these expectations as given. It is much more likely that these conditional expectations at
time ¢ themselves are random variables. Dividing these random variables by v, yields
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another random variable, regardless of whether V, is deterministic or stochastic. But that
means that the cost of capital, as it is so defined, constitutes a random variable. Future
expected returns on both equity and debt thus become random variables—something
that will come as no surprise to practitioners. Unfortunately for the theorist, one cannot
discount today using quantities whose realization is not yet known at time ¢ = 0. So, we
have a definition of the cost of capital that is not suitable for our intended purpose here!

Deterministic Cost of Capital We will escape this dilemma only by making a heroic
assumption. Specifically, we assume that the cost of capital, as defined in Definition 1.1,
is deterministic. In other words, we simply take the cost of capital to be known with
certainty and will later show that it indeed serves as an appropriate discount rate. In
other words, those who view the cost of capital as a conditional expected return and
assume it to be deterministic may also use it as a discount rate. '°

Our critical colleagues may want to object at this point that the knowledge of future
anticipated returns in the valuation of firms depicts all too heroic of an assumption;
one which cannot actually be met in real life. To that, we can only answer that it does
indeed involve a very large assumption. Only, without this assumption, no one, not even
our critics, can prove a valuation equation analogous to Eq. (1.1). Thus seen, although
the assumption is admittedly heroic, it is also indispensable for a theory of business
valuation. Those who principally reject it, must also renounce the determination of firms’
market values through the use of a DCF approach. Regrettably, we have no other choice
in the matter.

The attentive reader will still recall the objection mentioned in the previous section.
We had noticed that “time will tell.” If we already assume at time # = 0 that the cost
of capital is known with certainty, we are implicitly assuming that a vast amount of
information has already been acquired. Everything that can be ascertained about cost
of capital is already known today. At this point we repeat the statement that there is no
business to be done without the assumption of deterministic cost of capital.

Attempts at Other Definitions? We would like to emphasize, as clearly as possible,
that our definition of the cost of capital cannot be simplified any further. At first glance,
there seems to be nothing wrong with adopting Eq. (1.3) and interpreting the introduction
of uncertainty through an (unconditional) expectation. The expression

? aﬁtﬂ + Vt+1

k[:E -1
Vi

would then describe a cost of capital.

As an academic, you have the freedom to choose your terms as you like. Definitions
of cost of capital can be neither true, nor false. They are at best suitable, or unsuitable.
And the preceding definition is by all means unsuitable. To allow for an equation of the
form

16 We are not the first to point this out: “As in the single cash flow example of preceding sections, a
capital market where prices each period are set according to the Sharpe-Lintner-Black model in general
requires that there are non-stochastic discount rates. . . ” Fama (1977, p. 18).
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Eﬂ@?d Iﬂﬁ?J
1+k T (1+k?2

Vo =

to be obtained it is necessary to mathematically “detach” V, from the expectation above.
But this is impossible for a random variable due to Jensen’s inequality.'’
Even a more refined approach, such as in equation

L ? E[ETFt+1+Vt+1]
T Em)

does not lead to the kind of results with which we can be satisfied. True, if k; is constant
through time this is easily converted to the following important equation

Eﬂﬁﬁd Eﬂ@ﬁﬁ
1+k  (1+k2

Vo =

But we had more in mind for our definition of cost of capital. We were not just thinking
about a computational rule, which allows for the current business value to be determined.
More importantly, it should be possible to determine future business values. While
calculation of Vy can now be managed with this definition of cost of capital, we cannot,
however, get an equation in the form of

E; [’C‘FHl] E; [E‘F’HQ]
1+k  (1+k)2

V, =

from the definition, since the cost of capital always depicts unconditional expectations.
This definition of cost of capital also turns out to be unsuitable for our purposes. Thus,
we have no choice but to assume the following.

Assumption 1.2 (Deterministic cost of capital) The cost of capital k, of a firm
are non-random (deterministic).

Let us summarize. With a DCF approach, cost of capital is, sensibly enough, taken as
conditional expected returns. This idea will be the red thread throughout our presentation.
As already stated, we will still assume in the following that the cost of capital does
not involve random, but rather deterministic quantities. We cannot get any valuation

17 For a random variable \7, that is not deterministic

s ** 13

holds due to Jensen’s inequality. A similar result will apply to our attempted definition of cost of capital.
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equation without this assumption.'® On the basis of this assumption, we shall now derive
valuation equations. In line with Milton Friedman’s understanding of science we will
then examine whether our findings obtained withstand empirical examination. But first,
let us establish some results.

1.4.3 A First Valuation Equation

In order to derive the valuation equation, we will use our rules for conditional expectations
for the first time. Although this calculation is rather simple, we want to deal with it in
some detail. Our intention in doing so is to get our readers more comfortable with the
formal usage of the rules in Sect. 1.3.2.

Theorem 1.1 (Market value of the firm) When the cost of capital k, is determin-
istic, then the firm’s value at time t amounts to

. o)
Ttk (L+ksq)

Vt =

s=t+1

The reader used to the product symbol IT might prefer the expression

||

Vi = 511 21 )
s=t+1 Hv:t (1 + kV)

as more compact.
To prove this statement, let us reformulate Def. 1.1 of the cost of capital to

_ E [ﬁml + ‘7t+1
V, =
! 1+k,

The above equatign is recuEsive, as 17, is a function of V,H. If we use the appropriate
relation between V.1 and V;,o, the result is

Bt [a\ﬁ‘t+2 +‘7t+2
T+kss1

EI /CTF[+1 +

1+k;

18 This is accurate as far as it goes, but see Sect. 2.1.4 for further discussion on this topic.
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Because the cost of capital is deterministic and the conditional expectation is linear, we
can reformulate this expression with the help of Rule 2 (Linearity) to

E; [6’?’”1] E, [Et+1 [ﬁtﬂ” E; [Et+1 [\7t+2]]

V, = + |
! 1+k, (L+k)(L+kep1)  (L+ k) (L +kern)

Rule 4 (Iterated Expectation) allows us to notate the expectation in a more simple form,

. E, [a?t+l] E, [FC‘F‘tﬂ] E; [\7“2]
= + + .
! 1+ k; T+ k)X +kp1)  (L+k)(A+kpy1)

If we continue this procedure through time 7', we get

E, [’CTF/‘HI] E, [’CTFT] E, [VT]
1+k T 05k Atk 4k (+kr)

V-

If T denotes a (finite) terminal horizon, then setting V7 = 0 (a condition we shall refer to
as transversality) eliminates the last term; a more detailed discussion of this assumption
and the complications it entails for infinite horizons (T — oo) will follow in Sect. 1.4.5.
This gives us

e
Vt:Z(1+k,)...(1+kS_1)' .

s=t+1

Under the prerequisite that we evaluate the firm at time ¢ = 0, it follows from Thm. 1.1
together with Rule 1 (Classical Expectation)

Vo =SZ=; (1 +ko)...(1+ kg_1)

and finally in the particular case of time-invariant cost of capital

T E[@F’,]
VOZ; (1+k)

1.4.4 Fundamental Theorem of Asset Pricing

The idea of an equivalent martingale measure has to do with offering the analyst other
probabilities for the states of nature and thus making her world risk-neutral. That this
method is always successful, that there always exist probabilities in which the valuation
can be made risk-neutral, is the content of the Fundamental Theorem of Asset Pricing.

Page: 36 job: S-DCF macro: SNmono.cls date/time: 15-Mar-2026/8:28



1.4 A First Glance at Business Values 37

The Fundamental Theorem maintains that the investor’s subjective probability can be
replaced by another probability measure Q. We denote the new expectations with E€.
The following statement is valid for them.

Theorem 1.2 (Fundamental Theorem of Asset Pricing) If the capital market
is free of arbitrage, then conditional probabilities Q can be chosen to the extent
that the following equation is valid,

. EtQ [’C‘Ful + Vt+1
Vt =

1.9
1+rf ( )

The Fundamental Theorem is valid for all conceivable financial claims, for equities
as well as debts, for levered as well as unlevered firms.

The real challenge in Thm. 1.2 does not lie in showing that it is possible to select
numbers Q(-) which, when inserted into an equation such as (1.9), match the prices
observed in the market. Mathematically, this is merely a matter of rearranging the
equation and solving for the corresponding values of Q(-); since the equation is linear, a
solution in the real numbers will always exist. What is by no means trivial, however, is
the assertion that the resulting values actually lie between 0 and 1. Demonstrating this is
the true difficulty of the proof.

In Thm. 1.1, we were able to gain a preliminary equation for the valuation of firms
out of the definition of the cost of capital. In a completely analogous way, we could show
that with the help of risk-neutral probabilities a valuation equation can also be proven. It
runs
. 5[

(1+rf)s_t , (1.10)

s=t+1

and does not need a new proof.

If we compare the Fundamental Theorem 1.2 with Eq. (1.8), we then determine
similarities and differences: here as there, we are discounting with the risk-free interest
rate. Instead of deterministic payments, we now deal with their conditional expectations.
The risk of future payments comes into the equation in so far as we are not working
with the subjective probabilities for future states of nature, but rather instead with the so
called risk-neutral probabilities. It deals with a third way, other than certainty equivalents
and cost of capital, of incorporating risk into the valuation equation. Again and again
throughout this book we will see that the Fundamental Theorem can be put to practical
use.

Risk Neutrality Before we turn to the practical application of the concept, we want to
answer the question as to why the probabilities used here are termed as “risk-neutral”
whatsoever. We will make use here of our rules for conditional expectations.

For this purpose, we reformulate the Fundamental Theorem. It goes as
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EIQ 6T/Ft+1 + ‘7t+1
1+ ry =

Vi
We know according to Rule 5 (Expectation of Realized Quantities), that the value of the

firm at time 7 is already known and therefore may also be included within the conditional
expectation, without changing the result,

ﬁml + ‘7t+1

1+rf=EtQ v
t

The one on the left hand side is deterministic. By Rule 3 (Certain Quantities), we can
replace it with its expectation,

fCTFHl + ‘7t+1

-E2 1] .
Vi

ry=Ep

Lastly, we use Rule 2 (Linearity) and get

rp=E2 5
t

ZTFHl + Vt+l A 1]

This presentation of the Fundamental Theorem allows for a clear economic interpretation.
We look to the returns as an argument for the conditional expectation. An investor attains
these if she acquires a security at time ¢, receives the cash flows one period later and
immediately afterwards again sells the security. The statement of the last equation then
reads that the conditional expected return of this strategy is always the risk-free rate, if
the risk-neutral probabilities are fallen back upon instead of the subjective probabilities.
The designation “risk-neutral probability” for Q relates back to this characteristic.

Uniqueness of O The question arises whether the mentioned probability Q is unique
and what consequences can be drawn if several risk-neutral probabilities exist. We do
not want to go into detail here, but the following can be said. For the existence of the
risk-neutral probability measure it is completely sufficient that the market is free of
arbitrage. The assertion that any claim, so complicated as it may be, is also traded (in this
case the market is called complete), is not necessary to prove the Fundamental Theorem
of Asset Pricing. Admittedly, in this case of an incomplete market one can show that
Q need not to be unique. But this is not a problem at least for valuation, since every
“possible” probability will lead to one and the same price of the firm.

It is, however, a problem if the firm to be valued is not or not yet traded on the
market. In this case the Fundamental Theorem may not yield one particular value but
instead a range of possible prices of the firm. Therefore, a second assumption that is
also necessary for DCF valuation is the following.
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Assumption 1.3 (Spanning) The cash flows of an asset to be valued can be
perfectly duplicated at the capital market.

Let us discuss this assumption. Again we suppress the formalism required to formulate
it in a mathematically precise manner. The assumption requires that the possible cash
flow of the company, complicated as it may be, can also be achieved by holding a
(possibly involved) portfolio of stocks, bonds, derivatives or any other assets from the
capital market. Instead buying the company, the investor could turn to the capital market
and would receive not only a similar, but the same distribution of cash flows.

It might be questionable, why the investor at all would now buy the company if she
can invest in a portfolio of equities and bonds. But we do not care for determining an
investor’s optimal portfolio (this would require an examination of her utility function).
Instead we are decided to value a company by trying to replicate the company’s cash
flows by a portfolio of traded assets. We stress explicitly here that in this book valuation
is a comparison of a company with the capital market. Spanning is necessary to perform
this comparison.

At the beginning of Sect. 1.4.1, we pointed out that equilibrium and arbitrage are
two neoclassical concepts for determining prices (values). While equilibrium relies on
fundamental data, arbitrage theory justifies the price of an object by reference to the
prices of other objects. This way of thinking becomes especially clear in Assump. 1.3.
Put differently, no other assumption illustrates as clearly that DCF methods rest on an
arbitrage argument.

Risk-Neutral Probability and Pricing Kernel In modern finance theory, it has become
standard practice to work not with risk-neutral probabilities, but with the so-called
pricing kernel or stochastic discount factor m;1. Equation (1.9) then takes the form

Vi =E; [mz+1 (ﬁtﬂ +‘7z+1)] . (1.11)

From an economic perspective, this formulation does not differ from the familiar
representation based on risk-neutral probabilities.!” Why, then, do we not employ the
tool that has long been the standard in the theoretical literature?

We have three reasons for this choice:

1. We believe that risk-neutral probabilities lend themselves more readily to intuitive
explanation. Admittedly, this is largely a matter of taste and may not persuade every
reader.

2. In corporate valuation, the emphasis is typically on practical applications. Neither Q
nor m, are directly observable quantities, and therefore many important (and in some
cases celebrated) theorems make no explicit use of them. The risk-neutral probability
measure exists, but it remains primarily a theoretical construct designed to facilitate

19 Mathematically, the two formulations are equivalent by virtue of the Radon-Nikodym theorem.
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proofs. Our main concern, therefore, is didactic clarity: through which approach can
these proofs be presented most transparently? We have found the path via Q to be the
more accessible one.

3. Moreover, in the empirical literature, the pricing kernel is typically introduced as an
object to be inferred, with the aim of obtaining quantitative estimates for a broad
set of assets rather than valuations for a specific company. In contrast, the applied
literature on corporate valuation rarely engages in such estimation exercises. Its aim is
usually to value a specific firm rather than to propose a general procedure for valuing
all stocks in the market.

1.4.5 Transversality and Infinite Lifespan

We are working under the assumption in any case that the value of the business closes
in on zero, as the firm’s end approaches. In the case of a firm with a finite life-span,
that is a very obvious, even trivial, statement. Beyond time 7', the cash flows do not
flow any more, which is why the value of the firm must disappear. But we also need an
analogous characteristic when dealing with a firm that has an infinite life span. It must
be kept in mind that dealing with infinity is anything but straightforward; once the time
horizon is extended without bound, what we commonly regard as common sense can be
stretched to its limits. In the formally oriented literature, the so called “transversality” is
spoken of when the discounted business value is heading towards zero with an infinite
time-horizon.?’

Transversality is not only a technical condition but can be interpreted in an econom-
ically meaningful way. Let us assume for a moment that transversality would not be
satisfied. Then relying only on the Fundamental Theorem (1.9) will not yield a unique
value V; of the company.?! Instead, there exists an infinite number of variables V; that
will satisfy the Fundamental Theorem and could be acknowledged as “the” value of the
company. There is not one but an infinite number of such “values.” Valuing a company
using only the Fundamental Theorem is doomed to fail. Transversality is in this sense
indispensable.

If transversality is to ensure that residual firm value disappears as the horizon tends
to infinity, then the question arises of how this requirement should be expressed. It is by
no means clear how to formulate the condition in a precise and satisfactory manner. In
the Wiley edition of this book we indeed used the specification

1
e L+ T

20 The term transversality originates from differential topology, where it describes conditions ensuring
that objects intersect in a “well-behaved” manner. In economics and finance, the notion was adopted to
denote a boundary condition that rules out explosive or “bubble” solutions.

21 For details see Kruschwitz and Loffler (2013, Theorem 2); an illustrative example is given in
Prob.1.10.
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Meanwhile, it has become clear that this approach leads nowhere. Moreover, a mathe-
matical difficulty arises: the formulation above involves a limit. In the case of numbers
such a limit is well defined, but in our setting the requirement stated above lacks a clear
meaning. Because our model involves future firm values, we have to confront limits of
random variables; yet this only deepens the difficulty, since it is far from clear what
exactly a “limit” of random variables should mean.

Neither common sense nor intuition is a reliable guide—especially when conditional
expectations of random variables are involved, which may themselves be random
variables. Because random variables are functions, one must recognize that there is no
single, universally valid definition of a limit for functions. Instead, there are several
concepts at hand.?> One can show that the so-called almost-everywhere convergence is
appropriate.”® On this basis we say that a sequence of random variables X, converges to
a random variable X if the following is true: For every state w we ask whether

Am X, (w) = X(w)

holds. By fixing the state w we are no longer dealing with sequences of random variables,
but instead with sequences of numbers. Based on this fact we can be certain whether a
limit exists and equals a number X (w). However, we do not know how large the set of
all such states w is. Therefore we say that X converges almost everywhere to X if the
set of such states has probability one. In plain terms: “The sequence X, (w) converges to
X (w) in almost all cases.”

One not insignificant detail remains open. We speak of an event occurring with
probability one, that is, an almost sure event. But which probability is meant here,
since alongside the subjective probability we also have the risk-neutral probability
Q? Fortunately, this question can be answered quickly, even without delving into the
mathematical details: it makes no difference. The events that occur with probability
one under the subjective probability P are precisely the same as those that occur with
probability one under the risk-neutral probability Q. This detail is in fact included in the
Fundamental Theorem of Asset Pricing; besides the pricing relation (1.9), the theorem
entails this statement as well—a point we have not yet mentioned.

Taken together, these considerations show that the following assumption is both
suitable and required.

Assumption 1.4 (Transversality) If the lifespan of a firm goes to infinity (T — o),
then we have for every point in time t almost-everywhere

22 Convergence can be pointwise, almost-everywhere, in L2 or in probability etc. (see Stoyanov (2014,
Sect. 14) for an overview of different convergence concepts for random variables, their interrelations
and numerous counterexamples).

23 Notice that further an assumption is necessary that establishes a lower bound K of all cashflows at
any time and any state. This lower bound can be arbitrary but need to be a finite number. We believe
that this assumption is of technical nature that is not an important economic restriction. The following
considerations are (in parts literally) taken from Kruschwitz and Loftler (2013).
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E? [Vr]

———=0. 1.12
T—o (1+ rf)T_t ( )

Figure 1.7 illustrates the interplay between transversality and Fundamental Theorem
on one hand and a unique firm value on the other hand. Transversality ensures that the
Fundamental Theorem (1.9) and the valuation equation

o E2|eR

Vi= Y ——— (1.13)
s=t+1 (1 + rf)s '

are equivalent even in the case of infinitely lived firms. Those, who presume the

Fundamental Theorem can utilize the valuation equation and vice versa if transversality

holds. Exactly this is the meaning of Fig. 1.7.

[ (infinite) Valuation equation }

and [ Fundamental Theorem J

Fig. 1.7 Transversality is a sufficient and necessary condition for the infinite valuation equation.

Let us summarize. The transversality condition (1.12) is necessary if we want to
value companies that stay on forever. Forgoing this assumption will lead to inconsistent
results. Notwithstanding we want to emphasize that we do not believe in companies
being perpetual forever. The main reason for dealing with these particular types of firms
is that this assumption greatly simplifies our analysis.

1.4.6 Examples and Problems

1.4.6.1 The Finite Case (Continued)

Before proceeding, we want to take up our example from Sect. 1.3.3 and establish the
value of the firm. We assume that the cost of capital of the firm is constant in time and
amounts to k = 20%. According to Thm. 1.1, it is obvious what market value the firm
has at time ¢t = 0,

E|CF,| E|CF,| E|CF'|

Vo =
0T TUvk T (+k2? C(1+k)3
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100 110 121
_E+E+E~Q29.75.
Although the purpose of this calculation is perhaps not immediately evident here, we
want to determine the market value of the firm for time # = 1 as well. This cannot be a
number, because we cannot yet know today, if the outcome at time # = 1 will result in
the condition up or down. Depending upon the condition, we are discounting different
cash flows. In order to describe the details we must take into account at which node
(state) we are looking at. In Sect. 1.3.1 we used the symbol w for nodes. Any node is
described by the movements that led to it; for example w = uu is the node that came
about after two up-movements (in our example this corresponds to the cash flow 132).
Let us denote with CF9(uw) (or CF2(dw)) the cash flow at time ¢ = 2 arriving at node
w given that the first movement was up (or down).
If we started with up, we get

E [aﬁ'g(uw)] E [Eﬁg(uw)]

V- =
1) T+k 1+ k)?
121 133.1
- 2 1932
12 gz 19326,

while if we started with down

E [ﬁz(dw)] E [ﬁg(dw)]

Vi(d) =
1) T+k  (1+k)2
99 108.9
=2 Y 1s81
1o oz T 10813

is what we get. With that we get altogether

= )193.26, if the developmentin ¢ =1 is up,
TR 158.13, if the developmentin ¢t = 1 is down.
Using the same technique the value of the unlevered firm at t = 2 is given by

121.00, if the development is up—up,
Vo ~ 4100.83, if the development is up—down or down-up,
80.67,  if the development is down—down.

1.4.6.2 The Infinite Case (Continued)

Let the cost of capital be k = 20%. Then the value of the firm is using Rule 4 (remember
=0
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© By |CF ~ E|CF,| E|CF,
VO:; (1[+k)tt] = 4 (1[_,_ k)’] = LE,u ] = EOS

=500 .

As in the finite case, we can use the Eq. (1.7) to calculate the firm’s future values. We
get

°°Et[ ] CF, CF,
Z (1+k)s Z(1+k)Y= k-

Vi =

1.4.6.3 Problems

Problem 1.6 In the following problem, various types of returns are calculated. It turns
out that these returns need not exhibit any meaningful relationship unless the stochastic
structure of the cash flows is further restricted by additional assumptions.

r=0 r=1 f=o Ume

Fig. 1.8 Cash flows in Exercise 1.6.

The cash flows of a firm that exists until 7 = 2 are shown in Figure 1.8. The
risk-neutral probabilities Q are each 50%, and the interest rate is rr = 0% for simplicity.
The market is free of arbitrage and the firm’s values correspond to the (conditional)
Q-probabilities.

a) Evaluate the firm valuesins =0Oand ¢ = 1.

b) Assume that the subjective probabilities are 40% for any up-movement and 60%
for any down-movement.
Evaluate the following (conditionally) expected returns:

E[CF2] | EilCFa] | E[Vi+CFy]

)

Evi] = W Vo

Problem 1.7 Consider the return
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— 6TFS+1 + Vs+1
Vs

-1.

Il

Assume that cost of capital (conditional expected returns) is deterministic. Show using
only the rules of this chapter that for s; > so > ¢ always

Et [7’\1 ?;2] = Et [7&‘1] Et [7’\2] .
This is also known as independence of returns.

Problem 1.8 Some textbooks consider firm values within a binomial tree while com-

pletely neglecting the associated cash flows. We demonstrate that such a model is

internally inconsistent, since in this case firm values must necessaril}ige ZEero.
Suppose that a firm generates no cash flows at any point in time (CF; = 0).

a) What relation for firm values follows from the Fundamental Theor~em?
b) Demonstrate that, under the transversality condition, one obtains V; = 0 for all 7.

Problem 1.9 Consider the infinite example from Fig. 1.3. Assume that the cost of capital
k are constant. Prove that _

~ uV, ifup,

Vis1 = { 2 1

dV; if down.

Show furthermore that (analogous to (1.7))
ES [Vt] = VS .
Hint: Remember g = 0.

Problem 1.10 This problem will show that without transversality the value of a company
will not be unique. .
Assume that we have company values V, and cash flows CF, such that the valuation
equation
= N E;Q [Vis1 + CF141]
e 1+r f

is satisfied. Transversality shall not hold. Show that the new “values” given by V =Def
V,+C (1+rf)" with an arbitrary number C # 0 are also valid in the sense that these V*

satisfy the Fundamental Theorem (1.9) (still using the cash flows CF 1) as well.

Problem 1.11 ?* We consider a stochastic cash flow that, at time r = 1, can take
only two possible values: u (up) or d (down). We assume that the both cash flows
differ, CF1(u) # CF1(d). We distinguish between the subjective probability P and the
risk-neutral probability Q and assume they are not identical. -

Suppose the subjective expected value of the cash flow is zero, E[CF1] = 0. The
prevailing intuition would then suggest that the firm’s value is zero. In this particular
setting, however, this conclusion is misleading:

24 We are grateful to Denis M. Becker (Trondheim) for suggesting this problem.
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a) Show that the risk-neutral expectation of the cash flow cannot be zero. The same
holds for its value at ¢ = 0.
b) Prove that the cost of capital of the cash flow is exactly —100% implying that DCF

results in an indefinite term Vjy = %.
This shows that for cash flows with zero expected value, one should apply DCF methods
with greater caution. One must be aware that the cost of capital must be such as to permit

the application of the method in the first place.

Problem 1.12 Consider a one-period model. Using the pricing-kernel equation (1.11),
it is straightforward to show that the following identity holds:

Vo = %CZI] + Cov [ml, 5?’1] (1.14)

Show that this expression implies the security market line, given by

ry=Elrl + (ry = E[rm])B

CFy 4
-1,

where 8 := % and r :=

1.5 Further Reading

The concept of the conditional expectation goes back to the work of the Russian
mathematician Kolmogorov from the 1930’s and is found in every textbook on probability
theory. The presentation given in the textbook by Williams (1991) is worth reading.
Although it deals only with discrete-time, this textbook also gives a very good introduction
to the theory of martingale measure. This also applies to Shreve (2004a). Those who
want to read more about continuous-time models can turn to Karatzas and Shreve (1991),
Musiela and Rutkowski (2009), ? or Shreve (2004b). Though all books are written for
students majoring in mathematics.

The Fundamental Theorem of Asset Pricing was gradually recognized in several
papers and is based on works from Beja (1971), Harrison and Kreps (1979) and Back
and Pliska (1991). A proof can also be found in the textbook Musiela and Rutkowski
(2009) and in 2.

The definition and determination of cash flows is dealt with in-depth in every textbook
on balance sheet analysis; Koller et al. (2015) is a good reference. The topic of the
prognosis of future cash flows is unfortunately very often left out, Welch (2022, chapter
14) is a notable exception.

Rapp (2006) and Laitenberger (2006) discuss the question whether a suitable definition
of cost of capital can be found that does not need the restriction of nonrandom returns.

Niemann (2004) analyzes stochastic tax rates and their impact on the neutrality of
tax systems. An overview about national tax codes can be found in Koller et al. (2010,
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pp- 357-380). (The 2015 edition does not contain a chapter on national tax codes
anymore.)

In Husmann et al. (2006) it is shown how several national tax codes can be implemented
into our model.

Transversality is extensively discussed in Sethi (1996) as well as Kruschwitz and
Loffler (2013). A lot of examples, counterexamples as well as proofs can be found there.

Asymmetric taxation with respect to valuation was discussed in Schaefer (1982),
Dybvig and Ross (1986), Ross (1987) and Dermody and Rockafellar (1991).

1.6 References

Back K, Pliska SR (1991) On the fundamental theorem of asset pricing with an infinite
state space. Journal of Mathematical Economics 20:1-18

Beja A (1971) The structure of the cost of capital under uncertainty. The Review of
Economic Studies 38:359-368

Brealey RA, Myers SC, Allen F, Edmans A (2025) Principles of Corporate Finance,
15th edn. McGraw-Hill, New York

Cochrane JH (2005) Asset Pricing, 2nd edn. Princeton University Press, Princeton and
Oxford

Copeland TE, Weston JF, Shastri K (2005) Financial Theory and Corporate Policy, 4th
edn. Pearson, Addison-Wesley, Boston (MA)

Dermody JC, Rockafellar RT (1991) Cash stream valuation in the face of transaction
costs and taxes. Mathematical Finance 1:31-54

Dybvig P, Ross SA (1986) Tax clienteles and asset pricing. The Journal of Finance
41:751-62

Fama EF (1977) Risk-adjusted discount rates and capital budgeting under uncertainty.
Journal of Financial Economics 5:3-24

Harrison JM, Kreps DM (1979) Martingales and arbitrage in multiperiod securities
markets. Journal of Economic Theory 20(3):381-408

Husmann S, Kruschwitz L, Loffler A (2006) WACC and a generalized tax code. The
European Journal of Finance 12:33—40

Institut der Wirtschaftspriifer in Deutschland (2008) IDW Standard: Grundsitze zur
Durchfiihrung von Unternehmensbewertungen [IDW S 1] (as of: 02.04.2008). Die
Wirtschaftspriifung (Supplement) 3:68—-89

Karatzas I, Shreve SE (1991) Brownian Motion and Stochastic Calculus, 2nd edn.
Springer, New York

Koller T, Goedhart M, Wessels D (2010) Valuation: Measuring and Managing the Value
of Companies, 5th edn. John Wiley & Sons, Hoboken (NJ)

Koller T, Goedhart M, Wessels D (2015) Valuation: Measuring and Managing the Value
of Companies, 6th edn. John Wiley & Sons, Hoboken (NJ)

Kruschwitz L, Loffler A (2013) Transversality and the stochastic nature of cash flows.
URL http://ssrn.com/paper=2373744

Laitenberger J (2006) Rendite und Kapitalkosten. Zeitschrift fiir Betriebswirtschaft
76:79-101

Page: 47 job: S-DCF macro: SNmono.cls date/time: 15-Mar-2026/8:28


http://ssrn.com/paper=2373744

48 1 Basic Elements: Cash Flow, Tax, Expectation, Value, Cost of Capital

Loffler A, Kruschwitz L (2019) The Brownian Motion: A Rigorous but Gentle Introduc-
tion for Economists. Springer, Cham (Switzerland)

de Matos JA (2001) Theoretical Foundations of Corporate Finance. Princeton University
Press, Princeton (NJ)

Miles JA, Ezzell JR (1980) The weighted average cost of capital, perfect capital markets,
and project life: A clarification. The Journal of Financial and Quantitative Analysis
15:719-730

Musiela M, Rutkowski M (2009) Martingale Methods in Financial Modelling, 3rd edn.
Springer, Berlin

Niemann R (2004) Tax rate uncertainty, investment decisions, and tax neutrality.
International Tax and Public Finance 11:265-281

Rapp MS (2006) Die arbitragefreie Adjustierung von Diskontierungssitzen bei einfacher
Gewinnsteuer. Zeitschrift fiir betriebswirtschaftliche Forschung 58:771-806

Ross SA (1987) Arbitrage and martingales with taxation. Journal of Political Economy
95:371-393

Schaefer SM (1982) Taxes and security market equilibrium. In: Sharpe WF, Cootner
CM (eds) Financial Economics: Essays in Honor of Paul Cootner, Prentice-Hall,
Englewood Cliffs (NJ), pp 159-178

Sethi SP (1996) When does the share price equal the present value of future dividends?
Economic Theory 8:307-319

Shreve SE (2004a) Stochastic Calculus for Finance I: The Binomial Asset Pricing Model.
Springer, New York and Berlin and Heidelberg

Shreve SE (2004b) Stochastic Calculus for Finance II: Continuous-Time Models. Springer,
New York and Berlin and Heidelberg

Stoyanov JM (2014) Counterexamples in Probability, 3rd edn. Dover Publications, New
York

Welch I (2022) Corporate Finance, 5th edn. Ivo Welch

Williams D (1991) Probability with Martingales. Cambridge University Press, Cambridge

Page: 48 job: S-DCF macro: SNmono.cls date/time: 15-Mar-2026/8:28



Chapter 2
Corporate Income Tax: APV, FTE, TCF, WACC

Abstract In this chapter, we examine taxes at the corporate level. These taxes imply that
debt financing always increases firm value, and we aim to quantify the magnitude of this
effect.
We first study the relationship between unlevered and levered firms and show why
unlevered firms provide an appropriate reference point for DCF analysis. We discuss the
stochastic properties of cash flows and argue that a martingale-like behavior is a sensible
assumption. We then derive key implications of this assumption for firm valuation.
We then investigate how insolvency affects this value increase. To that end, we consider
two typical insolvency triggers—illiquidity and over-indebtedness. We analyze what can
be said about both triggers under a first approximation in which, upon default, all of the
firm’s assets are transferred to debtholders.
Subsequently, we introduce various financing policies and demonstrate how, in each
case, the value differences between levered and unlevered firms can be determined.
Firm valuation is inherently difficult, which is why analysts rely on simplifying
assumptions. Our first step is to consider an unlevered firm. As we will see, this
benchmark already allows us to address several substantive economic questions. We
then extend the analysis to levered firms.

2.1 Unlevered Firms

Anyone who values indebted firms must also be able to value their all-equity-financed
counterparts. The two problems are logically interdependent.

Taken on its own, that claim is uninformative. Referencing an indebted firm without
further specification leaves too much undefined: Are we looking at a highly or only
moderately indebted firm? Is debt expected to increase, or is management planning to
deleverage? By contrast, the benchmark of an all-equity-financed firm is transparent. By
all-equity we mean a firm with no debt today and none at any future date. Such firms
may be rare—perhaps nonexistent—in practice, but that empirical observation does
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not affect our argument. The point is definitional clarity: all-equity is precise, whereas
indebted remains ambiguous without additional information.

Cost of Capital and Leverage A firm’s cost of capital is driven by two forces: its
business risk and its debt structure. All else equal, higher risk and a higher debt—equity
ratio imply higher required expected returns. Linking this observation to the preceding
discussion, the cost of capital for an all-equity firm is straightforward, whereas for an
indebted firm it is a function of the level of debt. These statements are only valid so long
as we keep all other influences on the cost of capital (particularly the business risk and
the tax rate) constant.

The indebted firm’s cost of capital is a prerequisite for valuing it. More precisely, we
need the cost of capital of a firm that has two things in common with the firm to be
valued: its business risk and its debt structure. In empirical work, one typically turns to
capital-market data, identifies a comparable (peer) firm in the same—or at least a very
similar—risk class, and estimates the expected return to its investors. Almost invariably,
however, the peer’s capital structure differs from that of the firm to be valued. If debt
affects the cost of capital, the peer’s figure cannot be transferred one-to-one. As noted
above, indebted firms are not necessarily comparable even within the same risk class.
And it is exactly here that the all-equity-financed firm comes into play as reference firm.

An indebted firm, this will become evident in a moment, is more valuable than an
otherwise identical all-equity firm whenever interest is tax-deductible—holding the
firm’s operating (unlevered) cash flows fixed. Raising debt serves as leverage that can
increase the firm’s value. In this case one also speaks of a leverage effect caused by debt.
Throughout, we use levered and indebted interchangeably, and likewise unlevered and
equity-financed, in the strict all-equity sense defined above.

Unlevering and Relevering To determine the target firm’s cost of capital, the peer’s
figure must be adjusted for the reasons just discussed. Academics, who are involved
with the theory of valuation of firms, have to develop equations, which allow for the cost
of capital of the (levered) peer firm to be mapped to that of an unlevered benchmark.
If they are successful, then the equations can be used to infer the reference firm’s cost
of capital from the peer firm’s cost of capital (unlevering), but also to infer the cost of
capital of the firm to be valued from the reference firm’s cost of capital (relevering).

And thus the circle is complete: whoever wants to value a levered firm must also be
able to value an unlevered firm. Academics are then naturally required to live up to the
expectations placed on them and must actually be in a position to develop the necessary
adjustment equations. Should they fail to do so, the discounting of levered firms’ cash
flows with the appropriate cost of capital must simply be abandoned.

Notation In the first chapter of this book, we spoke of free cash flows and firm values
without concerning ourselves with how the firms are financed. Now we concentrate on
firms that are completely equity-financed. Accordingly, the relevant symbols carry an
appropriate index. We use a superscript u for unlevered firms. We denote, for instance,
the free cash flows after corporate income tax of such firms by FC‘F’? and the firm values
by \7;4. Note that, since only cash flows after taxes can be paid to the owners of the firm,
5}7“? denotes free cash flows after corporate income tax. Unlevered firms have a single
group of financiers. For the returns that the owners expect, we use the symbol PIQIE H
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2.1.1 Valuation Equation and Discount Rates

In what follows, we assume that it is possible to derive the required adjustment equations,
and we will attempt to do so here. Under this assumption, the all-equity firm’s cost of
capital can be treated as known. We assume that the analyst knows the unlevered firm’s

conditional expected free cash flows E; [FC‘F’L:] fortimes=¢r+1,...,7T.

Definition 2.1 (Cost of capital of the unlevered firm) Cost of capital Ef “of
an unlevered firm is the conditional expected return

—u —
_ E; |CF, . + VY,
ktE’" = —

Vi

The reader should note that we use cash flows after corporate income tax in our
definition of the cost of capital. Therefore, k,E ** are also after-tax variables. The question
of how to infer any pre-tax cost of capital from these is not our concern, since we
do not investigate how the value of a company changes with changes in the tax rate.
Although possibly time-dependent, the tax rates are taken as fixed once and for all today.
Nevertheless, anyone who tries to determine the pre-tax cost of capital cannot do so on
the basis of our theory, since it says nothing about how the value of a firm changes with
tax rates.

The valuation of the unlevered firm is straightforward under these conditions.

Theorem 2.1 (Market value of the unlevered firm) If the unlevered firm’s cost
of capital ktE’” is deterministic, then the value of the firm financed entirely with
equity at time t equals

. nfor)

S (L k) (T k)

7 =

We need not pursue the proof of this claim here. We have already addressed it in a
more general form in Sect. 1.4.3 and need not bore the reader by repeating ourselves.
The valuation equation, based on risk-neutral probabilities Q

. s¢[cr]
Vi = _—
! (1 +l’f)s_t

s=t+1
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can be derived analogously, without requiring a new proof.

We conclude this section by asking whether one should value the firm as a whole—
taking all future cash flows together—or whether it is also possible to value individual
cash flows separately. This issue raises the further question of how to define what we
shall call discount rates.

Without further assumptions about the capital market, we cannot act as if a claim
to this single cash flow were traded. If we did, a shareholder would have a claim to
dividends, so to speak, but not to the security’s price. Nevertheless, the question we ask
is: what price should an investor pay at time ¢ < s for an isolated free cash flow 6’?:‘7 It
it were possible to sell a claim to a single cash flow at time #, at what price would that
cash flow trade? This question becomes important when considering the tax advantages
of debt: as we shall see, it is not merely a computational exercise but carries substantive
meaning.

Although we have not set out the basic elements of arbitrage theory in detail, we may
appeal to the Fundamental Theorem by an analogous argument. If we can value levered
as well as unlevered firms with this principle, then it should also be possible to value the
claim to an isolated cash flow. This cash flow is valued by taking the expectation with
respect to the risk-neutral probability and then discounting at the risk-free rate,’

f |oFt]

The above expression gives the value of the free cash flow 6’7’? attime ¢. It is immediately
apparent that this valuation formula, albeit extremely elegant, is totally useless: we know
next to nothing about the probability measure Q.

However, this expression provides a way to define the notion of a discount rate
precisely. To that end, we make use of a few preliminary considerations. By the discount
rate k; we mean the number that determines the price at time ¢ of the cash flow ’CTF/":H.
According to our statements thus far, the discount rate k; shall serve as an instrument for

valuing the single cash flow 6’7?+1, or, using subjective probabilities, we must have

Et [6}?;11] EtQ [ﬁtuﬂ] 21
L+k, —  l+rp 1)

This formulation has the decisive advantage that, once k; is known, the value of an
individual cash flow can be computed directly, since the subjective expectations (unlike
Q) are observable.

Yet this consideration alone is not sufficient for our purposes. We do not want to use
discount rates only to value cash flows that are a single period from the valuation date.
For instance, if we value the cash flow 6‘??+2 at time ¢, we want to do so using two

discount rates, k; and k; +1» in such a way that

1'We have already noted that this procedure is permissible with regard to all conceivable payment claims,
see Thm. 1.2.
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Et [aﬁ?+2] EtQ [6}?112]
(1+k;)(1+k;+1) - (1+rf)2

2.2)

is valid.

We emphasize that this is only one of many conceivable definitions. We could, for
instance, define the discount rates as yields rather than in the way we have chosen. We
refrain from doing so solely for practical reasons.

Definition 2.2 (Discount rates of the unlevered firm) Discount rates of the

—u ’o .
unlevered firm’s cash flow CF i are real numbers k,, k,_, ... that satisfy

Atrp)  (1+k).. (1+k_,)

2.1.2 Martingale-Like Cash Flows

In Thm. 2.1, we derived a valuation equation for unlevered firms that the analyst can use
only if she knows the unlevered firm’s cost of equity. This condition can rarely be relied
upon in practice. If the conditions required to use the theorem are not met, the valuation
is anything but trivial.

Cash Flows of the Unlevered Firm One can only proceed in such a situation if the
adjustment equation mentioned in the above section is available. The derivation of such
an equation, however, is possible only if the appropriate assumptions are satisfied. In the
following sections of this book, we will develop adjustment equations for challenging
cases. Our results are based on a specific condition concerning the structure of the
unlevered firm’s free cash flows after taxes. To proceed, we first need to specify the
stochastic structure of the unlevered cash flows. This step is important, as the assumptions
we make here will reappear throughout the book. We deliberately begin with a structure
that will soon prove inadequate. In doing so, we wish to emphasize at the outset why it
is essential to carefully consider the stochastic properties of unlevered cash flows.

Independent Cash Flows? Let us assume for the moment that the unlevered cash flows
at each point in time are independent of one another.” Such an assumption could be
motivated if the company’s past cash flows contained no information about its future
cash flows. This, however, is hardly convincing: every company pursues a business
strategy, and the successes or failures of that strategy become increasingly evident over

2 This case has already been investigated by Froot and Obstfeld (1991), who assumed that the cash
flows follow a white noise process.
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time. Under such circumstances, independence cannot be maintained. As noted, our aim
here is not to defend this assumption as realistic, but to illustrate why it is best avoided.

If, however, this condition were satisfied, the following would hold. As we have
already noted, conditional expectations need not be numbers; they may themselves be
random variables. But with independent cash flows, the situation is different: for every
t, the conditional expectation EIQ [6]5?“] is a definite number rather than a random
variable.’

By applying the law of iterated expectations (Rule 4), we can derive an even stronger
result. It follows for the conditional expected value at t < s — 1 that

EC[CF,] = EC [E2,[CF]]

Since the inner expectation on the right is a number, the conditional expectation on the
left must also be a number (Rule 3).
Looking at the valuation Eq. (1.10),

we see that every summand is a number. Although cash flows may fluctuate considerably
due to uncertainty, the firm’s value does not (we even omitted the tilde on the left-hand
side for that reason).

If independence is imposed as the stochastic structure of cash flows, the implications
for firm value turn out to be implausible. We do not observe cash flows or dividends to
be stable while the associated firm values or stock prices show no volatility; if anything,
the opposite is true. This should not be surprising: an implausible assumption has led
to an implausible conclusion. Before discarding this assumption, however, it is worth
pursuing the example a bit further, as it still yields useful insights.

First, anyone who applies our definition of the cost of capital will find that it does not
suffer from the shortcomings discussed at length in Sect. 1.4.2. With independent cash
flows, the cost of capital is no longer a random variable but is deterministic. Accordingly,
no additional assumption about the cost of capital is required to determine the firm’s
value by discounting.

Second, let us add another property to the cash flows to reflect further on the
relationship between the concepts introduced here. In the problems,* we require that
the cash flows be not only independent but also identically distributed—commonly
abbreviated as iid. In that problem we show that this implies that firm values are
deterministic and identical at every point in time. This result should not come as a
surprise: if all future cash flows are identically distributed random variables, there is no

3 This result cannot be derived from the rules for conditional expectations set out in Sect. 1.3.2. Strictly
speaking, it would have to be stated as an additional rule. We refrain from doing so, since this case
arises only in the present section of this book.

This conclusion holds for any probability measure, not only Q. It follows that the same applies
under the subjective probability P, so that E, [ C~F:A+1] must likewise be a number.

4 See Prob. 2.1.
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reason why firm values (as claims on those cash flows) should differ. What follows from
this observation?

As it turns out, the cost of capital is constant because every element in its definition
is constant. Let us denote this value by k. We can then take the analysis one step further.
In a moment, we will address a question that may seem surprising at first glance.

In Prob. 2.1, we verify that the discount rate k; can be determined explicitly in the
case of independent cash flows. We then demonstrate that this rate must differ from the
firm’s overall cost of capital, k. In other words, the cost of capital for the entire firm and
the discount rates for individual cash flows should not be assumed to coincide. With this
insight, we conclude our illustrative (though admittedly peculiar) example and turn to a
stochastic structure for cash flows that promises to yield more meaningful results.

Martingale-Like Cash Flows! We now assume that the cash flows follow a process
we call martingale-type.’ The reader may rest assured that, although this assumption
is mathematically less straightforward than the preceding case, it allows us to derive
economically meaningful results.

What exactly do we mean by a martingale-like process? The idea is best conveyed by
contrasting it with our earlier example. There, we established that past cash flows provided
no information about the next period’s cash flow. This changes now. In martingale-like
processes, the cash flow observed at a given time and state is the best available predictor
of future cash flows. If cash flows at a given time and state are rising, one expects them
to continue rising; if they are declining, one expects future cash flows to remain low. We
state this idea precisely below. This assumption aligns with the view of a firm pursuing
a consistent strategy and seeing the results reflected in its cash flows.

Assumption 2.1 (Martingale-like cash flows) There is a real number g > —1
such that . .
E, [CF,+1] = (1+g) CF"

is valid for the unlevered firm’s cash flows after taxes.

In earlier editions, we allowed the growth rate g to vary over time, and that generaliza-
tion is certainly possible. In our view, however, this approach has two major drawbacks.
First, it is virtually never encountered in practice, where only a constant g (if at all) is
used. Second, it renders the theoretical statements unnecessarily cumbersome, since
one must replace the simple power (1 + g)* with the product of all past growth factors.

3 In earlier editions, we used the term “(weak) autoregressive cash flows”. This terminology, however, is
misleading. An autoregressive process includes a constant term; that is, there exists a number C # 0
such that E; [ 6‘7‘;11] =C+(1+g), 6‘?": In our definition below, we do not assume the existence of
such a C. Hence, we have chosen a mathematically more precise description.

Martingales were introduced into probability theory by the American mathematician Joseph L. Doob.
Strictly speaking, under the definition below only the case g = 0 is called a martingale. If g < 0, it
is called a supermartingale; if g > 0, a submartingale. We subsume all three cases under the term
“martingale-like,” since for our purposes the sign of the growth rate g does not matter.
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For readability, we therefore refrain from this generalization in this edition. Readers
interested in the more general case will find it straightforward to extend the results.

We must assume that g is greater than —100% to prevent cash flows from having
alternating signs, which would be unrealistic. It is not necessary to assume that g is
positive; thus shrinking cash flows are not excluded under Assump. 2.1.

Justification of Martingale-Like Cash Flows Every economic theory is based on
assumptions. The many jokes told about economists stem from the fact that we sometimes
employ unrealistic or odd assumptions. Economists who wish to be taken seriously must
face the question of whether their assumptions are justifiable. Can we, in good conscience,
claim that Assump. 2.1 holds for a firm’s free cash flows? Isn’t this assumption perhaps
“far-fetched”?

From our experience, practitioners generally do not concern themselves with the
distributional laws of future stochastic cash flows. Instead, they limit themselves to
estimating the expectations of these future cash flows. It can be shown that, for any
sequence of expectations, there exists a state space with upward and downward movements
like the one in Fig. 1.2. Assump. 2.1 is therefore satisfied in this model.® This means
simply that an analyst working with estimated cash-flow expectations can proceed on
the basis that—so to speak, behind the scenes—there is always a state space consistent
with Assump. 2.1. All in all, we regard the martingale-like cash-flow assumption as
practically acceptable.

Moreover, there is another point to consider. Following Milton Friedman, our concern
should be less with the realism of our assumptions and more with the results of our
theory. We will return to this issue once we can present the first results of our theory
(see Sect. 2.1.4).

At this point one may ask why exactly the unlevered firm’s cash flows should be
martingale-like. It is clear that Assump. 2.1 appears arbitrary, and there is no point in
concealing this. Could we not just as well replace it with the condition that the free
cash flows of a levered firm are martingale-like? Could this levered firm be chosen
arbitrarily, or would it need a particular financing policy? We must answer these questions
clearly: the valuation equations we develop below would, in any case, yield different
results. Moreover, the following observation is important: even if a levered firm has
martingale-like cash flows, it does not necessarily follow that the free cash flows of a
firm with a different financing policy share this property.’

Uncorrelated (Additive) Increments To understand our assumption, we first consider
the “increments” of the cash-flow process. Formally, they are defined by the equation®

CFyy = (1+g) CF, + 041 . 2.3)

6 The proof requires rather involved calculations, which we omit here. Anyone who takes the trouble to
revisit our example in Fig. 1.2 will find that the martingale-like cash-flow assumption holds for the cash
flows in that example. See also Prob. 1.4, which is devoted to this calculation.

7 Prob. 2.11 is devoted to this point.
8 For the random variable &, we omit the tilde notation.
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g is a deterministic quantity known at # = 0. What does our assumption about martingale-
like cash flows imply for the increments &;,1? It implies that these increments have
mean zero and are uncorrelated with one another.

It is not immediately obvious that this assumption implies uncorrelated noise terms.
To prove this, we perform a short calculation, again using the rules for conditional
expectations. First, we show that the noise terms have mean zero,

E[er1] = Eo [€141] Rule 1
= Eo [E, [£rs1]] Rule 4
= [E, [CF,+1 (1+¢)CF ” by (2.3)
=E0[ ,[ ]—(1+g)E,[CF§‘” Rule 2
=E0[ ,[ ]—(1+g)’c‘ﬁi‘] Rule 5
=E [0] Assump. 2.1
=0.

Now we turn to the proof that the noise terms are uncorrelated. We consider two times
s < t and must show that the covariance Cov|e&g, ;] is zero. We already know that the
noise terms have mean zero. Thus, the covariance reduces to

Covles, &) = E [g58/] — E [&5] E [&]
=E[&s&/] .

It follows from the rules and from the definition of the noise term that

Covley, &/] = E [e5&;]

= Eq [&s5&:] Rule 1
= Eo [Es [es&(]] Rule 4
=Eo [&s Es [&/]] . Rule 5

We now focus on the conditional expectation appearing in the last equation and, using
the rules together with the martingale-like property of cash flows, obtain

By (o] = B, | CF; - (1+9)CF,., | by (2.3)
- E, [E,_l [’C‘Fﬁ‘ y (1+g)”0‘ﬁf‘_1” Rule 4
- E, [E,_l [’C‘F’,‘] —a +g)'c‘if_1] Rule 2, 5
= 0. Assump. 2.1

The covariance disappears, which is exactly what we wanted to show.
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Independent (Additive) Increments Until now, we have proven that the vanishing
expectation of the noise terms &, as well as their uncorrelatedness results from the
Assump. 2.1. You may get the impression that the reverse is true as well. This is not the
case. For the sake of completeness, we have to ascertain that it is the condition

Es [err1] = Eler1] (= 0) s

which is logically sufficient for martingale-like cash flows.

To understand this condition, note that many financial models are based on the
assumption that a firm’s free cash flows follow a random walk. What does that mean? It
means the cash flows have increments that are independent and identically distributed
(iid). The noise terms &;,1 have mean zero, are identically distributed, and are mutually
independent.

This is a strong assumption—much stronger than the one we made. The independence
of the noise terms implies, for instance, that the increment of the cash flow in period ¢
is unrelated to the cash flows from periods 1 to ¢t — 1. Even if cash flows have shown
continuous growth in recent years, this assumption means that such growth provides no
indication whatsoever that it will continue in period ¢. In other words, nothing about
the development of cash flows from periods 1 to # — 1 allows us to infer anything about
period . Uncorrelatedness, by contrast, does not impose such a strong restriction.

While uncorrelatedness excludes only a linear relationship, independence rules out
any causal relationship whatsoever. In our notation, independence is equivalent to

E: [f(ei+1)] = E[f(&141)]

for any function f(x).” Compare this with the equation above, where f need only be
linear. If the equation does not hold for any linear f, some nonlinear functional form
may still satisfy it. Independent random variables always have zero correlation, but
(except in the Gaussian case) uncorrelated random variables need not be independent.
This underscores that our martingale-like cash-flow assumption is a weaker condition.
We are not assuming a random walk for the cash flows; rather, we work with the less
demanding assumption of uncorrelated growth.

Multiplicative versus Additive Increments Understanding martingale-like cash flows
is not easy. In the previous section, we examined additive increments of cash flows to
find an appropriate interpretation. But the additive context is by no means compelling;
we could just as well use a multiplicative link. Below, we briefly discuss this and show
that the result does not change. Thus, whether we take the additive or multiplicative
route is a matter of taste. A multiplicative relation is defined by

Eﬁtuﬂ =(1+g) b?? (1+&41) . 2.4)

First, we will check which properties of the error terms &; guarantee that the cash flows
turn out to be martingale-like once again. By inserting Assump. 2.1 in the definition we
get

9 See for example Ingersoll Jr. (1987, p. 15).
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(1+ g)@?? =E; [/C‘F:lﬂ] Assumpt. 2.1
=(1+g) FC‘F'IM Ei[1+ &141] Rule 5
= (1+g) CF, (E/[1] + E;[&r41]) Rule 2
=(1+g) CF, (1+E/[&rs1]) Rule 3 .

This means that
E/[&1+1] =0

is sufficient and necessary for being martingale-like. Differences between additive and
multiplicative increments only play a role when the distributions of the error terms come
into play. However, these differences are not important in the following. The result can
also be seen by taking the logarithm on both sides of Eq. (2.4),

log (,C‘F’il) =log ((1 + g),C"IiW,u) +log (1 +&441) -

In a multiplicative model the logarithms of the cash flows follow an additive model with
log (1 + &,41) representing the error terms.'? Based on these considerations we will
restrict ourselves on additive error-terms from now on.

2.1.3 Gordon-Shapiro Formula, Discount Rates Again, and a First Look at
Insolvency

We now turn to a first result for the case of martingale-like cash flows. It can be shown
that the unlevered firm’s value is a multiple of its free cash flow. Put differently, the
unlevered firm has a deterministic dividend—price ratio.

So far, we have assumed that the cost of capital kf ** may vary over time. Of course,
in such a setting one can also establish a general result, as we did in earlier editions. For
didactic reasons, however, we believe it is more straightforward to confine ourselves
here to the case of a constant cost of capital kE-": in what follows, we will restrict our
analysis to this special case, well known as the Williams/Gordon-Shapiro formula.

Theorem 2.2 (Williams/Gordon-Shapiro formula) Let the cost of capital be
deterministic, time-independent and the cash flows are martingale-like. If kE* > g,
then for the value of the unlevered firm

10 See Prob. ??.
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holds, otherwise the firm value is infinite. The factor k,}:&: p is also called price-

dividend ratio.

We have relegated the proof for this theorem to the appendix.
The last proposition shows that the expected capital gains of the unlevered firm rate
is deterministic

~ ~ 1+ ~t
o wrg [CF’+1] 1=
gain, = V“ - 1+g Eﬁu —-1=8
t kE,L(_g t

and equal to the growth rate of the cash flows. Also, the expected dividend rate

E, [6]5::1]

diV; = ~
v

1+g)CF, kEw —

Vi 1+g

is equal to the difference between the cost of capital and the growth rate.

Discount Rates We have already made it clear in the introduction that, in the case of
certainty, returns, not yields, are the appropriate way to determine the value of cash
flows. We now consider the relationship between returns and discount rates. This is a
second implication of cash flows being martingale-like. If this is the case, then there is
another way to value them that is of interest to us: using the discount rates introduced in
Def. 2.2.

Put differently, the cost of capital is not merely an appropriate discount rate; it has
the further advantage of being independent of the time at which the cash flow occurs
(the same k£-* applies for all s). This property will prove very helpful later.

Theorem 2.3 (Cost of capital is a discount rate) If the cost of capital is
deterministic and the unlevered firm’s cash flows are martingale-like, then the
following holds for all t: s > t

wla]  w

(ery)™ (e kB) (14 kE)

This is the same as to say that cost of capital is indeed a discount rate.
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That this theorem follows from the assumptions made here can hardly be so easily
recognized. Since the proof requires a fair amount of space and perhaps not even be of
interest to every reader, we have relegated it to an appendix.'!

Critical readers could suspect that this theorem has to do with a simple application of
the definition of the cost of capital. This would most definitely be a wrong conclusion
and in order to make it more understandable, we would like to go into it in more detail.
Just equating Eq. (1.10) with Thm. 2.1 leads us in terms of unlevered firms to the result

I S L D

_t - .
s=r+1 (1 + rf)s s=t+1 (1 + ktE’u) A (]. + kf_"{)

The preceding equation is of little surprise, as it only claims the equivalence of two
different ways of calculation: either the risk-neutral probability and the risk-free interest
rate are used, or the analyst applies the subjective probability and the correspondingly
defined cost of capital. Since the cost of capital is now so defined that both expressions
give identical values, there is no reason to worry about coming up with equal firm values.

Of surprise, however, is the declaration that not only do the sums agree in the last
equation, but the summands as well. This is everything but obvious, as the simple
example

44+6=3+7 but4# 3and 6 # 7

shows. The reader should keep both statements (i.e., the identity of the sums as well as the
identity of the summands) clearly separate. Our statement is everything but self-evident
and is thoroughly in need of a proof.

A First Look at Insolvency Until now, we have deliberately avoided discussing the
possibility that the firm being valued might fail. In projecting future cash flows and in
determining future financing and investment policies, all conceivable developments are
taken into account. As the firm expands and enters into payment obligations—toward
suppliers, employees, or tax authorities, for example—the likelihood of financial distress
increases.

Any careful analysis must begin by drawing several distinctions. In financial practice,
the relevant terms are often used inconsistently, and even some textbooks do not set a
clear or reliable example.!> The following clarifies how we shall use and distinguish
these terms:

FinanciaL pisTREss  This term is loosely defined. It usually refers to a firm experi-
encing financial difficulties. However, a notion this vague has no place in a formal
model. For modeling purposes, we require situations that can be clearly identified
and precisely described.

1 1n the theorem, the cost of capital carries a time index, whereas the risk-free interest rate does not. As
noted, we assume a flat term structure; however, the theorem can readily be generalized to a non-flat
term structure as well.

12 Earlier editions of this work, unfortunately, provide a regrettable illustration of this.
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InsoLvency  This term refers to a situation that can be precisely specified and verified.
Supplier and service contracts often address this explicitly: once insolvency occurs,
the agreed contractual consequences are set in motion.

Examples include an invoice that cannot be paid when due or a balance sheet showing
negative equity. Whether such circumstances have consequences, and what form they
take, depends on the specific provisions of the contract.

DerauLr Insolvency is a condition; default is an event. Once insolvency has been

established, the question arises as to what consequences should follow. In this context,
a default means a breach of contractual obligations.
We will not analyze default in full detail here, for a simple reason: our framework
can determine, for instance, when a payment is missed, but what happens thereafter
depends on the contract. The firm may be placed under new management without a
change of ownership (German law refers to this as “Eigenverwaltung”), or it may be
liquidated entirely. Since the detailed provisions of a loan contract lie outside our
model, we do not specify a full default procedure. We will, however, examine selected
default arrangements where necessary to illustrate their implications for valuation.

BankrupTcy  Bankruptey refers to the legal procedure that begins once insolvency
has been established and a default process has been initiated. Such legal proceedings
fall outside the scope of the present analysis.

In what follows, we focus on questions of insolvency. From this point onward, the
term insolvency will be used strictly in the sense just defined. Occasionally, for stylistic
variety, we may also use the expression go bankrupt. Both terms refer to the same
phenomenon.

When we discuss insolvency, we are talking about a condition that occurs. This
naturally raises the question of the extent to which this condition is related to the
circumstances that influence cash flows and company values. There are two ways of
dealing with this question.

— In so-called reduced-form models, insolvency is driven by conditions that are not
modeled as a direct consequence of the firm’s cash flows or value. Instead, default is
introduced as an external event (relative to these variables). An insolvency event, so
to speak, comes out of nowhere.

— The picture is different in structural models: by contrast, structural models tie
insolvency triggers directly to the economic conditions that shape cash flows and firm
value.

Since this book places great emphasis on modeling the stochastic structure of cash flows,
we will focus exclusively on structural models. In particular, insolvency triggers will be
tied to specific cash-flow events.

Two potential triggers of insolvency will be central to our later analysis: the inability
to pay and the loss of equity. Many bankruptcy laws around the world recognize these
two as insolvency triggers. '3

13 The United States is an exception, as only the balance-sheet test (§ 101(32)(A) Bankruptcy Code) is
explicitly defined there. German law goes further, adding a third trigger, “drohende Zahlungsunféhigkeit”
(8§ 18 Insolvenzordnung), which applies when future inability to pay becomes “more likely than not.”
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A company is over-indebted when its net assets are negative. Net assets can be
assessed using either book values or market values. Since we take a financial-theory
perspective, we focus exclusively on market values and set accounting issues aside.

Unlevered Firms and Insolvency Unlevered firms may become insolvent if the claims
of tax authorities, employees, and other claimants cannot be satisfied. Formal insolvency
proceedings are regulated differently from one jurisdiction to another. We have already
mentioned that illiquidity and over-indebtedness are typical insolvency triggers: a
company gets illiquid if its net cashflows are negative. A company is over-indebted if the
value of equity is negative.

We define an unlevered firm as illiquid if the owners’ net cash flow at time ¢ is
negative, i.e., aﬁ?(w) < 0 (equivalently, the owners are unable or unwilling to meet
their funding obligations at 7).

Let us turn to over-indebtedness as the second insolvency trigger. How could this
term be interpreted when we look at an unlevered firm? We characterize such a situation
by \7;’ (w) < 0. If this condition is fulfilled, from the owner’s point of view continuing
the business would be out of the question.

The following proposition shows that, for unlevered firms, over-indebtedness and
illiquidity are equivalent: the two insolvency triggers coincide, so distinguishing between
them would add little. For levered firms, however, the situation will become much more
complicated.

Theorem 2.4 (Insolvency of the unlevered firm) Consider an unlevered firm
with martingale-like cashflows and a constant cost of capital. If the company is
illiquid at date t in some state, it is also be over-indebted at the same date in the
same state.

This immediately follows from Thm. 2.2. |

Notice that the market value of equity for corporations cannot be negative, since
they have limited liability. The market value of non-corporations, say partnerships, can
be negative though. Our theorem mainly illustrates that one must check whether the
valuation model’s structural implications fit the real-world setting one intends to discuss.

We now have the basic elements of our theory of discounted cash flow. In the sections
that follow, we show what can be done with these elements. Before proceeding, we
return to a question raised earlier but set aside when formulating our assumption of a
deterministic cost of capital: How realistic are the consequences that follow from this
assumption?
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2.1.4 Excursus: Excess Volatility and Stochastic Cost of Capital

Readers of this book are primarily concerned with how firms can be valued. Yet in
practical application it quickly becomes clear that professionals face considerable
obstacles. More often than not, they are forced to strike compromises in order to arrive
at results that can at least be regarded as defensible. One of the most vexing difficulties
arises already at the stage of gathering basic information: even seemingly straightforward
elements such as cash flow or the cost of capital frequently prove inaccessible or
insufficiently reliable. Under such conditions, the question of whether the valuation
equations rest on impeccable theoretical foundations often loses importance, as the
priority shifts to what can actually be implemented in practice.

Scientific methods differ fundamentally from practical approaches. Accepting com-
promises under the pressure of time is out of question; the focus is instead on the internal
consistency and verifiability of results. The assumptions underlying the Gordon—Shapiro
Theorem 2.2 have been presented here in detail and comprehensively. What matters is
that applying this equation—as well as the more general valuation Eq. (1.1)—necessarily
entails treating a firm’s (inherently uncertain) cost of capital as if it were deterministic.
14

When formulating this assumption, it has been described as “heroic.” We now want
to examine the extent to which such an assumption can be regarded as justified. In
practice, such a question arises only if several alternative assumptions for valuation are
available—a situation which, to the best of current knowledge, does not exist. For this
reason, the ensuing discussion is marked as a digression. The first step must be to clarify
the criterion by which the assumption is to be assessed.

Since Milton Friedman, the realism of assumptions has not been the standard for
judging a theory; rather, it is the explanatory and predictive power of the results derived
from them that serves as the decisive criterion:

“The relevant question to ask about the ‘assumptions’ of a theory is not whether they are
descriptively ‘realistic,” for they never are, but whether they are sufficiently good approximations
for the purpose in hand. And this question can be answered only by seeing whether the theory
works, which means whether it yields sufficiently accurate predictions,” Friedman (1953, p. 15).

The same applies, in equal measure, to DCF.

A glance at the Gordon—Shapiro Theorem 2.2 makes it clear that the value of a firm
and its cash flow at a given point in time differ only by a constant. If firm values and cash
flows are regarded as random variables, there is an immediate and close dependence
between their stochastic structures. Assuming a particular distribution for the firm’s
future value therefore entails corresponding requirements for the distribution of its future
cash flow. For example, if the firm’s value is assumed to be lognormally distributed,
then (according to the Gordon—Shapiro equation) the cash flow must likewise follow a
lognormal distribution; otherwise, the equation could not be satisfied consistently.

Such a relationship can be tested empirically if one assumes that future firm values
and cash flows can be inferred from values observed in the past. In this context, it
is natural to focus on publicly listed companies, simply because abundant data are

14 See Assump. 1.2.
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available for them. At the same time, one must keep in mind that the Gordon-Shapiro
Theorem 2.2 speaks to a specific firm (which must moreover be fully equity-financed);
for that reason, many empirical studies have examined stock market indices rather than
individual companies.

Stock market reporting routinely emphasizes that the prices of individual stocks, entire
portfolios, and indices fluctuate quite substantially. By contrast, comparable statements
about dividends (which in any case occur only at longer intervals) are relatively rare.
An examination of longer time series makes it clear that this is hardly surprising: stock
prices typically display much greater volatility than dividends. Such an observation,
however, pertains only to historical developments and does not in itself allow for direct
inferences about future relationships—even if the data suggest a seeming regularity that
might lead one to expect a degree of persistence.

In addition, any comparison of stock prices and dividends must take into account not
only the differing observation intervals but also the substantial disparity in magnitude
between the two variables. A systematic analysis of this question was first undertaken in
Shiller (1981). For this purpose, Shiller constructed an index comparable to the S&P 500,
but tracing developments on a monthly basis back to 1870. His index incorporates
both stock prices and the dividends paid in each respective month. The results of this
investigation will be presented graphically below.

For the analysis, the period from 1870 to the present is divided into two subintervals.
Fig. 2.1 depicts the evolution of dividends and stock prices. In both subperiods it is
evident that the volatility of stock prices clearly exceeds that of dividends. This finding
thus empirically confirms the earlier supposition.'> The title of Shiller’s article captures
this phenomenon with precision: he speaks of “excess volatility.” The results of this
investigation have been repeatedly tested and confirmed by Shiller himself as well as by
numerous other authors. In current research, its validity is hardly called into question.
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Fig. 2.1 US stock prices and dividends from www.shillerdata.com, left from 1870-1969 (normalized to
1 in 1870) and right from 1970-2025 (normalized to 1 in 1970).

15 Purely graphical evidence can be reinforced by quantitative evaluation. The empirical coefficient of
variation of prices, discussed in more detail below, amounts to 1.28, whereas the coefficient of variation
of dividends is substantially lower at 0.693.
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Linking the empirical evidence presented above with the Gordon—Shapiro Theorem
2.2 is far from straightforward. Since this equation does not provide graphical evidence
but only numerical measures, it is necessary to employ an appropriate statistic. As
already noted, dividends and stock prices differ greatly in magnitude, which makes a
direct comparison of their volatility difficult. Against this background, the coefficient of
variation suggests itself as a suitable measure, since it relates the standard deviation to
the expected value. For a random variable X , it is defined as

Std [X]
B [X]

When this coefficient of variation is calculated for firm value and cash flows, a surprising
result emerges:

KEu_g*
B[V B[, OF)| ) B|cF|

Std [7] Std | s, OF | Std | CF; |

kE,u_g7

This implies that, according to the Gordon—Shapiro setup, both quantities should exhibit
the same degree of relative variability. What we observed in the Fig. 2.1 above does not
accord with what our theory posits.

At first glance, the situation seems clear: a problematic assumption has been formu-
lated. This leads to consequences that cannot be empirically verified. Accordingly, one
would have to develop an alternative theory. Yet the matter does not prove to be quite so
straightforward.

First, in the Gordon—Shapiro theorem, we did not only assume constant cost of capital.
The martingale-like structure of the cash flows also played an important role in the
proof.16 Unlike in the case of cost of capital, however, we took care to substantiate this
assumption about cash flows with sufficient economic justification. We also demonstrated
what happens when alternative assumptions are adopted. For this reason, in what follows
we shall not focus on the assumption concerning cash flows, but rather on what we have
postulated with respect to cost of capital.

It should then be noted that the Gordon-Shapiro Theorem not only assumed deter-
ministic cost of capital but also their constancy over time. Against this background, the
question arises whether the observed excess volatility is primarily due to the assumption
of time-invariant cost of capital, without the absence of uncertainty in the parameter k,
necessarily being decisive. In other words: could a cost of capital that is deterministic yet
time-varying already suffice to explain the discrepancy, such that the lack of a stochastic
component in k; is not crucial?

Two considerations may be put forward in this regard. First, in earlier editions, the cost
of capital was assumed to be non-stochastic, though possibly time-varying. Nevertheless,
it was still possible to derive a statement comparable to the Gordon-Shapiro Theorem.
The calculations carried out in connection with the two coefficients of variation remained
unchanged: the coefficient of cash flows would still be identical to that of firm values—

16 See Sect. 2.1.2.
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even in the case of time-varying cost of capital. At its core, this relationship was already
recognized by Shiller, who, on the basis of his empirical investigations, concluded:

“I have shown, however, that the movements in expected real interest rates that would justify the
variability in stock prices are very large—much larger than the movements in nominal interest
rates over the sample period,” Shiller (1981, p. 434).

In more recent literature, numerous attempts have been made to account for time
variation in cost of capital; in this context, the work of Campbell and Shiller (1988),
with the approximation equation named after the authors, is regarded as the standard
reference. Still the above finding makes clear that the assumption of time-varying cost
of capital alone is not sufficient to provide a theoretical explanation for the observed
excess volatility. Rather, it points to a fundamental discrepancy between the empirical
results and the theoretical implications of the Gordon—Shapiro equation.

Our second consideration concerns the assumption itself. From today’s perspective,
it seems reasonable to abandon the problematic assumption that the cost of capital is
strictly deterministic. Such an approach, however, requires the formulation of additional
assumptions, the detailed discussion of which would go beyond the scope of this excursus.
Methodologically, this implies that cost of capital k; would have to be modeled as a
stochastic process, fundamentally altering both the dynamics of the valuation formulas
and the interpretation of empirical results.

What is crucial is the insight that the prerequisites required for this do not call into
question the fundamental valuation principles explicitly formulated in the preceding
chapter. It is therefore possible to work with stochastic cost of capital while still ensuring
both the absence of arbitrage opportunities and transversality. This guarantees that the
resulting prices are uniquely determined and that no “bubble solutions” arise.

The main result of the theory of stochastic cost of capital is a theorem, analogous
to the Gordon—Shapiro theorem, which states that the present value of the firm is a
stochastic rather than a deterministic multiple of the current cash flow:

—-—u
Vtu — CF t ,
Kt

where «; represents a different random variable. If it is not perfectly correlated with
ETF/‘?, excess volatility already arises, since the relationship set out above no longer
holds.

These approaches are indeed documented in the literature,'” but they have so far met
with only limited resonance and therefore cannot yet be regarded as established. Their
systematic reception and further development remain tasks for future research. This
excursus thus comes to a close.

2.1.5 Examples and Problems

erstmal zeigen, dass beide
examples martingal like
sind!

17 See Kruschwitz and Loffler (2020).
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We continue our analysis from Sect. 1.4.6. In the earlier Example sections, we
primarily substituted numerical values into equations that had already been derived.
Here, we take a more general approach and introduce a new relationship for the risk-
neutral probabilities, which applies specifically within a binomial model. Although this
relationship is not required for valuing the unlevered firm, it is nevertheless instructive
to derive it explicitly. Our reasoning applies equally to both the finite and the infinite
versions of the binomial model.

Let w be an arbitrary node at time ¢ in our binomial model. From this node, the
process can move either up or down. We seek the conditional probabilities Q.1 (u|w)
and Q,41(d|w) for these two possible movements.'® Naturally, the two conditional
probabilities must sum to 100%, that is,

Or+1(u|lw) + Qrp1(dlw) =

However, another equation is needed in order to determine both quantities. Here,
Theorem 2.3 proves useful, as it provides insight into how discount factors can be
derived. This theorem, in turn, involves both conditional probabilities, thereby yielding
the second equation requ1red for their determination. It states that at time ¢, the valuation
of a single cash flow CF, +1 can be carried out in two equivalent ways, both leading to
the same result:

Pt AT
t t+1 1 t+1
L+rp 1+ kEw

From the martingale property of the cash flows (Assump. 2.1), we know that the
conditional expectation can be expressed more simply. Taking into account that in the
binomial model only two movements (up and down) are possible when evaluating the
expectation on the left-hand side, the equation can be rewritten as:

Q141 (ulw) CF 1 (wu) + Qrs1(dlw) CF} 1 (wd) _ (1+g)CF,

1+7ry 1+ kEu

We now have two linear equations in the conditional probabilities and can therefore
solve the system explicitly. This yields:

1+ry _ Cﬁrﬁ'ill(wd)
01 (ul) e 8~ o)
uw) = —
1 CF§‘+1(wu) CF",, (wd)
CF} (w) CF} (w)

ﬁ?+1(wu) 1+ry 1
— — m +
CFt (w) 1+kE’ ( g)
CF 41 (wu) _ CF 11 (wd)

CF} (w) CF (w)

Ors1(dlw) =

(2.5)

At first glance, this representation may seem rather cumbersome. However, the two
fractions it contains are straightforward to interpret. The term CFil(wu)/ C’Ftu(w)

18 This notation for conditional probability was introduced in Eq. (1.6).
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represents the growth factor associated with an upward movement originating from the
node CF (w). Analogously, CFt +1(wd)/ CF (w) refers to the corresponding factor in
the case of a downward movement.

We will now apply this general formulation to our two examples.

2.1.5.1 The Finite Case (Continued)

Here, we suppose a risk-free interest rate of 7y =10% and consider a particular time, for
example ¢ = 3 and w = dd. As we have remarked already in Sect. 1.3.3.1 the cash flows
in this example are martingale-like with a growth rate g = 0. We apply (2.5) and get

140.1 48 4 145.2 140.1
1102(1"'01) _ 88 — 1102(14_0'1)
Q3(uldd) = 1452 _ 48.4 . Qrn(dldd) = 145.2 _ 48.4
88 88 88 88

resulting in
Q3(uldd) ~ 0.4167, 03(d|dd) ~ 0.5833 .

Using this idea at any time ¢ and any available state w we can finally determine all
conditional probabilities. We have summarized our results in Fig. 2.2. It is evident that
the particular probabilities depend on the node w.

0.{3750

- R 0.6250

/ 0.0833 ““0.9583 ) 0.7083
09167 010 T om
( ‘0.8750 /0.4167

\0.5833

[ I I

1
0 fn=1 t =3

time

t 2 t

Fig. 2.2 Conditional Q-probabilities in the finite example.

2.1.5.2 The Infinite Case

As in the finite example we can evaluate the conditional up- and down-probabilities. To
this end we assume that r = 10%.

We apply (2.5) and observe that the growth rates of the cash flows are independent of
both time and state,
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u=CF},(wu)/CF, (w), d=CF,, (wd)/CF,;(w).

Accordingly, for the infinite example we obtain

s S U —
O (w) =0w) = " 0,1(dlw) = 0(d) = —E2 (2.6)
u—d u—d

which holds regardless of # and w.

This is an interesting result. First, the probabilities now do not depend on the state w,
therefore we will omit the node from now on. Furthermore, the factors u and d cannot
be chosen arbitrarily if the cost of capital is constant. We can see that

1+rf

d< ———<
1+ kB ="

2.7
must hold in order to ensure positive Q-probabilities. Any increase of the cost of capital
might enforce a decrease of d, for example.

2.1.5.3 Problems

Problem 2.1 Consider cash flows that are independent of each other and identically
distributed. As we have already mentioned in this case the conditional expectation

E, [ﬁtuﬂ] ’ EzQ [ﬁtuﬂ] s

will always be a real number.!® Also, the cost of capital shall not be equal to the risk-free
rate, k; # ry. We define discount rates k; as

E2[CF,,,] _ E(CF,4]

1+ry C1l+k
o « _ EZICF]]
Show that the value of the company is given by V}* = - Show that the cost
of capital satisfies k; = ry %. Verity that the the discount rate k; is not equal to
0 1

the cost of capital.

Problem 2.2 We show that in a binomial model, the assumption of martingale-like cash
flows admits a very simple interpretation.

Consider the cash flows from the finite example, Fig. 1.2. Show that the expected
growth rate of the cash flows is always the same when measured at each individual node.

Problem 2.3 Assume that the cost of capital kZ** is deterministic and time-independent.
The firm is perpetual (T — oo0). Assume that the cash flows of the unlevered firm are
martingale-like as in Assump. 2.1 for deterministic and constant g with -1 < g < k%,

19 See Sect. 2.1.2.
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Show that the free cash flows are furthermore martingale-like under Q as well, i.e.,
B2 [CFY,, | = (1+52) OF) .
and determine g<.

Problem 2.4 A straightforward extension of martingale-like cash flows would be to
assume . .

E, [CF,+1] =CF' +C
for constant C # 0 (see for example Barberis et al. (1998), although they consider a
different approach). Several problems will be devoted to this special case.

a) Prove that the infinitely lived unlevered firm having constant cost of capital satisfies

—, CF, 1+kEu

[ kE.u + (kE,u)2

Hint: You might want to use

- s 1+x

E = ifx>0.
; 2

= (1+x) X

b) Show that the expected capital gains rate of the unlevered firm is not zero.
¢) Show that

—u

.
CF' + L ¢

——u 1+ rf
e (0P|« 2L ort 4 12

1+ kE -
for the expectation of the cash flow under Q. Does Thm. 2.3 still hold?

Problem 2.5 Another straightforward extension of martingale-like cash flows would be
that for every ¢

B, O] = O+ x
where X; is a random variable satisfying
E1[X]=E2, [X]=0
and furthermore X; is uncorrelated to af’? Hence, this random variable is white noise
and has no price at ¢ — 1. Several problems will be devoted to this special case.

a) Assume that the firm will live forever (T — o0). Verify that the value of the
company having constant cost of capital satisfies
s CF X,
t KE.u KEu’

and show that the variance of the firm value Vt“ is strictly greater than the variance
of the corresponding cash flow CF’: if kB4 < 100%.
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b) Verify that _ _
E, [Vtu+1] = Vtu
and hence the expected capital gains rate is zero.

c) In this particular case the cost of capital may be used as discount rates (Thm. 2.3).
Verify this by showing that

E; [Eﬁzuu] _ EP [ﬁzuu]

1+ kE-u L+ryf

and - -
E [CFrM+2] _ EtQ [CFtM+2]

(1 + kE,u)Q - (1 + rf)2

2.2 Basics about Levered Firms

We now bring to a close the discussion of unlevered firms and turn to the more realistic
case of the levered firm. To do so we first of all need a clear separation between equity
and debt. In addition, we will work out how the taxation of levered firms differs from
that of the unlevered firm. These differences in taxation affect the value of the firm. And
the degree of influence on value is dependent upon the type of financing policy the
managers of the firm to be valued are operating under. Within this framework, we will
analyze how numerous conceivable forms of financing policy effect value of firms and
derive each appropriate valuation equation.

2.2.1 Two Types of Capital

We want to state some very basic considerations relevant to this section. A firm’s capital
can take various forms, such as common or preferred equity, corporate or convertible
bonds, subordinated debt, and bank loans, to name just a few. In the DCF approach,
however, we distinguish only two types of capital: equity and debt. In our discussion so
far, the focus has been on equity.

Equity Equity is generally provided on a permanent basis, although investors may sell
their shares at the current market value. It is inherently risky and grants its holders a claim
to a stochastic cash flow. The DCF approach is primarily concerned with determining
the value of a firm’s equity.
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It is not always possible to finance a firm entirely with equity. Moreover, corporate
tax systems often create incentives to raise debt capital.”’ Debt differs from equity in
several essential respects.

Debt First, it is generally considered safe and is assumed to offer a risk-free rate of
return. We have already noted that we assume this rate to be constant over time. Later,
we will also consider what happens under insolvency.

Furthermore, we emphasize that debt is granted for only one period. In this model,
each loan is extended only until the next point in time and must then be refinanced. It is
uncommon in DCF models to assume debt contracts in which lenders are committed for
more than two points in time.

Of course, debt capital, by virtue of its continuous renewal, may in practice be
available on a permanent basis—much like equity. However, effects arising from fixed
maturities longer than one period cannot be analyzed within the present framework. In
general, it is assumed that the presence of long-term loans does not alter the essential
conclusions of the model, provided that all agents have sufficient access to markets for
one-period investment opportunities. This ensures that through appropriate combinations
of new investments and borrowings, any effects of long-term loans (if undesired) can
always be neutralized.

The firm’s total net profit is stochastic and is allocated among its financiers such
that debt financiers (creditors, debt holders) are served first, while equity financiers
(owners, shareholders) receive whatever remains. No additional categories of financiers
are considered. The distribution rule itself is entirely straightforward.

Given debt path There are many possible debt paths, and in our framework they are
taken as exogenous—given “from the sky,” so to speak. We therefore do not select
among them at this stage: before any optimization, we first need to compute what debt
delivers (its advantages and disadvantages) and to do so we must hold the debt path fixed.
We cannot and do not intend to decide here which of these debt paths is closest to reality
or even in some sense optimal. Our aim is instead to lay out the range of conceivable
ways in which debt might be taken as given, and to show how valuation works once such
an exogenous debt path is imposed. Which path a firm ends up following is shaped by its
credit arrangements with financiers and by managers’ objectives and judgment.

In particular, we will not discuss which of the financing policies maximizes the value
of the levered firm. Later it will become apparent that, with increased leverage, firm
value rises. Hence, if they act rationally, the owners should choose leverage as high as
possible. The owners will pursue a prespecified financing policy without worrying about
whether this policy is optimal.

Assumption 2.2 (Given debt path) Although future debt may be uncertain, the
firm’s debt policy is specified at t = 0 and known.

20 Tt is not uncommon to regard the valuation of the tax advantage of debt as a core task of the DCF
approach.
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We have already noted that the financiers can be divided into two groups. The
financiers provide with capital, which the managers deploy in risky investments. In
return, the financiers get securities which we term debt or equity, as the case may be.
Although we presume our choice of words is already sufficiently clear, we do, however,
want to get down an important characteristic of the securities. We assume that equity
and debt are traded on capital markets, that is, they can be bought and sold at any time.
The securities thus have market prices, and we designate the market value of the equity
at time ¢ with E, +, and the market value of the debt with 5t. The tilde over the symbol
makes it clear that a random variable is being dealt with. If we want to express that there
are no random variables, we write D;. Interest paid at time 7 + 1 is 7,+1.

Notation In the equations that we have used until now, we were always dealing with free
cash flows and values of firms. In the previous chapter, when we considered unlevered
firms, we added the index u to the required symbols. We now use the index /, if levered

firms are being dealt with. We thus write 6’7{ For the equity cost of capital of the
levered firms we will use the symbol EE 4

We have to introduce a whole range of other symbols. It will always be recognized
when these symbols are used in the context of an unlevered firm by index u. If, on the
other hand, a levered firm is being dealt with, we will make that clear with the index /.

The Firm’s Market Value, Debt—Equity Ratio, and Leverage Ratio The goal of our
theory is the establishment of the market value of a firm. For the market value of the
levered firm at time 7, we use the symbol V. The market value of the firm is equal to the
sum of the equity’s market value and the debt’s market value,

V.= +D,.

Debt equity ratios and leverage ratios will play an important role in our further
considerations. The debt ratio measures the proportion of debt to the market value of the
firm,

~ D
== 2.8)
Vt
while the leverage ratio (debt-equity ratio) is defined in the form
-~ D
L, ==L, (2.9)
E;

Even though we will use the debt ratios in later sections, we can also apply the leverage
ratio. Since both quantities can easily be converted into each other this is not a limitation,

~
Ll’: t~
].—l[

is valid. With these symbols we stress that all quantities are measured in market values.

Book Values In a few sections of this chapter, we consider the book values of equity
and debt. These are the amounts at which owners’ and creditors’ claims are recorded on
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the firm’s balance sheet. As symbols for debt and equity for book values, we use ét and
E . respectively. The sums of equity and debt at time ¢ are written in the form

We notate

= =t (2.10)

Ly==

|4

—t

for the debt ratio measured in book values, and

[

= ;
Lz T

|

|1

for the correspondingly measured leverage ratio. Again, debt ratio and leverage ratio can
easily be converted into each other.

2.2.2 Debt, Earnings and Taxes

In the foundational chapter of this book, we gave a preliminary introduction of gross
cash flows and free cash flows. The terms developed there were perfectly adequate to
come up with valuation equations for firms where the financing policy was not set in
detail (Chapt. 1) or which were completely financed with equity (Sect. 2.1). Now that we
are dealing with levered firms, we must introduce more structure into our terminology.

Tax Equation To clarify the relevant relationships, we again present the derivation
of free cash flows shown in Fig. 1.1, now with the more detailed notation used in this
chapter, see Fig. 2.3. Interest on debt is of course only accrued by levered firms. If we

Fig. 2.3 From earnings before taxes to free cash flow.
Earnings before taxes EB

+  Interest T

= Earnings before interest and taxes EBIT

+  Accruals Acer
= Gross cash flow before taxes GCF
—  Corporate income taxes Taz
—  Investment expenses Inv
= Free cash flow 5?’

add it to the earnings before taxes (EBT) then we get the earnings before interest and
taxes (EBIT). If we add accruals, we arrive at the gross cash flow before taxes, also
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called EBITDA. If we finally deduct the investment expenses and deduct taxes as well,
then we get the free cash flow. This cash flow is fully distributed to the owners of the
company.

As announced earlier, we restrict attention in this chapter to corporate taxation and
omit income taxation at the shareholder level. The tax base for profit taxes is earnings
before taxes (EBT) - -

Taxr = T EBT . (2.11)

The tax equations should be valid independent of the sign of the tax base. If the tax
base is positive, the firm has to pay taxes; if it is, on the other hand, negative, then the
firm gets a return in the amount of the tax due. We will not give more realistic models of
loss set-off or loss carryback rules than that. We do so because we assume a proportional
corporate income tax; under proportional taxation, profits and losses net one-for-one, so
this stylized treatment suffices for our purposes.

In order to describe the difference between the levered and the unlevered firm we will
assume that their investment policies coincide.

Assumption 2.3 (Identical gross cash flows) The gross cash flows before taxes
as well as the accruals and investment expenses of the unlevered firm do not differ
from those of the levered firm.

Hence, the EBIT must be just as large for the firm financed by equity as it is for the
firm financed by debt. In Fig. 2.3 the third and the fourth line are thus identical for the
levered and unlevered firms, while taxes and free cash flows will show different values.
The taxes of the levered firm are thus smaller by the product of the tax rate and interest
on debt than the taxes of the firm financed solely by equity

= ] —~
Tax, — Tax, =71, .

Financing by debt is thus favored in this model.
By Assump. 2.3 the free cash flows before taxes of the levered and unlevered firms
are identical, only the tax payments are different,

CF = CF' +71,. 2.12)

The firm financed by equity has lower free cash flows than the firm financed by debt,
because interest may be deducted from the tax base. The following concerns the question
as to the value of these tax advantages. A (if not the) central problem of the DCF theory
is the determination of the value of the tax advantages governed by credit conditions.
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2.2.3 Financing Policies

No Insolvency We are supposing at first that credit is not threatened by insolvency and
thus follow a widely held tradition within DCF literature,

T,=r;Di 1. (2.13)

This notion flagrantly contradicts the experience of banks with their borrowers. In reality
financiers’ claims are obviously under notable threat of insolvency. In a later subsection
we will show how insolvency can be handled in our theory.

Components of Tax Advantages Now we make a first attempt at turning to the
valuation of tax advantages of the firm financed by debt. The tax advantages are, as we
just determined, attributed to the fact that interest on debt may be deducted from the
firm’s tax base. This comes to (in terms of the levered firm) a tax savings (also called
tax shield) in the amount of

Trf 5 -1 -

Anyone professionally involved in the valuation of firms—be it as a certified public
accountant, an investment banker, or a business consultant—knows only too well that, in
practice, both tax rates and interest rates are uncertain. In our assumptions, however,
uncertainty is confined to the amount of debt 5,_1.

The interest rate of debt r ¢ as well as the tax rate T are risk-free according to our
requirements.

Value of Tax Advantages To value tax advantages appropriately, we need further
information about the uncertainty to which they are exposed. It is true that, under
our assumptions, we know the tax rate and the interest rate. However, without further
assumptions about the financing policy at time ¢ = 0, we cannot determine the firm’s
debt level at time ¢ > 0.

We have no other options than to come to further assumptions regarding information
about the firm’s future debt policy. This is the only way we can determine the amounts
of debt D (—1 outstanding at dates ¢ > 0, the risk associated with those amounts, and,
accordingly, how the resulting tax advantages should be valued. Without any information
of the levered firm the tax advantages cannot be properly identified.

The practitioners may be perplexed to note that firm valuation depends on its
underlying assumptions. In so doing the firm value takes on an air of doing what one
pleases of it, or—to put it more drastically—an element of manipulation. To that we
must answer, every valuation is based on expectation about the future. Whoever does
not forecast the turnover numbers, whoever does not know what the cost of materials
will be, cannot value a firm. All of these and further assumptions come off as somewhat
arbitrary. That also applies for the financing policy of the analyst.

Different Financing Policies Now let us turn to different possible financing policies.
We find that within this area of DCF literature, two concepts are regularly brought into
play. Autonomous financing supposes that the amounts of debt are already fixed at the
time of valuation. Financing based on value supposes, in contrast, that the debt ratios
are fixed in the present.
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We too will examine both financing policies. In what follows, when debt ratios are
measured at market values, we will, for precision, refer to this as a financing policy
based on market values. Moreover, we will bring four further financing policies into
the discussion. We term these policy based on cash flows, policy based on dividends,
policy based on book values and on cash flow-debt ratio. These six policies can thus be
characterized in brief by the following:

1. With autonomous financing methods, the future amount of debt is deterministic.

2. With the financing based on market values, the analyst sets the future debt ratios
based on market values.

3. With the financing based on book values, the future debt ratios are not fixed to market
values, but rather to book values.

4. With the financing based on cash flows the amount of debt is based on the firm’s cash
flows.

5. With the financing based on dividends the firm’s amount of debt is managed so that a
previously determined dividend can be distributed.

6. With the financing based on dynamical leverage ratio the analyst sets the future cash
flow-debt ratios.

To determine firm values under different financing policies, we need an important
equation. The statements of the Fundamental Theorem apply to both levered and
unlevered firms,?! in particular the valuation results given in Thm. 1.2. Thus, the value
of the unlevered firm is given by the equation

—u —u

wefar)  we[om

Vl = T e + —I,_l .
f (1 ar I’f)

The validity of the Fundamental Theorem does not depend upon how the firm is financed.
The value of the levered firm is thus given by the relation

E2 [ CF, 2 [ CF;
V;=%};l]+...+$.

Using (2.12) it follows immediately from both valuation equations that the market value
of the levered firm differs from that of the unlevered firm only by the value of the tax
advantages,
_ _  E9[T EC [r1
V}:Vt”+—t [ Hl] o [ TT_]I .
Ltry (1+7ry)

With (2.13) and Rule 2 (Linearity) this yields

s B2 [D,] N +TrszQ [Dr-1]

vl _ Tu
VIV o

(2.14)

21 See Sect. 1.4.4.
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We will be able to use this equation for all financing policies. Fernandez (2005) gives

the same result in the following presentation,?”
o1n n o1n n
~  ~ ~ 1TE7|Dyy1 - D TE° |Dr — D7
V=V 41D, + — D1 = D] - |Dr = Dri] (2.15)
1 try (1 +rf)T“

2.2.4 Debt and Transversality (Again)

In the following we will focus on levered companies that accept loans which run forever.
Anyone familiar with basic financial mathematics knows that the present value of a
risk-free loan equals the sum of discounted cash flows if the credit is temporary. So if
credit is granted today in the amount of Dy and the borrower in later times pays both
interest of r fﬁt and (possibly negative) redemptions of 5, - 5t+1, then

T —~ —~
~ 1+rf)D;, — D
D Z( f) t t+1

par (1 + Vf)t

0=

must hold if 5T = (0 is assumed.

What will happen if T — c0? One can easily imagine that the loan is not repaid in
full. But what does that mean for the above equation? Under what conditions can we
state

T —~ —~
- 1+r¢)D, — D
D0= lim ( f) t t+1

, (2.16)
T—oo = (1 + rf)’

and under what conditions is this not permissible? Transversality, again, will give the
answer. For this reason, we reassume this condition. However, we will concentrate on
uncertainty from the beginning. It is immediately apparent that this is an assumption
about an infinite-horizon financing policy.

Assumption 2.4 (Debt policy satisfies transversailty) The debt policy of the firm
satisfies the transversality condition, if for all t

EC(Dr]
T—o0 (1 + Vf)T_t

To fully understand this assumption, let us consider two examples of infinite financing
policies (extreme, in our view). In the first case, transversality will be violated; in the
second, it will be satisfied. Readers must decide whether the examples are intuitively
clear.

22 See also Prob. 2.8.
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First, assume that the payment obligations due to interest liabilities will be completely
financed by credit. This boils down to the relation

5t+1 =(1+ ’"f)ﬁt >

and it is immediately clear that the transversality condition can not be fulfilled: The
creditor increases his loan from year to year and never gets a refund. Eq. (2.16) can
therefore never be satisfied for a positive Dy. In finite time the credit might grow
enormously, but would eventually be repaid.

The next example shows that Eq. (2.16) can be sustained with a financing policy that
is only slightly different from the previous one. To this end, let us assume that an investor
finances only half of the interest obligations by a credit. Again, the loan is increasing
year by year. However, the new policy is now described by

Dr=(1+2)D,.
2
Anyone who believes that Eq. (2.16) is not fulfilled under this policy is wrong. This
follows directly from

T
~ s
EZ[Dr] _ i (1+ 2) =
T—o (1 + rf)T*’ T—o (1 + rf)T*’

= Tlim (1+7r5) Do

The difference between the two financing policies is quickly detected. For Eq. (2.16) to
be satisfied, the lender must receive some payments from the debtor at every point in
time. The compounding effect then ensures complete refunding of the loan. However,
if the redemption payments go back to zero (as in the first example), the transversality
condition is inevitably violated.

The issue raised here matters only when a revolving credit line—although written
as a sequence of one-period loans—is renewed indefinitely. Ultimately, the assumption
implies that in an infinite-horizon setting, part of the debt or at least part of the interest
must be serviced regularly; otherwise, meaningful results cannot be obtained. Therefore,
we will treat T — oo only exceptionally, and will restrict ourselves to contracts with
finite duration.

2.2.5 Insolvency

Authors working on credit risk typically discuss insolvency probabilities in detail.
Surprisingly, the same considerations are often routinely disregarded in the DCF
literature. There is no doubt that we must address how to value a firm when there is a
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risk that it will be unable to meet all of its debt obligations. It will turn out that, for a
levered firm, insolvency becomes much more multifaceted than in the unlevered case.

We have already noted that we will focus exclusively on a structural model of
insolvency. Accordingly, to determine the conditions that lead to insolvency, we will
look only at cash flows, firm value, and their stochastic properties. We will not introduce
an additional stochastic process—separate from cash flows and firm value—solely to
model insolvency.

We already introduced two insolvency triggers: illiquidity and over-indebtedness.
While the first trigger relates to the firm’s payment level, the second is based on the
asset level. Illiquidity, therefore, simply means being unable to meet one’s obligations as
they fall due. Under our assumptions, such a trigger depends both on the amount of debt
raised today and on receivables carried over from the previous period. In our model, for
example, illiquidity could in principle be avoided by raising more debt today; however,
doing so would violate our assumption that the debt path is predetermined and therefore
not subject to change. The debt path is taken as given and is not adjusted in response to
efficiency, optimality, or value-maximization considerations.

We now impose assumptions within our framework that are intended to remain valid
even if insolvency occurs. In what follows, we briefly explain why this is a consistent
and economically natural requirement.

Homogeneous Expectations Up to now we have worked on the basis that debt and
equity financiers are equally well informed. This condition is of particular importance
with the threat of insolvency and can surely be seen critically. However, there is no
getting around providing debt financiers with some information about the firm. No one
lends money without first carefully assessing the borrower’s business ideas, risks, and
market prospects.

Yet asymmetric information as a rule is truer to reality than our condition of
homogenous expectations. It, however, applies that whoever wants to deviate from this
assumption, has to very precisely define the information which both sides either have or
do not have access to.

Identical Cash Flows and Insolvency We have consistently assumed that the gross
cash flows of levered and unlevered firms do not differ. Note that, so far, we have
considered only levered firms that do not become insolvent. If we wish to maintain the
above assumption, we must extend it to require that the firm’s gross cash flows are the
same whether or not it faces the risk of insolvency.

That is quite a far reaching limitation. A firm can of course get into a situation due to
financial difficulties which has consequences for its gross cash flows. Financial strains
often cause suppliers as well as clients to reconsider continuing doing business with
the firm affected. Some clients leave altogether or cancel long-term contracts; suppliers
may deliver only on condition of prepayment. Managers who would remain faithful to
the firm under more favorable circumstances look for other jobs, taking with them the
important know-how required in such times and aggravating the crisis. All the financial
consequences of a high leverage which we have pointed out here, are usually referred to
in the literature as indirect costs of default. It can then be said that, in our model, we
abstract from the existence of such default costs. Indirect costs of default are difficult
to quantify. If one wished to replace this with a more realistic assumption, one would,
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despite the difficulties, have to specify a functional relationship between gross cash
flows and the level of leverage. In a multi-period model, a firm’s gross cash flows have
two components: their amount and their timing. Our assumption states that increasing
leverage affects neither the amount nor the timing of gross cash flows.

Let us now raise the question as to how large the amount is that the owners receive
at time ¢. The starting point was the firm’s identical gross cash flows before interest
and tax GCF ;. To arrive at the free cash flows from here, we have to deduct the firm’s
(internally financed) investments and taxes. It remains to clarify how these amounts
differ between, on the one hand, an unlevered firm and, on the other, a levered firm at
risk of insolvency. Again, we can only proceed by assuming that the investments and
accruals of the firm that becomes insolvent are the same as those of the firm that does
not. We can thus sum up our conditions in the following specification of Assump. 2.3.

Assumption 2.5 (Gross cash flows and insolvency) The gross cash flows as well
as the investment and accruals of the unlevered firm do not differ from those of the
firm becoming insolvent.

Bankruptcy Estate If the company does not file for bankruptcy, then the creditors’
claims can be satisfied in full. Two parties are to be differentiated here, the state and
the investor. The order in which the claims of the finance administration and the other
creditors are satisfied does not matter as long as we are not dealing with insolvency. The
owners’ claims will be settled last in any case. In the worst case the shareholders can
end up with nothing. Since corporations do not have personal liability, we can disregard
the owners having to make payments from their private pockets in very unfavorable
situations.

As a rule, the liquidation proceeds in bankruptcy do not suffice to fully satisfy the
state and other creditors. Thus, priority matters: Is the state paid in full first, or are
other creditors paid while the state waits? The answers are set by the relevant legal
provisions. We do not pursue this further here; instead, we resolve the issue by adopting
an assumption that is (more or less) satisfied in most industrial countries.

Assumption 2.6 (Prioritization of debt) The tax authority’s claims have priority
over those of other creditors.

The tax authority is therefore given priority over other creditors in the event of
insolvency, so that tax claims can be satisfied in full. In our framework, insolvency is
never so severe that the state loses any part of its claims.

Notation The notation used so far is insufficient for the analysis that follows. Let us
again suppose that the firm took out the loan D, at time ¢. In the earlier section the

Page: 82 job: S-DCF macro: SNmono.cls date/time: 15-Mar-2026/8:28



2.2 Basics about Levered Firms 83

variable D ¢ signified two different things, namely, for one, the credit which the firm
took in at time ¢, and, for the other, the amount, which apart from the interest it redeems
at time ¢ + 1.23 In case of insolvency, the amount, which the company amortizes at the
time ¢ + 1, will not coincide with the repayment sum to which it is legally obligated. D,
shall be the credit which has been raised at time # and D ++1 the corresponding amount a
year later. Consequently, the difference between 5t and 5t+1 accounts for the amount
which the company needs to pay back to the creditor (or, if this amount is negative, has
to be raised). In the following we will assume that the company pays back the amount
Pr;+1 which can be at the most as high as D; — D1, hence

Pris1 <Dy = Dyyy .

If the repayment sum is smaller than the amount which the company owns its creditors
the term L
D¢ =Diy1 — Prea

describes a remission of debts. We do not need a new symbol for the interest 7,+1
resulting at time ¢ + 1.

Focusing solely on the relationship between the firm being valued and its financiers
in insolvency, it does not matter how the remaining funds are allocated between interest
and principal due. For tax purposes, however, the distinction matters: interest reduces
the tax base, whereas principal repayment does not.

We assume that the tax authority allows interest T ++1 to be deducted from the tax
base. Furthermore, in many countries the state requires that, in bankruptcy, cancellation
of debt be taxed in the amount 5t - 5,+1 - ﬁ;Hl. According to (2.11), the following
holds for the taxes of a levered firm that becomes insolvent at time #:

— ] — — ~ —~ —~ —
Ta$t+1 =T (GCFt+1 N ACCTI+1 - Il+1 +Dl - Dl’+l = Prt+1) .

Since the unlevered firm’s tax equation does not change, and the gross cash flows and
investments are identical, we now obtain

—1 — — —1
CF1+1 = GCOF11 — Invqq - Taxﬁ.l
= GCF1+1 - %14_1 - CZ’TCL}[M_'J + 71 (7;4.1 - 5; + 5t+1 + ﬁt+1)

= FF;:_]_ +7 (7t+1 - 5t + 5t+1 + ’ﬁ;r;,]_) . (217)

The Fundamental Theorem of Asset Pricing also applies to a levered firm that becomes
insolvent. We can thus establish the following relation:

23 See Sect. 2.2.1.
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L B2 [Ts - Dy-y + Dy + Pry]
(1 +rf)s_t ’

(2.18)

Il
=
N

+
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We now state a key proposition regarding the valuation of an insolvent firm.

Valuation of Insolvent Firms We have already noted that our model distinguishes
between insolvency and default. Insolvency refers to a specific state of the firm without
yet specifying its implications for equity and debtholders. Those implications are
characterized by default.

This approach enables us to separate the triggers of insolvency from the redistribution
mechanisms that arise upon default. When analyzing default, we need not know which
particular trigger caused the insolvency; in this sense, the consequences can be determined
independently of the cause.

For the purpose of redistribution, it is sufficient to note that creditors act rationally:
they will extend credit only if total repayments are, in valuation terms, equivalent to the
amount of the loan granted. Accordingly, the Fundamental Theorem of Asset Pricing
also applies in this context. For any date s, if F;Hl is repaid at s + 1, we have

5 _ ESQ [7s+1 + FDVS+1 + Eﬂx+l]

5 T (2.19)
Using Rule 5 this gives us
reDy = E? [Ty41 + Prosi + Dyt — D]
and with Rule 4 for all s > 7 finally
reEL [Dy| = EL [Tsi1 = Dy + Dys1 + Prost] (2.20)

Entering in Eq. (2.18) results in

T 21p
V=Vt By [Dss_—tl]
s=t+1 (1 + rf)

This equation is no different from Eq. (2.14), in which we excluded bankruptcy
risk. This means that incorporating insolvency risk has no effect on the firm’s value,
provided we use, in the valuation equation, the agreed-upon debt amounts D;. There is
no need to know the actual interest and principal payments ultimately made. We need
not distinguish, in the valuation equations, whether bankruptcy risk is present or not.
The mere possibility of insolvency changes nothing in the valuation equations. If we
take this outcome seriously, it establishes that even in the presence of bankruptcy risk,
firm value can be calculated using DCF.
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If this result comes as a surprise, the following observation may help make it more
intuitive. One of our assumptions is that the unlevered and the levered firm generate
identical cash flows. Together with our decision to work with a structural model of
insolvency, this has an important implication for debt. In our framework, debt payoffs are
risky only because insolvency may be triggered. Crucially, however, the states in which
insolvency can occur are not additional states introduced for the sake of modeling default.
They are precisely the states that are already present in the unlevered firm’s cash-flow
dynamics. In other words, we do not add an extra stochastic driver—an additional jump
process or intensity—alongside cash flows and firm value in order to describe insolvency.

Because insolvency is tied to these existing cash-flow states, we can also assign explicit
risk-neutral probabilities to them. These risk-neutral probabilities are not calibrated from
a separate credit-risk structure; instead, they were derived earlier from the cash-flow
dynamics of the unlevered firm, for which insolvency was effectively ruled out (see
Thm.2.4).2* Put differently, in our model insolvency can arise only because the firm
has taken on debt, not because of independent shocks to demand or other real-side
disturbances. And since debt affects firm value only through tax advantages—which are
already fully captured when insolvency is ignored—introducing insolvency risk does
not generate any additional valuation effect beyond those tax benefits.

Of course, we must examine whether the theory’s conditions remain satisfied when
insolvency risk is present. This is precisely where problems may arise. If insolvency
is possible, creditors may be unwilling to provide funding along the very debt path we
have taken as given. In that case, the postulated debt path is not implementable in the
first place. One could respond by modifying the debt path to restore feasibility—for
instance via a change of the debt policy. However, allowing such adjustments would
contradict our earlier modeling stance that the debt path is predetermined and not revised
in response to optimality or feasibility considerations (see Assump. 2.2). Hence, the
relevant issue is not a failure of DCF valuation, but whether the exogenously imposed
debt path can actually be sustained once insolvency risk is admitted.

The message of this subsection can be summed up as follows: The problems of
valuing firms in the presence of insolvency risk do not lie in any failure of the DCF
theory. On the contrary, the theory remains valid. The difficulties arise instead from
the need to formulate the firm’s relevant financing policies with greater care and assess
whether they can in fact be implemented by the firm’s debt providers.

Coupon Rate If the creditors do not have to worry about insolvency, they will demand
the risk-free rate. The situation is different, however, when there is a risk of going
bankrupt. In this case, the creditors face the possibility that their interest and principal
payments may not be fully honored in every conceivable state of the world. To receive
adequate compensation for this risk, they require borrowers to agree to a nominal
interest rate higher than the risk-free rate. In what follows, this coupon rate will be
denoted by c;. It will be paid only if no insolvency occurs. What happens in the event
of insolvency—beyond the general description of repayment as 141 + Pryo—must
remain open for now, since we do not intend to specify the subsequent steps of such a

24 This can be seen especially clearly in the finite example. There, the risk-neutral probabilities Q are
derived by referring to a firm that can never become insolvent (see Fig.2.2). We then use exactly these
same Q in Eq. (2.24) below, where we determine the coupon rate in the presence of insolvency risk.
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proceeding. We merely note that debt holders likewise demand a fair deal; accordingly,
the Fundamental Theorem of Asset Pricing applies to their payments as well. Figure 2.4
illustrates our approach.

Since the model does not specify the provisions governing the event of insolvency,
we are at the moment not able to determine ¢, completely. But we should expect ¢; > r ¢
when there is a positive probability of insolvency.

non-default

no

credit D, insolvency trig- Fundamental
_—
granted gered at ¢t + 17 Theorem
yes
default

Fig. 2.4 Insolvency, default, and rational debt-holders.

Cost of Debt If debt were completely risk-free there would be no reason to negotiate an
interest rate different from r ¢ with the creditor. Since we will later consider insolvency
it might be that in some states of the world the payments for interest and redemption
lie below the risk-free rate and therefore the firm demands a higher interest rate in the
remaining states. Analogous to the cost of equity this requires a definition of cost of
debt. Someone who invests D, today is entitled to payments amounting to D+ 1141
less remission of debts. Due to a remission of debts of 5t - 5,+1 - F;Hl, we obtain
the following definition.

Definition 2.3 (Cost of debt) The cost of debt Fk? of a levered firm is the
conditional expected return
E; [51+1 + 71+1 + F;Hl] 1

kP =
t Dt

However, unless there is the probability of insolvency there is no reason whatsoever
to assume that the cost of debt is different from the risk-free rate or the coupon rate

EPZCtzrf.
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Notice that we do not require the cost of debt to be deterministic today. Although this
will be a necessary requirement for different types of cost of capital later,> cost of
debt will not be used itself to determine the value of firms and hence need not to be
deterministic.

Insolvency Triggers For Levered Firms Finally, we examine the relationship between
the two insolvency triggers. To this end, we must define what we mean by over-
indebtedness and by illiquidity for levered firms.2?® Whereas illiquidity focuses on cash
flows, we use the term over-indebtedness when the value of the firm’s assets is less than
its debt. In what follows, however, we assess over-indebtedness using market values rather
than, for example, book values. The reason is straightforward: by using market values, we
can state clear conceptual relationships and provide necessary and sufficient conditions
for bankruptcy. That would be much more difficult—if not impossible—were we to
use book values. Hence, relying on market values is consistent with the simplification
strategies that prevail in economics.

Definition 2.4 (Insolvency) For a given financing policy, a levered firm will be
illiquid at time ¢ + 1 in state w if the cash flows in this state do not suffice to fulfill
the creditors’ payment claims (interest and net redemption) as contracted,

CFy (@) - (1 +¢)Dy(w) = Dyy1(w)) <0, (2.21)

where c; is the coupon rate owners agreed upon.
For a given financing policy, a levered firm will be over-indebted at time ¢ + 1
in state w if the market value of debt exceeds the firm’s market value,

V! (@) < Dy1(w) . (2.22)

Notice that both definitions refer to a future date ¢ and the state w from today’s
perspective. It can easily be seen, that our definition generalizes the case of the unlevered
firm.

We want to examine whether a company that is over-indebted will be illiquid at a
future point in time and, vice versa, whether a firm that becomes illiquid will have
encountered over-indebtedness. We believe that the relationship between both triggers
requires more attention than they are currently given in the literature.”’” Authors who
address valuation problems seem to assume that it does not matter which insolvency
trigger is used—a view we challenge although in Thm. 2.4 we have exactly shown
that. While insolvency has been intensively investigated in prior research, until now
the relationship between these two triggers has not been subject to a detailed analysis.

25 See the subsections on TCF, FTE etc.
26 Until now, we considered insolvency only for unlevered firms.

27 The following considerations are—in parts literally—taken from Kruschwitz et al. (2015) and Loffler
and Steins (2025).
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However, for investors and financiers (e.g., in the context of insolvency-risk forecasting)
it is essential to determine whether these triggers are interchangeable or whether one
constitutes a stricter criterion in the sense that it is met earlier.

We prove that over-indebtedness always implies illiquidity, whereas the converse
implication is more subtle.

Over-Indebtedness Implies Illiquidity One important implication of Eq. (2.20) con-
cerns the relation of the two insolvency triggers. Disregarding specific assumptions
concerning the dynamics of the free cash flows, we can prove that over-indebtedness
implies illiquidity. This result is immediately apparent. Just realize that debts represent
the present value of cash outflows while assets represent the present value of cash inflows.
Having said this, it must be that at some future point of time an outflow is greater than
an inflow if debts exceed assets today.

The result is nontrivial. Consider an unlevered company whose market value contains
information about its future cash flows. If this market value is negative, then the owners
expect—at least in some states, not necessarily all—negative future cash flows as well.
The same idea holds for levered firms, as shown in the following theorem.

Theorem 2.5 (Over-indebtedness implies illiquidity) Assume ¢, > ry. If a
levered company is over-indebted at time t in some state, then there is a date s > t
and a state where the firm is illiquid.

Notice that illiquidity does not necessarily imply over-indebtedness.”®

We prove the theorem by contradiction. To this end, we consider an over-indebted
firm that will never be illiquid. In this case the inequality

CF\(w) = (1 + ¢s-1)Ds—1(w) - Dy(w)) = 0

applies for all states w and times s > ¢. Multiplying the preceding inequality by the
risk-neutral probabilities, using ¢ > r and summing up leads to

— 2 —~ ~ —~
EQ [CF] > B2 [(1+¢y-1)Dy_1 - Dy] 2 B2 [(1+r/)Dyy - D] .
Dividing by (1 + r¢)*~" and adding up over all 7 results in

T E,Q[’C‘ﬁi] T E,Q[((1+rf)5S_1—5s)]

(T+rp)s = : and using (2.20)
s=r+1 (Ltrp) s=r+1 (T+rp)st
i EC [T, + Pr]
s=t+1 (L+rp)t

28 For details, we refer to Kruschwitz et al. (2015, p- 211f).
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Now, (2.19) implies that this sum is nothing more than D, because if debt D, is granted
the debtor will get 73 + 137S for all s > t (see also Prob. 2.6). Since the term on
the left-hand side of the inequality is the firm value V,l, we have a contradiction to
over-indebtedness. This was to be shown. a

The Case of Complete Transfer of Assets In the preceding paragraph we have shown
that over-indebtedness necessarily implies that, at some future point, the firm must
become illiquid. On the basis of that proof, one might be tempted to conclude that this
exhausts the connection between the two insolvency triggers; in particular, one might
suspect that the converse dependence (namely, that illiquidity entails over-indebtedness)
does not hold in general. While such a suspicion is formally correct, the matter is in fact
more subtle.

For the following considerations, we intend to go one step further than we have done
so far (see, in particular, Sect. 2.2.5). Up to that point, we addressed default only at a very
general level and did not go into its contractual details. There is a compelling reason for
this: once insolvency occurs, there is not just a single, but a multitude of possible ways
in which a firm’s creditors may respond to the fact that the agreed payments have not
been made. Debt holders may, for instance, agree to a partial write-off of their claims;
default costs (such as legal fees) may arise; parts of the firm’s assets may be transferred
to the creditors; or the claims may simply be deferred rather than forgiven.

Precisely because the range of possible outcomes is so complex, we chose not to go
into these details earlier. Such an analysis would require information about the firm’s
equity and debt holders that goes far beyond what is typically assumed in the theory
of discounted cash flow. Most importantly, one would need to understand the relative
bargaining power of both parties and the range of possibilities available to them for
renegotiating their contractual arrangements. We will now take a somewhat closer look
at this problem.

This requires assumptions about what happens once insolvency occurs—that is, in the
event of default. We have already assumed that the tax authority’s claims have priority,
and we now introduce assumptions about how assets are transferred upon bankruptcy.
As a first and very rough approximation, we assume now that all of the firm’s assets are
transferred from the equity holders to the debt holders (“complete transfer of assets”):>

— - — —~
defaultin state w attime t+1 =  [;11(w)+Prii(w) = CF,+1(w)+th+1(w) .

Even those who wish to study more complex default mechanisms will typically start
from this benchmark and refine it further.

Assuming a complete transfer of assets has immediate implications for the two
insolvency triggers. To see this, let us combine the relevant terms whose signs determine
insolvency,

29 It may sound unusual at first to think in terms of a transfer of the debtor’s whole estate. But historically,
insolvency law has used mechanisms that came quite close to that idea. In Roman law, missio in bona
allowed creditors to take control of the debtor’s assets as a whole, often leading to a bonorum venditio,
a sale of the estate in one package. Seen against this background, it is not far-fetched, as a first step,
to look at the arrangement discussed here, even though modern insolvency law ultimately works with
collective administration and proportional payment rather than outright divestment.
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illiquidity over-indebtedness

—1 ~ ~ ~ ~
CFup1+Diy1—(1+¢)D; + V!, =Dy

t+1

— ~ ~3
1
= CF!+1 +Vl’+1_ (1+CZ’)DI 5 (223)
S — ———
total assets creditor’s claims

The term on the right-hand side represents the total assets available to creditors,

’C"ﬁ'i at \Z’ 1> minus their contractual non-default claim, (1 + ¢;)D;. It thus measures
the deviation (positive or negative) from what the creditors would have received in the
solvent case.

Insolvency arises when at least one of the two triggers becomes active, meaning
that one of the left-hand terms in (2.23) turns negative. Yet this does not necessarily
imply that the entire sum is negative. In other words: even if one trigger is violated, this
alone does not determine the sign of the total sum; what matters is the magnitude of the
deviation of the other trigger.

Suppose insolvency is caused by illiquidity, so that the first term is negative. It may
still happen that the total expression remains positive. In that case, under complete
transfer of assets, the creditors would actually gain from the insolvency—that is, receive
more than is due to them. Arbitrage requires then that the agreed coupon rate ¢ in the
solvent state will be below the risk-free rate r .>

We regard such a situation as unrealistic, since we are not aware of any bonds
that require an (effective) interest rate below the risk-free rate. Nevertheless, we must
emphasize that this case does not violate the principles imposed so far in our theory.
We will show below that if ¢ < r, no arbitrage opportunity arises; thus, a different
argument is needed to justify why this case should be ruled out. It does not follow from
our current assumptions.

It is reasonable to suspect that the complete transfer of assets is what gives rise to this
admittedly peculiar situation. Anyone who wants to avoid the implausible implications
that come with it will therefore have to abandon that assumption. Doing so, however,
brings us into the realm of what we call bankruptcy—an event for which there is not
one, but a range of possible arrangements. Unfortunately, none of them is entirely
unproblematic:

— Itis possible that a change in the financing policy prevents insolvency from being
triggered, so that the problem disappears on its own. Recall for example that, in our
model, any illiquidity at a given date can initially be overcome by taking on additional
credit at that date (though this by no means rules out new problems arising later). If
this strategy were to make the problem disappear, the firm’s illiquidity would be better
described as a “temporary payment delay” rather than insolvency. This would resolve
the issue, but only at the cost of violating one of our assumptions: in Assump. 2.2,
we deliberately stipulated that the debt policy is fixed once and for all and is not
subsequently altered, optimized, or adjusted. Hence, this idea conflicts with our own
modeling requirements.

30 See, for instance, the finite example in Sect. 2.2.6.1.
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— One could alternatively assume a partial transfer of assets—limited to the shortfall
in cash flows—which might reverse the coupon inequality ¢ < r¢. This idea seems
to work without changing the financing policy and therefore avoids violating our
assumption that the debt path is fixed. Yet it comes with a different problem. Allowing
partial transfers adds a free parameter: one may vary both the coupon and the
transferred fraction. No-arbitrage links the two, but it does not select a unique coupon.
Instead, many coupons remain admissible (see the Finite Example below). The model
therefore becomes indeterminate at this juncture and ceases to yield a definitive
explanation of the observed outcome.

Both ideas would force us to pin down a specific default mechanism or add more to the
theory, a step we have deliberately avoided for good reasons, and it would thus exceed
the level of abstraction adopted here.

Equation (2.23) and the accompanying discussion lead to the following conclusion.
If one refrains from analyzing the details of a bankruptcy, then the assumption of a
complete transfer of assets in the event of insolvency appears plausible in the absence of
more realistic alternatives. Then the realization of only one single insolvency trigger,
however, may generate situations in which creditors receive more than their coupon
entitlement. When modeling debt policies, one should henceforth assume that not merely
one but both insolvency triggers occur simultaneously. If, by contrast, bankruptcy is
modeled in greater detail (specifying, for instance, what fraction of the firm will be
transferred to the creditors) it may be sufficient to consider only a single insolvency
trigger.3!

2.2.6 Examples and Problems

Up to now, we have discussed identical numerical examples. In this section, we extend
the analysis to include insolvency risk. Once again, we will examine both the finite and
the infinite binomial model. As explained above, and in the absence of more realistic
alternatives, we assume that in the event of default all of the firm’s assets are transferred
to the debt holders, and that no partial transfer takes place.

So far, we have not explained how the coupon rate ¢, is determined. We have merely
stated that debt holders choose the coupon rate such that the loan they grant constitutes
a fair deal for them (see Fig. 2.4). The obstacle was not only the absence of a specific
stochastic structure for cash flows, but also the lack of a rule describing the resolution of
default.

In what follows, we consider a binomial model without specifying whether it is
finite or infinite. We focus on a single node w, from which exactly two possible future
states may arise one period later: up, denoted by wu, and down, denoted by wd.
Accordingly, O (u|w) and Q(d|w) represent the (conditional) risk-neutral probabilities

31 In the previous edition of our book, we had not yet fully understood this point. Some of the calculations
in that edition suffered precisely from this problem, and we have therefore omitted them in the present
version.
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of these two successor states of w. Both our finite and infinite binomial example satisfy
this condition.*?

We will now derive an equation for ¢;(w), even though it is not yet clear whether
insolvency will actually occur. This requires some explanation. It is crucial to recognize
that the calculation of the coupon rate must precede any analysis of whether an insolvency
trigger is met. One might, following an apparently straightforward logic, wish to begin
by examining whether the firm is illiquid or over-indebted and then draw conclusions
about ¢,. Yet a glance at Definition 2.4 shows that such reasoning is not feasible: the
very definition of illiquidity already includes the term ¢, and thus presupposes that it
has been determined beforehand.

Coupon Rate in the Binomial Model We consider default only in the down state, since
it would make little sense for insolvency to occur in both states—under such conditions,
no lending agreement would ever be executed. At state wu the coupon rate c; is paid
to the creditors. If, however, wd occurs, the firm becomes insolvent, and its assets are
transferred to the creditors. Under these circumstances, what can be said about the
coupon rate ¢;?

If default occurs at time ¢ + 1, we need the amount of debt from the preceding
period, 5,, to determine the coupon rate. Note, however, that for determining c;, it
is not necessary to know the level of debt at time ¢ + 1: this would represent a new
(one-period)*3 lending decision by creditors and is therefore not yet linked to a potential
insolvency at time ¢. The amount of debt 5,+1 becomes relevant only when we examine
the insolvency triggers at time # + 1.

The debt holders act rationally and therefore apply the Fundamental Theorem of
Asset Pricing to assess whether a lending agreement is worthwhile for them. Given the
assumptions made so far, the Fundamental Theorem yields

_ (1+¢0) Dy (w) Q(ulw) + (V.. (wd) + CF',, (wd)) Q(dlw)
Dt(w) = .

2.24
1+ ry ( )

We will use (2.24) to determine the coupon rate explicitly in our examples. Moreover,
we can already derive an important result that allows us to assess whether, in the event of
an asset transfer, the creditors have been overcompensated. Specifically, if the creditors
receive more than their contractual coupon payment—that is, if

~ ~ —1
(1+¢;) Dy(w) < V', (wd) + CF,, (wd),

then it follows that the coupon rate must be lower than the risk-free rate, ¢; < r s, which
becomes evident from

(1+¢0) Di(@) Q(ulw) + (1 + ¢1) Dy () O(d|w)
< (1+¢0) Dy(w) Q(ulw) + (V.. (wd) + CF', (wd)) Q(d|w) ,

32 This notation for conditional probability was introduced in Eq. (1.6).
33 It should be recalled that in any DCF model only one-period loans are considered; see Sect. 2.2.1.
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and, using (2.24), this implies
(1+c¢)Di(w) < (1+rp)Di(w) = ¢ <ry.

The converse can be shown in exactly the same way: if ¢; > ry, the creditors receive
less under full transfer of the firm’s assets than they would in the solvent state.

Hence, we now have a straightforward criterion for checking whether creditors have
been overcompensated: we only need to verify whether the coupon rate exceeds the
risk-free rate. If this is not the case, the model is misspecified.

2.2.6.1 The Finite Example (Continued)

Let us turn to our finite example. To simplify matters, we disregard taxes. We assume
that the provisional leverage policy takes the form

Do =140, D; =62, D2=0,

and ask whether this particular financing policy can lead to bankruptcy.

We first compute the cash flows accruing to equity holders. Starting from the firm’s
cash flows,>* we subtract interest and principal repayments using the coupon rate ¢ = r £
This yields, in each state, the corresponding amounts fCTﬁ? -(1+ rf~)5,_1 + D, in
Fig. 2.5. The illustration shows that at # = 1, 2 insolvency (in terms of interruption of
payments or illiquidity) cannot occur. Hence, in these states, the financiers will agree on
a nominal rate of ¢;(w) = ry, because all creditors’ claims can be satisfied. Time ¢ = 0
is different. While the creditors’ claims can be met in the up state, this is not possible in
the down state.®

Hence, insolvency will occur at ¢ = 1 in the down state. We begin by evaluating the
coupon rate ¢ and refer to Eq. (2.24) adapted to our case:®

(14 cg) x 140 x 0.0833 + (158.13 + 90) x 0.9167
1+10%

140 =~ co ~ —729.9% .

This example is highly illustrative. We have noted that when only one insolvency
trigger is active, it may occur that, under a full transfer of assets in the event of default,
the creditors are overcompensated. This becomes apparent from a coupon rate that is
even below zero. We made a mistake by already assuming a complete transfer of assets
at this point, without recognizing that this would repay creditors many times the amount
of their loan. Under that assumption, our setup becomes economically implausible.

In what follows, we discuss the remaining lines of the example and show how a
partial transfer of assets can restore a more realistic outcome. As noted earlier, doing so
typically requires additional information about creditors and the borrower, because the

34 These cash flows can be found in Fig. 1.2.

35 Note, however, that the liquidity shortfall could in principle be eliminated by extending a loan to
D> = 64 at date t = 2: in that case, equity holders would receive a cash flow of zero.

36 The firm values were calculated in Sect. 1.4.6, and the probabilities are described in Fig. 2.2.
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Fig. 2.5 Shareholder’s claims in the finite example in Sect. 2.2.6.1 with a coupon of ¢ = ry (if
insolvency is ignored).
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Fig. 2.6 Shareholder’s claims in the finite example in Sect. 2.2.6.1 with a coupon of ¢ = ry (if
insolvency is taken into account).

model otherwise contains too many degrees of freedom. Here, however, we already know
that at ¢ = 1 there are sufficient assets in the relevant state to service the loan of 140. We
therefore assume that creditors agree on a coupon of 10% even in the insolvency state, but
that in the event of illiquidity they insist on receiving a fraction of the firm’s assets—and
that no further credit is extended. As a result, 52 becomes a random variable: in the up
state it remains 62, whereas in the down state it is now 0. How large is the equity stake
in the firm that the shareholders must transfer to the creditors?
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The fraction that creditors will demand from shareholders can be determined
straightforwardly. Under our assumptions, in the down state at # = 1 the creditors’ claim
amounts to (1 +ry)Dg = 154. This is matched by total assets consisting of equity value
158.125 plus cash flows of 90. Hence, the required fraction is ﬁm ~ 62.065%.
In the solvent states (following an up move at ¢ = 1), the payments are given by the
contractual debt schedule. After a down move at r = 1, by contrast, the debtholders do
not grant new credit and receive the corresponding fraction of the firm’s total cash flows,
reflecting the partial transfer of ownership. Figure 2.6 reports the cash flows accruing to
shareholders once default is taken into account and evaluated by ,C‘I?'? —(1+r f)5 -1 +D ‘-
We find that, under this arrangement, no insolvency trigger is activated. We conclude
the discussion at this point.

2.2.6.2 The Infinite Example (Continued)

We wish to analyze insolvency in the infinite-horizon case. In contrast to the preceding
example, we now consider a setting in which insolvency may occur at multiple points in
time: beginning from w at time ¢, the firm continues along the subsequent up states but
becomes bankrupt in any down state. As before, insolvency entails a complete transfer
of assets to the creditors. Accordingly, any down state removes the firm from the equity
holders’ ownership and terminates their payouts. As in the finite example, to simplify
matters we disregard taxes. Figure 2.7 illustrates the situation we intend to model.

solvent
solvent
solvent / insolvent
w - insolvent
insolvent

I I I I

1 r+1 142 143 time

Fig. 2.7 The infinite example with insolvency in each down state.

We need to fully specify the financing policy that governs the insolvency process
described above. As Fig. 2.7 makes clear, this boils down to determining two types of
debt levels. First, for every state that consists only of up movements (i.e., the states in
which the firm remains solvent), we must determine the amount of outstanding debt. We
refer to these as the “solvent states.” Second, for every state that initially features only
up movements and ends with a down move (i.e., the states in which insolvency occurs),
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we must determine the corresponding debt level. We refer to these as the “insolvent
states.”?’

It suffices to restrict attention to a single period, since from the chosen time ¢ onward
the same structure repeats. Hence, we consider the state w at time ¢ and its two successor
states, u and d. Because at every point in time the future always looks the same (time
homogeneity), we assume that the ratio of debt to the firm value is the same in every
state that consists solely of up moves. Hence, there assume a constant /(«) such that
D,(u...u)=1(u) \7,l This fully specifies the debt policy in all solvent states. We also
specify the debt level in the insolvent states by setting D,(u...ud) = 1(d) Vl,. Since
no further credit will be extended after the firm has entered an insolvent state, we do not
bother specifying leverage ratios in the remaining states.

Both quantities, {(«#) and /(d), are subject to certain restrictions. Building on the
insights of the previous sections, we intend to trigger both over-indebtedness and
illiquidity. This means that leverage must be high enough for the value of debt to exceed
the firm value, yet not so high that liquidity becomes excessive already in the preceding
period. We will see that both conditions can be satisfied simultaneously. To this end, we
define the following quantity
o 1+ kB

‘B 1+r f

This number is smaller than one: a formal proof can be obtained by referring to the
risk-neutral probabilities in (2.6) and to the requirement that Q («) > 0 must hold. We
requite /(u) > [* for the debt in the solvent state.

In the previous section, we observed that under a complete transfer of assets, the
coupon rate may, under certain conditions, fall below the risk-free rate. In that context,
we addressed the issue by requiring both insolvency triggers to occur simultaneously.
Within the binomial model, however, we will see that there is an even simpler way to
prevent such an unrealistic outcome. Requiring the debt-to-value ratio /(u) in the solvent
states to exceed [* ensures that the coupon rate exceeds the risk-free rate. That this
condition is sufficient follows from the specific structure of the binomial model, as we
show next.

To determine the coupon rate ¢, we apply Eq. (2.24) and invoke the Gordon—Shapiro
theorem 2.2 (remember that we abstract from taxes; hence, unlevered and levered firm
values coincide). The risk-neutral probabilities depend only on the last movement and
not on the entire path w. Dividing by D, (w), we obtain

(1+¢,) Q) + L@ (1+ kE4) O(d)

1 Di(w)
1+ ry
Notice that I7tl 1 includes one additional movement (in this case d, as the process ends in

an insolvent state) compared with D,. The ratio V. (wd) /D, (w) can be decomposed

\ t+1
into two factors,

37 This section poses a typographical challenge. Both the up movement and the unlevered firm are
denoted by the same letter u. Since this ambiguity arises only in this section, we keep the existing
notation unchanged throughout the rest of the section.
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V. (wd) V(w)
Vli(w) Di(w)

How should each of these terms be interpreted? The first term,

Vi (wd) |V (w),

represents the growth rate of the unlevered firm if a down movement occurs and
corresponds to d in the binomial model. The second term,

Vi (w)/D:(w) ,

is the inverse of /(). Together, they yield d/I(u). Finally we obtain for the coupon rate’®

Lry = (14 ¢) Q) + 1+ k5) %Q(d). (2.25)

As leverage increases, the coupon rate rises correspondingly—a result that is intuitively
plausible and consistent with economic reasoning.

The next step is to demonstrate that ¢ > r ¢, thereby ensuring that our model remains
economically plausible. We have:

(u) > I
)L 0(d) > dQ(d)
—_ >
D 0
d
(1+c)Qu) + (1 +rp)Q(d) > (1+)Q(u) + (1 + kE’”)l(—u)Q(d)
(1+0)Qu)+(1+rf)Q(d) > 147y using (2.25)

cC>ryf.
Our model is now fully specified for the solvent states. It remains to determine the debt
level in the insolvent states. To this end, we derive the insolvency triggers and examine
the conditions under which they are met. Specifying the debt level in the insolvent states

is what triggers insolvency—even though, once insolvency occurs, the debt contract is
not ultimately performed (default occurs).

OvVER-INDEBTEDNESS  This is the case if the following term is negative
Vl\1(wd) = D11 (wd) = V/(w) d = D11 (wd)
= V!(w)d - [(d)V}, (wd)
=V} (w) d - [(d)dV} (w)

which is the case if
1<1(d) . (2.26)

38 This equation could be further transformed using our earlier results on risk-neutral probabilities
(see (2.6)), but we will refrain from doing so. Note also that the coupon rate is time-invariant.
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[LLiQuUIDITY liquidity occurs if the following term is negative

CF )1 (@d) + D1 (wd) - (1+0)D, (w)
= CF'\ 1 (wd) + [(d)V™ | (wd) — (1 + &)1 (1) V* (w)
= kP AV (w) + 1(d)dV (@) = (1 + ) () Vi (w)

and this is negative if
KE4d + 1(d)d — (1 + ¢)l(u) <0

or
1(d) < l(u)% s (2.27)

Can both insolvency triggers occur simultaneously? This would be the case if the
following inequality holds

1+
1<l(u)76—kE’“.

This is equivalent to
(1+kE")d < (1 +¢)l(u)

and this follows indeed from /(u) > [*.

We can summarize our findings. It is possible to construct a consistent infinite
binomial model in which, starting from time # in state w, insolvency occurs whenever a
down movement takes place. If, in such a case, a complete transfer of assets occurs, we
can conclude that for a leverage ratio larger then [*, the coupon rate will always exceed
the risk-free rate. Over-indebtedness arises if (2.26) holds; illiquidity if (2.27) holds.

2.2.6.3 Problems
Problem 2.6 Show that the recursion (2.20) implies

_ & E2|[T,+Pry]
D, = Z “GrrrT

s=t+1

Problem 2.7 A levered firm lives until 7 = 3. Assume that the conditional Q-probability
of the up-movement | is 0.25 and the risk-free rate is 10% , the tax rate is 50%. Evaluate
the tax shield V(l] — Vi if the debt schedule (without insolvency) is as in Fig. 2.8.

Problem 2.8 Prove that from (2.14) it follows that

T 2Ip. _D
— -~ TEF [Ds - Dy
1 t N N
VI :VZM+TD,+ Z (1+rf)5*l

s=t+1

This is the main result in Fernandez (2005).
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Fig. 2.8 Debt in Prob. 2.7.

Problem 2.9 If one wishes to examine the definition of illiquidity, the coupon rate must
first be determined. In this exercise, we show under which conditions the risk-free rate
may be used instead.

Consider a binomial model and demonstrate, based on (2.24), that the following
holds: if the firm is not over-indebted and if it is known that ¢ > r, then illiquidity
already follows from

CF 1 (wd) = (1+rp)Dy(w) + Dys1(wd) <0

where 7 ¢ replaced c in (2.21).

Problem 2.10 Consider the infinite-horizon example (g = 0) with insolvency risk and
parameters u = 1.1, d = 0.7, kE:* = 20%, and r¢ = 10%.

a) Determine /* and plot the coupon rate ¢ for all values /(u) > I*.
b) Assume [(u) = 82%. Determine [(d) such that both insolvency triggers are met.
2.3 Autonomous Financing

2.3.1 Adjusted Present Value (APV)

When all future amounts of debt are already determined at valuation date r = 0, we
speak of autonomous financing. In this case, the firm follows a fixed redemption plan.
We are not concerned with whether autonomous financing is a realistic assumption;
however, we suppose it is reasonably close to reality.

Definition 2.5 (Autonomous financing) A firm is autonomously financed if and
only if its future debt amounts D, are deterministic today.
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Under this assumption, the tax advantages are deterministic and can be discounted at
the risk-free rate. This leads straight to the so-called APV formula. The abbreviation
stands for adjusted present value.

Theorem 2.6 (APV formula) In the case of autonomous financing, the following
equation is valid for the market value of the levered firm

TreD
V“+Z sl

1+I”fSt.

= t+1

This theorem can be proved as follows. We start from Eq. (2.14) and use the fact that
our firm follows a fixed redemption policy. If, however, the D, are no longer random
variables, then the last equation simplifies, by Rule 3, to

TreD, N N tryD7r_1

=V
C L4y (1+7ry

)T—t :

That finishes the proof. d

Notice that our equation also holds for a firm whose debt is threatened by insolvency.
The value of a firm in danger of bankruptcy corresponds exactly to the value above, as
long as the granted debt is fixed. Although bankruptcy may occur, firm value is still
determined by discounting the tax advantages from the granted debt at the risk-free
interest rate, not at the cost of debt or any other discount rate. What appears at first glance
to be an unexpected result arises because creditors anticipate the threat of bankruptcy
and therefore require interest payments that exactly compensate any loss in value due to
insolvency.

Long-Term and Constant Amount of Debt Finally, we want to look at the case where
the amount of debt always remains the same. We then require that at time ¢ the current
debt will not change through redemption or further loans. In this case the last valuation
formula can be simplified to an equation, which is named after those who discovered it.

Theorem 2.7 (Modigliani-Miller formula) If the firm goes on forever, the
conditions of Thm. 2.6 are met and debt remains constant, then the following is
valid for the market value of the levered firm

th:"‘/;u'i'TDt.

To prove the theorem we convert the right summands in Thm. 2.6 with help of the
geometric annuity. If debt remains constant we get
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o)

~ = 1
Vi=VierrD, Y ————
s=t+1 (1 + rf)
= 1
=V +1ryD;— .
ry
And that is what we wanted to show.?” O

We obtain a slightly different representation if we focus on time ¢ = 0 and assume
that the expected cash flows are constant. The amount of debt Dy as the product of the
debt ratio /p and market value of the levered firm can be written,

Vi=Vi+tlyV}
(L-tlg)Vi=Vy.

If we use the assumption that the expected free cash flows remain the same in time, then
we can calculate the market value of the unlevered firm as cash value of a perpetual
return, from which
E|CF|
1 _
(1 - 7T lo) VO = W

and
B|CF|
T (I=tlg)kEn
follow. The last equation is also called Modigliani-Miller adjustment. The valuation
equation proven in this chapter solves the problem as to how the market value is to be

determined in full. We will come back to this equation once more in relation to the
Miles-Ezzell adjustment.*

Vo

2.3.2 Examples and Problems

2.3.2.1 The Finite Case (Continued)

Here debt will be risk-free, hence Ef) = ry. If we suppose a future development of the
amount of debt of
Do =100, D; =100, D, =50,

the value of the levered firm at time ¢ = 0 is gotten with

39 Notice that transversality for debt is trivially satisfied in this case since Dy is constant.
40 See Sect. 2.4.4.
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TrfDO TrfD1 TrfD2

Vi =vi 4 + +
T e (14?14
0.5x0.1x100 0.5%x0.1x100 0.5x0.1x50
~ 229. ~ 240.30 .
9.75 + 11 + R + RE 0.30

The value of the levered firm is not materially different from that of the unlevered firm.
This is because, in our example, the firm has a lifetime of only three years.
We deduce the market value of the levered firm at time # = 1 in an analogous way,

~ = TreD TreD
Vi=vi+ Uit LA 22
L+rp " (L+ry)
~,  0.5x0.1x100 0.5x0.1x50
=Vi+ +
1.1 1.12

_J199.88, if the development in 7 = 1 is up,

" 164.74, if the development in ¢ = 1 is down.
Finally, we want to determine another additional outcome of our example. The levered
firm’s debt ratio at time ¢ = 1 is a random variable. The following is valid

199.88

100 — 60.70%, if the development in 7 = 1 is down.

7 { 100 _ — 50.03%, if the development in ¢ = 1 is up,
1 =~
164.74 —

If the firm is following an autonomous financing policy, it cannot be supposed that the
debt ratio is deterministic. That is much more characteristic of financing based on market
values.

2.3.2.2 The Infinite Case

Let the tax rate be 7 = 50%. The levered firm maintains a debt schedule such that the
amount of debt remains constant, D, = 100. Debt is not threatened by insolvency. As
already indicated in the Modigliani-Miller formula the value of the levered firm is given

by

TreD;

Vi=vi+ = V¥ +1Dg = 500 + 0.5 x 100 = 550 .

5 (1 + rf)t+1

2.3.2.3 Problems

Problem 2.11 Let debt be risk-free. Assume that the cash flows of the unlevered firm
are martingale-like. What assumptions on the debt schedule are necessary such that the

——
cash flows of the levered firm CF, are martingale-like as well?

Problem 2.12 Show that in the infinite example with constant (risk-free) debt for all ¢

Page: 102 job: S-DCF macro: SNmono.cls date/time: 15-Mar-2026/8:28



2.4 Financing Based on Market Values 103

v — CF:
[_kE,u

+TD; .

Problem 2.13 Show in the infinite example with constant (risk-free) debt that the
dividend-price ratio of the levered firm is a random variable (i.e., not deterministic) if
re# kEu,

2.4 Financing Based on Market Values

Let us turn our attention now to a further financing policy. In the following we will
suppose that the managers of the firm to be valued are following a policy based on
market values.

Definition 2.6 (Financing based on market values) A firm’s financing is based
on market values if its debt ratios l; are already deterministic quantities today.

A characterization of this financing in another context was that the firm’s leverage
“breathes” with the equity’s market value. If the equity’s market value changes, then the
amount of debt has to be adjusted.

Stochastic Tax Advantages If a firm’s debt ratios, rather than its amount of debt, are
given, then autonomous financing no longer applies. To illustrate the consequences, we
suppose that management is aiming towards coming up with a debt ratio of 50:100,
for instance, at a future time ¢ > 0.*! If we solve the debt ratio’s definition Eq. (2.8)
according to D, then with a deterministic ratio we get

lt‘7t =5t 5

This means: if ‘7t is uncertain today, then the debt amount at that time is also stochastic,
since multiplying a random variable by a constant yields a random variable. In particular,
half of a random variable is still a random variable.

tax savings T 1 ;41

amount of debt 5,
today

A\l A\

t t+1

Fig. 2.9 Time structure for market-value-based financing.

#1'We do not want to further pursue where management is getting this target value from.
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In order to fully understand the relations, look at Fig. 2.9. With financing based on
market values, the analyst cannot determine at time ¢ = 0 the amount of debt at time ¢,
since V; is still stochastic and the debt amount is tied to it via the debt ratio. Once this
uncertainty is resolved—immediately after time /—the interest payments due at t + 1 are,
by contrast, deterministic (neglecting insolvency). The same holds for the resulting tax
savings 1 ++1 atz + 1. These tax savings should therefore be discounted at the risk-free
rate from ¢ + 1 back to . However, discounting from ¢ to 0 cannot be done at 7 : from
today’s perspective, the tax savings attributable to the debt-financed portion of the firm
are stochastic. Even in the absence of insolvency, discounting from # to 0 cannot use 7,
because at t = 0 the magnitude of the tax advantages from debt is unknown.

Miles and Ezzell (1980) have examined this case in detail and have determined that
the APV equation of Thm. 2.6 is no longer suitable. The tax savings per credit period
are stochastic, and such tax savings cannot be discounted at the risk-free rate. +>

Three Calculation Procedures In the case of such a leverage policy, there are three
different calculation procedures, which all lead to the same value of the firm. This value
must differ from the value that would be calculated with the APV equation, since it is
not based on an autonomous financing policy.

Which of the three calculations should be used by the analyst depends upon, among
other things, the state of information that she has on hand. We point out here that the
content of the three equations which we have to prove is independent of financing based
on market values: a policy based on market values is not absolutely necessary in all
cases. Somewhat weaker conditions are instead enough. What is always important is
that particular cost of capital is deterministic. To make this relation (which does at first
glance seem complicated) understandable, we will first present the three formulations as
generally as possible. At the end we will then show how they interrelate. It is not until
this second step that the assumption of financing based on market values (and the fact
that free cash flows of the unlevered firm are martingale-like) will be made use of.

2.4.1 Flow to Equity (FTE)

In this section, we work under the assumption that the levered firm’s cost of equity is
deterministic. To do so, we must define the cost of equity. We begin by determining the
payments to which the equity financiers of the levered firm are entitled. The starting

point is the free cash flow of the levered firm, ,C‘F'i +1

We have to deduct the payments to the creditors. These are entitled to interest as
well as debt repayments at time ¢ + 1. The interest claims amount to 7,+1. We measure
principal repayment as the reduction in the outstanding debt balance, i.e., Pr;41. In total,
the creditors are entitled to payments of

i1+ Pregy .

42 “Even though the firm might issue risk-free debt, if financing policy is targeted to realized market
values, the amount of debt outstanding in future periods is not known with certainty (unless the
investment is risk-free) . .. ” Miles and Ezzell (1980, p. 721).
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Subtracting this from the starting amount leaves the residual for the owners (equity value
plus dividend) of

— — - — — —
El’+1 + Dlvt+1 = El+1 + CF[’+1 - Il+1 - PV,+1 . (2.28)

This makes clear how the cost of equity should be defined.

Definition 2.7 (Cost of equity of the levered firm) The cost of equity Flgfl of a
levered firm is the conditional expected return

—~ =] ~ —
_ Ei [Etv1+ CF iy — 1141 = Priga
kEt = -1
P = .
t

The index E with the cost of capital indicates that the cost of equity is being dealt
with.

We now assume that this cost of equity is deterministic. Applied to a publicly traded
firm, this would require knowing the firm’s future conditional expected returns on its
shares. We are fully aware that this assumption is very strong, but it would be remiss not
to spell out the implications of the assumptions that underlie DCF theory.

The resulting valuation equation is called the flow-to-equity (FTE) or equity approach
in the literature. It discounts not the total after-tax cash flows, but only the after-tax cash
flows accruing to the firm’s owners.

Theorem 2.8 (Flow to equity) If the cost of equity of the levered firm kf s
deterministic, then the value of equity at time t is

T E [6?1_73_;5;5]

s=t+1 (1 + kf’l) e (1 + kf_’ll)

Et:

We have already employed the necessary method of proof.*3

readers it here.

We can thus spare our

43 See Thm. 1.1.
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2.4.2 Total Cash Flow (TCF)

If it is supposed that instead of the levered firm’s cost of equity the firm’s average cost
of capital is deterministic, then it is the TCF approach and not the FTE approach which
is being dealt with.

First the cost of capital which is now relevant has to be defined again. Which payments
do the financiers of the levered firm receive? The answer is straightforward. It is of

—1
course the free cash flows of the levered firm CF, that are the subject here. The capital
employed by both groups of financiers equals E; + D; = th, so the definition of the cost
of capital in this case follows directly.

Definition 2.8 (Weighted average cost of capital — type 1) The weighted average
cost of capital k? of a levered firm is the conditional expected return

=~ —
_ B[V, + T,
k2 =
2.

Vi

How close to reality is the assumption of deterministic weighted average cost of
capital? If we take a firm listed on the stock exchange for instance, then this condition
calls for a knowledge of the entire future returns of the firm. A knowledge is needed thus
not of the shares, or the (conditional) expectation of the returns on debt, but rather of
the weighted average of both random quantities. A totally different assumption is being
dealt with here than that condition on which the FTE formulation is based. We will be
able to find out somewhat later if and in how far both conditions are compatible.

If we want to know which value the levered firm has at time ¢, we proceed analogously
to Thm. 1.1. This case is termed the total cash flow (TCF) formulation, because the entire
after-tax expected cash flows are discounted at the weighted average cost of capital.

Theorem 2.9 (Total cash flow) If the weighted average cost of capital k? is
deterministic, then the value of the firm at time t comes to

- Ey [aﬁi]
K =s;l (L+k7)... (L+k2,) "

A formal proof could be carried out again just as in Sect. 1.4.3, which is why we forgo
with presenting it here again.
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What can we say about the weighted average cost of capital (of type 1) and the cost
of equity of a levered firm? Can we, for instance, ascertain that deterministic cost of
equity also results from deterministic average cost of capital? Are then the FTE and TCF
formulations compatible with each other? Or do both assumptions mutually exclude
each other? Answers to all these questions are gotten by the so called textbook formula.

Theorem 2.10 (TCF textbook formula) For the type 1 weighted average cost of
capital of the firm, the following relation is always valid

R =RET (1-T)+RPT,

It now becomes clear why we speak of the weighted average cost of capital in relation
to the TCF formulation: the levered firm’s cost of equity is weighted by the equity ratio,
and the cost of debt by the debt ratio.

To prove the theorem, we use the definition of the levered firm’s cost of equity. And
after a few simplifications, we get

— ~ ~ —1 ~ —
(]. + ktE‘J) El = Et I:El»+1 ar CF!+1 N II+1 _Prt+1] .

Since the firm’s total value equals the sum of equity and debt, we can apply Rule 5 and,
using Definitions 2.3, 2.7, and 2.8, obtain the following:

—p 1\ = = - ~ —
(1 + kf’l) E + (1 + k?) D, =E [v}+1 + CFHl]
V! +kE'E, + kPD, = (1 +?€,"") V.

After dividing by the firm’s market value, we come up with

Such is the assertion. O

The textbook formula as it appears in Thm. 2.10 is remarkable in several aspects.
To begin with, it is striking that it is obviously valid regardless of whether the relevant
variables are understood as random variables or as deterministic quantities. Neither the
weighted average cost of capital (type 1) nor the cost of equity of the levered firm (both
a prerequisite of the FTE and the TCF approach) need to be deterministic in order to
prove the textbook formula. A closer look at the textbook formula allows us to make the
following determinations:

1. If the levered firm’s weighted average cost of capital (type 1), as well as the cost of
equity and the cost of debt, are assumed to be deterministic, then the debt ratios must
also be deterministic.
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This is a severe limitation that cannot simply be accepted. However, if we work with
deterministic debt ratios, the textbook formula shows how the various costs of capital
can be converted into one another. TCF and FTE may alternatively be used and
inevitably lead to the same result.

2. If, by contrast, future debt ratios are stochastic in the absence of insolvency, then

either the weighted average cost of capital (type 1) or the cost of equity of the levered
firm must also be stochastic.
If the weighted average cost of capital (type 1) is deterministic, then the TCF concept
must be used; if, by contrast, the cost of equity is deterministic, then the FTE
formulation applies, since a stochastic cost of capital cannot be used as a discount
rate. It therefore makes little sense to ask whether the TCF and FTE approaches yield
the same result. In the presence of stochastic debt ratios, the textbook formula has no
practical value.

What further stands out with the textbook formula as it appears in Thm. 2.10 is that it
is different from the usual textbook formula as it is given in relation to the weighted
cost of capital (WACC) concept. In the former, the cost of debt cannot be reduced to the
firm’s profit tax rate. We now want to discuss the question as to whether this cost of
capital that is found in the literature also makes economic sense or whether it puts forth
totally useless quantities.

2.4.3 Weighted Average Cost of Capital (WACC)

Consider Def. 2.8 of the weighted average cost of capital. We now modify a minor detail
and denote the resulting quantities by WACC (weighted average cost of capital): the
unlevered firm’s free cash flows replace those of the levered firm.

Definition 2.9 (Weighted average cost of capital — type 2) The cost of capital
WACC of a levered firm is the expected return

— E, ‘7tl+1 * aﬁltlﬂ
WACC, = = -1.
Vi

If this cost of capital is deterministic, we can again prove the existence of a valuation
equation analogous to our previous approach. Beforehand, however, we want to discuss
how realistic it is to assume that such a cost of capital can be observed in the market.

Anyone who seeks to establish the cost of capital in the sense of Def. 2.9 would have
to consider a firm that is, on the one hand, levered (\7[1) yet, on the other, pays free cash

flows as if it were unlevered (6’7‘?). This conflates incompatible quantities; accordingly,
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we may assume that such a cost of capital cannot be known a priori. Any contrary claim
would be untenable.

If we just momentarily free ourselves from this observation and the shackles it
would enchain us in, then we could still formulate a valuation equation on the basis of
this—albeit somewhat odd—definition of cost of capital. It would read as follows:

Theorem 2.11 (Weighted average cost of capital) If the levered firm’s cost of
capital WACCy is deterministic, then the value at time t of the firm financed by
debt comes to

I B, [OF]
V=), (1+WACC,) ... (1+ WACC,_1)

s=t+1

The proof follows along the same lines as before.

Critical readers will ask why we waste so much time on a cost of capital definition
about which we have said that it makes no economic sense. The reason lies in the fact that
this cost of capital definition—the direct interpretation of which makes no sense—will
prove itself to be extremely useful in the following.

Theorem 2.12 (WACC textbook formula) For the firm'’s type 2 weighted average
cost of capital, the following relation is always valid

WACC, = k& (1 —'l}) + kP (1-1)7, .

The WACC textbook formula differs from the TCF textbook formula only in that the
interest on debt is reduced by the tax rate. This corresponds to the standard textbook
expression found in the literature. Thus, the weighted average cost of capital equals
the levered firm’s cost of equity, kf A weighted by the equity ratio, plus the cost of
debt—reduced by the corporate tax rate—weighted by the debt ratio. Our calculation
shows that this relation holds regardless of whether the cost of equity and the debt ratio
are deterministic or stochastic.

In order to prove the theorem we give the Def. 2.9 of the firm’s cost of equity using
(2.17) in the form

— . —~ — — — — - -
(1 +WACC[) th = Et [Et+1 +Dt+1 + CFt+1 -7 (It+1 +Prt+1 +Dt+1 _Dt)] .

Applying Definitions 2.3 and 2.7 we get
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(1 + v’v?c'c,) Vi=E, [E,+1 + CFhy = Tya1 = Prosi+
+(1=7) (Dray + o1 + Proat) - 7D |
= (1+kf’l)ft + ((1+ED) (1-1) +T)5, !
Divided by ‘7} and observing Def. 2.8, we finally get to the following representation
WACC, = KE (1-1,) + RP(1 = ),

And that is what we wanted to show. i
This textbook formula also allows for the following conclusions.

1. If the weighted average cost of capital as well as the cost of equity and the cost of
debt of the levered firm are assumed to be deterministic at time ¢ = 0, then the debt
ratios must also be deterministic. In this case, financing is based on market values,
and the FTE and WACC approaches yield identical firm values.

2. If future debt ratios are stochastic, then in the absence of insolvency either the
weighted average cost of capital or the cost of equity of the levered firm must also
be stochastic. Consequently, one of the two formulations of the theorem cannot be
applied for valuation.

We summarize our results on market-value—based financing in Fig. 2.10. The
illustration shows that the three approaches (FTE, TCF, and WACC) yield the same firm
value exactly if the debt ratio is deterministic. In all other cases, at most one of the three
can be applied.

The attentive reader will notice that in all statements in this and the former section
we have not made use of our assumption that the cash flows are martingale-like. We now
turn to the adjustment formulas where this assumption will be necessary.

2.4.4 Miles-Ezzell and Modigliani-Miller Adjustments

In the preceding sections, we derived three valuation equations for a levered firm under
market-value-based financing: the FTE, TCF, and WACC formulas. We showed that
these equations can be used whenever either the levered firm’s cost of equity or its
weighted average cost of capital (type 1 or type 2) is deterministic. We connected
the various costs of capital via the so-called textbook formulas. Market-value-based
financing is characterized by deterministic debt ratios. Our analysis of the textbook
formulas established that, under this policy, if the cost of capital in one formulation is
deterministic, then the corresponding costs of capital in the other two formulations are
deterministic as well.

Until now, however, the relationship between these three costs of capital and the
cost of capital of an unlevered firm has remained unclear. That is precisely what we
consider next. If we assume that the levered firm follows a market-value-based financing
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W ACC; not random

market-value driven

(Tt not random)

k2 not
random
k,E ! not
random

Fig. 2.10 DCF approaches under financing based on market value.
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policy and, in addition, that the unlevered firm’s cost of equity is deterministic, then two
questions arise:

1.

Under these conditions, are the assumptions of Theorems 2.8 and 2.11 satisfied? In
particular, are the levered firm’s cost of equity and its weighted average cost of capital

also deterministic?

Can the levered firm’s cost of capital be computed from the unlevered firm’s cost of

capital?

Adjustment According to Miles and Ezzell The answer to both questions is given by
the so called adjustment formula of Miles and Ezzell (1980).

Theorem 2.13 (Miles-Ezzell adjustment formula) We consider financing based
on market values. The unlevered firm’s cash flows are martingale-like. If either the
unlevered firm’s cost of capital or the levered firm’s WACC is deterministic, the
following relation holds

Tr
14+ WACC, = (1+kf’“) (1— 1+f l,) ,
ry

in which all quantities are deterministic.
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We prove this theorem as follows. According to the Fundamental Theorem and using
Eq. (2.17), the following is valid for the market value of the levered firm

EZ |V!

t+1

—u — — ~ ~
- + CF, +T(I,+1 + Pris1 + Dy —Dt)]
V, = .

1+rf

Since the market value of the firm at time ¢ is already known, the following results from
rules 2 and 5 and Eq. (2.20)

EQ [ + ’CTF?H]
1+r f 1+r f

t+1 Ty~

Vi =

Using the debt ratio, this can be rewritten in the form

Q —Uu
LT E [t+1+CFl‘+1]
1+ry ! 1+ry
or
—_Uu
B2 VL., + CF/

7= .
( 1+r l ) (1 try )
We are thus dealing with a recursive relation from which we have already derived a

valuation equation several times.** Proceeding in this way, we obtain the following
expression for the value of the levered firm,

4 T EtQ [6’7’:]
Vt = Z Trf T}"f s—t ’
s=t+1 (1 Tory Iy 1) (1 T+ry ll) (1+rf)

Now we will only get further by falling back upon the Assump. 2.1 and the Thm. 2.3
supported by it. If we use this theorem, we get

_ ZT: E, [6’7’?]
Vi = .
S (1= T ) (1 k) (1= g (14 K5

This yields the recursive relation

E, [ I+ CFry,

(1= 2 1) (14 £F)

7l =

or

4 See, for example, our proof of Thm. 1.1 in Sect. 1.4.3.
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E; [‘7tl+1 + 5}7“:1“

Tr
(1 ) lt) (1 + k,E’”) =
1+ ry

Vi

A comparison with the Def. 2.9 shows that we have proven the claim. |
If the equation in Thm. 2.13 is combined with the textbook formula from Thm. 2.12,

the meaning of the result becomes much clearer. Substituting the textbook formula into

the equation from Thm. 2.13 and slightly rearranging yields

E.l E.u Eu 1D D 1+kf’u
KB = kB L (K kP e (kP - =2 ] (2.29)
1+rf

where L; denotes the debt—equity ratio as defined in Eq. (2.9). The cost of capital of the
levered firm can be determined with this formula if the cost of capital of the unlevered
firm, the cost of debt, the income tax rate, the target leverage ratio, and the risk-free
interest rate are known. If the above equation is solved for kf *“—given the leverage ratio
and the income tax rate—it provides a way to convert the levered firm’s cost of capital
into that of the unlevered firm. This requires that the levered firm follow a financing
policy based on market values.

The reader may wish to take a moment to revisit Eq. (2.29). It differs in two not-
insignificant respects from the original result in Miles and Ezzell (1980). We state these
differences explicitly, as the Miles—Ezzell result has become firmly established in today’s
textbook literature. In their formula, neither the leverage ratio nor the cost of capital
carries a time index. Accordingly, in the current literature the adjustment formula is not
written as in our Thm. 2.13, but rather

1+ WACC = (1 + kE’“) (1 - 1T+rf z) \ (2.30)
ry

Miles and Ezzell derived their result under the limitation of the assumption that the cost
of capital and the debt ratio are constant in time. As a rule, this limitation is clearly
pointed out in the textbook literature. The outcome that we have shown thus has much
fewer restrictions than the original result of Miles and Ezzell.

Secondly, our adjustment formula also holds in case of a firm that is insolvent.
Even though the firm can go bankrupt, still not the cost of debt or any other discount
factor but the risk-free interest rate is found in Thm. 2.13. This is a surprising, but an
inescapable consequence of our assumptions, that not only the owners, but also the
creditors anticipate the threat of bankruptcy.

Problematic Adjustment According to Modigliani and Miller In the discussion of
autonomous financing, we mentioned that, in addition to the Miles-Ezzell adjustment,
there is another adjustment formula. It is called the ModiglianiModigliani-Miller
adjustment, originates from Theorem 2.7, and takes the form

WACC = kE"(1-1lp) . (2.31)

In practice, this adjustment formula is very popular, supposedly because it looks much
more simple than the Miles-Ezzell Eq. (2.30). If you follow the relevant literature, then
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you get Eq. (2.31) from the conditions of Thm. 2.7 and particularly from the assumption
of autonomous financing. Such a firm then cannot be financed based on market values.
We will now present a surprising outcome.

Theorem 2.14 (Contradiction of the Modigliani-Miller adjustment) The cash
flows of the unlevered firm are martingale-like. If the weighted average cost of
capital of type 2 (WACC) and the unlevered firm’s cost of equity (k") are
deterministic, then the firm is financed based on market values.

First, we will prove the theorem and then consider its significance. To do so, we
invoke Theorems 2.1, 2.7, and 2.11 and use the fact that cash flows are martingale-like.
The following then holds

V!

t

( Tl) Z (1+g)s'CF g
") Zi (1+WACC))...(1+WACC, 1)

d (1+g)*'CF,
S (k) (k)

=y

If we shorten ’CTF”':, there remains

_ (1+g)*"
(1) Z 1+ WACG,) .. g(1+WAccs 0

- (1+g)*"

s=t+1 (1 + k,E’u) - (1 + kf_’bi)

Besides the debt ratio l, we only find deterministic quantities. It is no problem to convert
them according to I;. But then [, has to be a deterministic quantity itself. That is what
we wanted to show. O

Of what significance is our assertion now? A ModiglianiModigliani-Miller adjustment
formulated as in Eq. (2.31) requires that both the weighted average cost of capital and
the unlevered firm’s cost of equity be deterministic. The equation does not make sense
under other conditions. Under this condition—we have just proved this—the case of
financing based on market values is indeed conceivable. And here is where the anomaly
lies: the condition of the ModiglianiModigliani-Miller model is autonomous financing
with constant debt. Since a firm cannot be financed both autonomously and based on
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market values, we have a contradiction. We do not dispute that there are WACC values
that, in the case of autonomous financing, yield the correct value of the levered firm.
These numbers are appropriate discount rates in the above setup—but they cannot be
interpreted as costs of capital in the sense of Def. 2.9. This again highlights that cost of
capital and discount rates refer to different economic quantities.

Can we go a step further and claim to have refuted the theory of Modigliani and
Miller? Have we perhaps uncovered an error in their reasoning? In answering this
question, we must carefully distinguish between two aspects.

In this book, we take the view that the cost of capital represents expected returns. For
us, that is the nucleus of a theory of firm valuation. If this line of reasoning is followed,
then the ideas of Modigliani and Miller simply do not hold up. Whoever interprets
WACC as an expected return cannot simultaneously assume a deterministic debt ratio
and the ModiglianiModigliani-Miller model (with a constant amount of debt) without
running into a contradiction.

Approaching the issue from a completely different angle, we might ask whether
Modigliani and Miller themselves understood WACC as a cost of capital and were aware
of this inconsistency. The answer is unambiguous. For both authors—just as later for
Miles and Ezzell—the weighted average cost of capital WACC was conceived merely as
a rate that, when used as a discount factor, yields the correct result, namely the correct
value of the firm.*> None of these authors interpreted these quantities as expected returns.
This is why we do not mean to imply that Modigliani and Miller were at fault in any way.

2.4.5 Examples and Problems

2.4.5.1 The Finite Case (Continued)

In our example the firm will be financed based on market values. In this case all three
approaches FTE, TCF, and WACC will yield the same value of the firm. Since the
leverage ratios are given, we concentrate on the WACC approach.

Now we suppose in contrast to the autonomous financing that the following capital
structures are realized at future times

lp =50%, 11 =20%, Ilx=0%.

The weighted average cost of capital results from the Miles-Ezzell equation with

4 That (1 — 7lp) kE-* has this character was shown for the case of constant expected free cash flows in
Sect. 2.3.1.
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WACC, = (1 + kE’”) (1 L 10) —1
1+ rf

0.5x0.1

=(1+02)(1—T01

X 0.5) -1~17.27%,

WACC, ~ 18.91% ,
WACCs =20% .

With that the value of the firm amounts to
1+ WACCy | (1+ WACCo)(1+ WACC))
T 1+ WACCy)(1+ WACC)) (1 + WACC,)
100 110 121

1.1727 " 1.1727 x 1.1891 4 1.1727 x 1.1891 x 1.20

V=

~ 236.46 .

Financing based on market values obviously leads to a totally different value of the firm
than autonomous financing.
We are interested in the value of the company at time ¢ = 1. Here we get

By | CF | By | CFy |
1+WACC; * (1+WACC))(1+WACCy)
{ L2l b el ~195.04, if up;

7l =

1.1891 1.1891x1.20

99 108.9 :
Tiso1 + TT891%100 ~ 199.58, if down.

Q

Due to the financing policy based on market values, the payments for the creditors shown

in Fig. 2.11 will be yielded in the future. Please note that Iy = 0.4

2.4.5.2 The Infinite Case (Continued)

Let us turn to the infinite case. We assume, that the leverage ratio [ = 50% remains
constant. If we use the Miles-Ezzell adjustment (Thm. 2.13), the weighted average cost
of capital is

T rf I

WACC = (1 + k") [1-
( )( 1+rf

) -1x=17.273%

and from Thm. 2.11 we get

46 Notice that with this financing policy the binomial model is not (fully) recombining: even with a nominal
interest rate of 10% the states ud and du do not yield the same cash flows to the debt holder. This is so
because the debt and hence the tax shields are different: Do (ud) = I ‘7{ (u) #1 Vf (d) = Do (du).
The same does not apply at t = 3 because I = 0.
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\ .
time
t=0 t=1 t=2 t=3

Fig. 2.11 Debtor’s claims in the finite example in Sect. 2.4.5.1.

o E(] [5}3?]
Vi= )y ————
0 L (1+wAcoy
_ i CFY _ CR
i (1+WACC)' ~ WACC
100
~ —— ~ 578.95 .
0.17273

This is the value of the levered firm at r = 0.

2.4.5.3 The Infinite Case (WACC) with Insolvency?

In the preceding example, we excluded bankruptcy. In this section, we discuss the
challenges that arise if bankruptcy is incorporated into a market-value-based financing
framework (and thus, for example, into the WACC approach).

Since the leverage ratio is predetermined in a market-oriented framework, only
illiquidity can trigger bankruptcy. In the preceding section, we saw that activating a
single insolvency trigger can lead to inconsistencies if, at the same time, and as a first
approximation to default, a complete transfer of all assets is assumed. This problem will
reappear in the context of the WACC approach. For simplicity, we disregard taxes in this
section, so that CF" = CF' and V* = V' hold.

To highlight more clearly the difficulties that arise when combining insolvency with
the WACC framework, we concentrate first on a situation that lies “at the brink” of
illiquidity. By this, we mean a leverage ratio that represents the lower bound for potential
insolvency. If we denote it by [*, this means that for leverage ratios greater than [* the
payment obligations can no longer be met.
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liquidity will, reasonably, occur first in the down state. Looking at the definition

of illiquidity (2.21) and using the coupon rate c;, it seems appropriate to define [* as

follows:*’

0= CF, (wd) — (1 + ¢;)Dy_1(w) + Dy (wd)
= CF, (wd) = (1+¢,) I' Vi (w) + " V! (wd)

CFi, () . OF (wd)
kE,u +1 kE,u

1+¢ 5?;’,1((») N 1
kB CF (wd) — kEH

= CF, (wd) - (L+¢,) I*

= CF; (w) (1) -

6’7‘?_ 1(w)
CF, (wd)
the following characterization of the threshold /*:

Now, = d~! holds. The coupon rate ¢, thus carries no time index and leads to

1 + ¢y 1 kE’u
_ + =0 - "= —
kEud = kE.u l+c-d

(l*)—l

In the next step, we determine the coupon rate at exactly this threshold. For this, we
use the established equation (2.25) and obtain, using the above characterization of /*,

d
Lrp=(1+0) Q@) + (1+45) < 0(d)
. 1+ kEw ( 1+rf)
— C=Vf B
E.u O(u) 1+ kE,u
L+ k=" 5@

Up to this point, the reasoning may seem straightforward. However, as we learned
from the discussion of the complete transfer of assets, we must verify whether the
coupon rate actually exceeds the risk-free rate. Interestingly, this turns out to be never
the case: for this to occur, the term in parentheses on the right-hand side would have to
be positive—but this contradicts (2.7)!48

We thus arrive at the same insight already stated in Eq. (2.23). As before, the seemingly
reasonable assumption of a complete transfer of all assets leads to a situation in which
the creditors receive more than their contractual entitlement. Unlike in the previous
setting, an additional insolvency trigger cannot be considered here, since the financing
policy explicitly rules it out. In particular, in the present case, illiquidity alone is not
sufficient to characterize the situation as insolvency in any meaningful sense. Rather,
in the above case one would first consider a partial transfer of assets in order to avoid
insolvency. In that event, the coupon that emerges would coincide with the risk-free rate.
Hence, we would still be far removed from what is usually understood as bankruptcy.

Consequently, within the WACC framework, one must ask at which level of leverage
a full transfer of assets leads to a situation that can genuinely be described as insolvency,

47 We use the notation w and wd as in Sect. 2.2.6f.

48 One might ask how far the coupon rate deviates from the risk-free rate. Exercise 2.18 addresses this
question and shows that the difference can, in fact, be quite substantial.
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namely one in which the implied coupon exceeds the risk-free rate. That leverage ratio
will, however, lie further away from the value previously denoted by /*. This concludes
the example.

2.4.5.4 Problems

Problem 2.14 Consider a company having (unlevered) cash flows as in Fig. 1.2. The
tax rate is 50% and the risk-free interest rate 10%. Assume further that WACC = 18%,
but nothing is known about the cost of equity kE-*_ We do not require that the company
maintains a deterministic leverage ratio / and will show with this problem that the other
DCF methods of this chapter are not applicable.

a) Evaluate the value of the firm using the WACC method for ¢ = 0, 1.

b) Convince yourself that no assumptions are made yet about the expected future
amount of debt since we do not require a deterministic leverage ratio. Instead, for
t = 0, 1 we will assume the following debt schedule

Dy =50, D;= |
40 if down.

. {60 if up,
Determine the leverage ratio at # = 1 and show that the firm is not financed based
on market values.

c¢) Evaluate the weighted cost of capital (type 1) at r = 1 as well as the cost of equity
of the levered firm and show that they both are random variables.

Problem 2.15 Show that for k&% > r + the Miles-Ezzell-WACC from (2.30) is always
larger than k£-#(1 — 7lg) if Iy = [ is the leverage ratio of the firm.

Problem 2.16 Verify that in the infinite example

vu

f/’l _ Vt

t = E, :
1— 1+kEu TF Tl

1+7‘f W
(This is the main result of Miles and Ezzell (1985).)

Problem 2.17 Cost of capital is often evaluated using the Capital Asset Pricing Model
(CAPM). Due to the CAPM any cost of capital k is given by

kt:rf+(E[rM]_rf)ﬁt9

where r)s is the return on the market portfolio and §; the so-called beta factor. Let
BYACC be the beta factor of WACC, and S5 of k. Write down a beta form of the
Miles-Ezzell formula.

Problem 2.18 Consider the infinite binomial model with constant leverage (WACC)
from Sect. 2.4.5.2, assuming 7 = 0% for simplicity. Furthermore, let u = 1.1 and
d = 0.7. Determine [* using the insolvency considerations presented in Sect. 2.4.5.3,
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and evaluate the corresponding coupon rate c¢. At what level of / is the coupon above the
risk-free rate?

2.5 Financing Based on Book Values

Up to this point, we have considered two forms of financing policy that are frequently
discussed in the literature. Under autonomous financing, the borrowing and repayment
of debt follow a static, predetermined plan that does not take random developments into
account. By contrast, under financing based on market values, the risk of debt is linked
to the random development of the equity’s market value through a given relation. For
exchange-listed firms, this means that when share prices rise, loans are taken out, and
when prices fall, debt is repaid. We have repeatedly stressed that we refrain from making
claims about which of these financing policies is particularly realistic. If we introduce
another financing policy below, it is because we believe it likely plays an important role
in business practice. If the managers of a firm announce that they plan to lower or raise
the leverage ratio, they are usually measuring that ratio in book values, not market values.
These two notions can diverge markedly. This motivates us to analyze a third financing
policy in the following section. Like financing based on market values, it is based on
debt ratios—this time, however, measured in book values.

2.5.1 Assumptions

With debt and equity as book values, those amounts are in question with which the debts
or—according to case—equity are reported in the balance books of the firm to be valued.
The first assumption consists in there being no difference between market value and
book value of the debt. The credit amounts given in the balance sheets of the firm to be
valued correspond to their market prices. Furthermore, we will assume that there is no
insolvency risk.

Assumption 2.7 (Book value of debt) The firm will not become insolvent,

F;Hl = 5t _51+1 and 7t+1 = Vfﬁt .

Furthermore, the debt’s market value continuously corresponds to its book value,
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It is different with equity. If you start from an initial value E , and inquire about the
book value of equity at time 7 + 1, then you have to look at the quantities that can change
it:

1. Equity grows if the owners subscribe additional equity as part of a capital increase.
The amount of the capital increase between times ¢ and s is denoted by Eﬁ s R
2. Equity grows further if the managers retain earnings. The levered firm’s earnings

after taxes at time ¢ + 1 amount to (EBIT,+1 - 7,+1) (1-1).

3. Equity decreases if the firm pays dividends to the owners. In relation to the FTE
approach and using Eq. (2.17), we made clear that payments in the amount of

—u — ~ ~ o~
CFigg +1li1— (It+1 + Dy _Dt+1)

are being dealt with.>°
For the book value of the equity at time 7 + 1, we get a total of

~1 ~ — ~
E,.=E, +€§,;+1 + (EBITz+1 - 1z+1) (I-1)

- (6’?’11 + T7t+1 - (7t+1 + 5[ - 5t+1))

~1

o~ —_ —Uu —~ ~
=E, +¢ ,,+EBIT,(1-71)-CF,,,+D,-D,,, .

This gives nothing more than the clean surplus relation.

Assumption 2.8 (Clean surplus relation) The book value of a levered firm results
from

=14 ~l _— —u ~ —~
E,..=E, +€£,t+1 +EBIT;11(1-7) = CF;;y +D, =D, .

Since z = E ﬁ + ét, the book value of the firm’s value then obeys the following
equation.

Theorem 2.15 (Operating assets relation) The book value of a levered firm
results from

49 1t is possible that the capital increase differs between the unlevered and levered companies. At
first glance, this may seem paradoxical, because if the two capital increases differ one might expect
a statement about the use of the additional funds. Nevertheless, under our assumptions regarding
investment and payout policies, no such specification is required. Our model imposes no structure on
the asset side of the balance sheet.

50 See Sect. 2.4.1.
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~I ~1 _— —u
Vi1 =V, 42, +EBIT ,y(1-1) - CF,, .

1
Furthermore, the book values of the levered and the unlevered firm differ only if
there are different changes in subscribed capital.

Due to the fact that the earnings before interest and taxes as well as the free cash
flows of the unlevered firm are random variables, the book value of the firm must be
stochastic as well.

The financing policy to be looked at in this section is now characterized by the
following definition.

Definition 2.10 (Financing based on book values) A firm is financed based on
book values if the debt ratios to book values [, are deterministic.

How is a firm’s market value to be determined if we suppose a financing policy based
on book values? In order to get any further, we have to characterize such a firm more
in detail. In doing so we want to differentiate three cases that deal with the investment
policy of the firm.

In two of them we have to work with assumptions which combine the volume of
investment functionally with other economic ratios of the company. This might surprise
the attentive reader due to the principle we assumed earlier. This stated that investments
will be carried out only if their net present value is positive. If we adhere to this principle,
it is not at all apparent that the volume of investment will be directly linked to specific
characteristics like the cash flow or depreciation in a certain way.”' But admittedly, we
are not able to develop valuation equations without such relationships.

1. The firm could carry out a policy of full distribution. In this case the owners annually
receive a dividend in amount of the net profit after taxes.

2. The firm could dispense with the policy of full distribution, but carry out an investment
policy, which is heavily linked to accruals. In this case the firm would limit itself to
undertaking replacement investments.

3. The firm could not link its investments to the accruals but instead to the cash flows. If
the cash flows grow, a lot is invested; with low cash flow, in contrast, the investments
is scaled back.

We can give valuation formulas for each of these cases. Each of these valuation equations
does indeed require that the changes in the subscribed capital are deterministic. Thus

51 There are plenty of research studies about the question of whether the volume of investment is
linked to the cash flow of the company, for example. We refer to Fazzari et al. (1988) who show that
with market imperfections some firms are constrained in their ability to raise funds externally, hence
fluctuations in cash flows account for economically important movements in investment.
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Assumption 2.9 (Subscribed capital) The changes in subscribed capital 'g'f,t -
are deterministic for all t > 0.

Investment and Accruals In the following we will examine three different investment
or distribution policies, as the case may be. Although to do so, we need to more precisely
define our notion of investment expenses within the framework of our model. For that
we look at Fig. 2.3. This presents a relation between the free cash flow, the gross cash
flow as well as the investments. Therefore, using (2.11) the following relation is valid
for the unlevered firm

CF}., = GCF14y1 —TEBIT 41 — Invy,1 . (2.32)

We must also define more precisely the relationship between gross cash flows and
accruals within the firm. For that we again take a look at the figure and infer the relation

GCFt+1 = EBITt+1 + ACCTt.{.l
with which the above equation can be simplified to
EBITZ»+1(]. - T) - b‘ﬁ;:_l = mt+1 - ACCT;+1 . (2.33)

Let us next turn to the full distribution policy.

2.5.2 Full Distribution Policy

It is doubtful whether there are firms that continuously distribute their earnings in full.
Analysts in the Anglo-Saxon finance tradition would even regard such a dividend policy
as rather foolish. If one believes that managers should undertake all investment projects
with positive NPV, then only those funds that cannot earn a profit within the firm would
be distributed. If the firm adheres to this idea, the dividend policy is a mere residual.
And if managers do not retain earnings as a matter of principle, there is hardly room for
far-reaching managerial views about a sensible dividend policy. We nevertheless discuss
this case because it has a long tradition in German valuation practice.>?
The profit after interest and taxes that the levered firm attains amounts to

(EBIT 1= Tin) (1= 7).

When we were previously discussing the FTE formulation, we already made it clear
that the owners of the levered firm annually receive distributions in the amount of (see

32 See, for example Institut der Wirtschaftspriifer in Deutschland (2013).
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(2.28))
Divyyq = CF:‘+1 +7141— (Dt + 11— Dt+1) .

In the case of full distribution of the profit made, both amounts must be identical. This
leads us to the following definition.

Definition 2.11 (Full distribution) The levered firm for which
(EBITI+1 - 7t+1) (I-1)= mt+l

is valid each time t > 0, is following a policy of full distribution.

This can be rearranged to
CFyyy =EBIT;(1-7)+D, -D,,, .

Let us make use again of the considerations of the previous section, particularly in
relation to gross and free cash flows in Eq. (2.33). We want to use this equation to help
us characterize the implicit basis of investment policy. To do so we concentrate on those
investments, which are not replacement investments: these are those investments which
will be concluded in excess of the difference f?ﬁ)m — chirtﬂ. Eq. (2.33) shows that a
full distribution is considered if these investments are financed by debt, and thus if

%14.1 — Accryy1 = (éz _§t+l)

is valid.

The full distribution results in that the equity’s book value can change solely due to
changes in the subscribed capital: if we enter in the condition of full distribution in the
valuation equation (Thm. 2.15), then under Assump. 2.9 this results in

1

Vi =Y+ Criv1 D, +D, .,
~I ~I1 i
§z+1 - Et +§t,t+1 ’

which agrees with what we have stated. Apart from changes to the subscribed capital,
the equity’s book value remains constant through time.

With no further work, we can now assume that the equity’s book value at time ¢ = 0
is known. Thus, no random variable is being represented. From this we get
E. =E +e +.. . +¢
=t+1 =0 " =0,1 =t,t+1

ol
=Ey+en -
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for the book value of equity at time ¢ + 1. Since there are only deterministic quantities
on the right hand side, the book value of equity at time ¢ + 1 must be deterministic.

Let us now make use of the fact that the debt ratio [, measured in book values is
deterministic. The leverage ratio L,, which must be deterministic as well, can be deduced
from the debt ratio with no further work. According to definition,

_ 1,1
D=L, (Eo + 20,z+1) ;

is valid for the book value of debt at time ¢ + 1, and from that it follows that the book value
of debt is deterministic. If we bring this together with Assump. 2.7, we can determine
that the market value of debt is deterministic. The firm is autonomously financed. These
realizations can be summed up in the following theorem.

Theorem 2.16 (Market value with full distribution) If a firm is financed based
on book values and simultaneously carries out a policy of full distribution, then
the following equation is valid for the market value of the levered firm at all times,

T 7reL (El + el )
T Z TrfLg 1 L9 T €0 5-1
! ! (1+rf)s_t

s=t+1

We need not repeat the proof here.

2.5.3 Replacement Investments

If a firm solely carries out investments in the scope of its accruals, it foregoes expansion
investments and only takes on replacements investments. There are a lot of similarities
here to the policy of full distribution just discussed. But it is not totally the same, as we
will shortly make clear.

Definition 2.12 (Replacement investment) A levered firm exclusively takes on
replacement investments, if it only invests within the scope of accruals in each
period, -

M)t = Acer; .

forallt > 0.
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The main consequence of this definition is the fact that the book value of the firm only
changes when the subscribed capital changes. Entering in Eq. (2.33) under Assump. 2.12
brings us to

EBIT,(1-1) - CF, = Inv, — Accr, (2.34)
=0.

That means: If a firm exclusively takes on replacement investments, then there is no
more difference between the profit after taxes of the unlevered firm and that amount
that the unlevered firm would distribute to its owners. If we enter in this result into the
valuation equation for the book value of the value of the firm (Thm. 2.15), then under
Assump. 2.9 there remains l

Via=Y, +e >

and we can recognize that the book value of the firm in fact only can change on the basis
of changes in subscribed capital. Since we require that the book value of the firm is
known at time ¢ = (0, and does not represent a random variable, the following applies

Tyl I 1
Zr+1 - ZO +§0,1 T +§t,t+1

l

_l
- ZO + gO,t+1 .

Since there are only deterministic quantities on the right hand side, the book value of
the value of the firm must be deterministic at time ¢ + 1.

If we now take advantage of the firm implementing a financing policy based on book
values, then the following is valid for the book value of debt at time 7 + 1

N _ 1 1
Qt+1 - £t+1 (ZO + 50,t+1) .

It follows from this that this quantity is deterministic. In relation to Assump. 2.7, it again
comes down to the realization that we are dealing with a firm where the financing policy
is autonomous. Consequently, we have proven the following theorem.

Theorem 2.17 (Market value with replacement investments) If a firm is financ-
ed based on book values and exclusively carries out replacement investments, then
the following equation is valid for the levered firm at each time

v rrel, o (Vh+eh )

(1 T rf)s_t

7l _ Yu
Vi=V'+
s=t+1

Long-Term Constant Amount of Debt In the section on autonomous financing, we
concentrated on an (exacting) special case, which is mentioned in the literature as the
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2.5 Financing Based on Book Values 127

Modigliani-Miller equation.’>> We also want to deal here with this case concerning the
debt which continuously stays the same.

Theorem 2.18 (Modigliani-Miller formula based on book values) The firm
lives forever and the conditions of Thm. 2.17 are valid. The debt ratio remains
constant through time. The following is then valid for the market value of the firm

V=Tl (Vheh,)

We cannot recognize any essential difference from the original equation by Modigliani
and Miller (see Thm. 2.7). The proof of the theorem is virtually trivial. Since the debt
ratio as well as the book value of the value of the firm remain constant, the amount of
debt is constant. With that the conditions of the Modigliani-Miller equation (Thm. 2.7)
are met. And it is just that which must be shown.

2.5.4 Investment Policy Based on Cash Flows

It is not very often that firms exclusively carry out replacement investments, or have
a policy of full distribution. They most often follow an investment policy, which is
independent of the accruals. They will, for instance, make expansion investments or
occasionally let the capacity of the firm shrink. The considerations of the two previous
sections do not help us any further in these much more realistic cases. We have to develop
new ideas. Let us start out looking at the investment policy and end up with accruals.

Concerning investment policy we want to follow the idea that the managers constantly
reinvest an exogenously predetermined percentage of the cash flows. This percentage
may be deterministic and already be fixed at time ¢ = 0.

Definition 2.13 (Investments based on cash flows) We define an investment
policy as based on cash flows, if the investments for all future times t > 0 are a
deterministic multiple of the free cash flows of the unlevered firm,

mIZQ/,b‘F?.

You could of course get involved in linking the investment policy to the free cash
flows of the levered firm, and thus work with the definition fﬁ?}t =a; a?i It does not

53 See Sect. 2.3.1.
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matter in the end whether you are referring to the free cash flows of the unlevered firm
or the levered firm. But we regard our procedure as being justified for the following
reasons: if we want to value levered firms with their correct cost of capital, the unlevered
firm only ever represents a reference point for us. This reference firm should differ
neither in its investment policy nor in its accruals from the actual firm to be valued; see
Assump. 2.3 and Def. 2.13. -

Our assumption could likewise be viewed critically, because the investments Inv,
were already deducted from the cash flows 6’7’:‘ It would then practically be a relation,
in which consideration is better given to the gross cash flows after taxes

%l = ﬂ[ (GCF; - TEBT[) .
But from Eq. (2.32) there results after a little reformulating for the unlevered firm

Tow, = P TR
1= p:
We come to the following conclusion from this: If parameter 8 € (0,1) is seen as
realistic, then a will typically be greater than zero, but not necessarily smaller than one.
Furthermore, values of a are conceivable, which exceed the value of one.

We address ourselves to the accruals now. Provided that the congruence principle
applies, the sum of accruals equals the sum of investment payments,

S Teor = 3 T
t t

For this expression the past and future sums need to be determined. However, this
equation is not sufficient if more precise statements for the value of the company are
needed.

In the literature, one differentiates between accruals which are discretionary and non
discretionary. Non discretionary accruals have a definite functional correlation with
the investment payments. Furthermore they are marked by a certain regularity. In the
following, the non discretionary accruals will be only those which result from a direct
linear correlation to the amounts invested. This seems to be especially advisable if
the accruals consist solely of depreciations and a straight-line depreciation is applied.
Obviously, the congruence principle which we just mentioned is valid in this case as
well.

Assumption 2.10 (Non discretionary accruals) Accruals are established from

1 /— =
Acery = - (Inv,_l +..+ Im),_n) .
n
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If we want to value a firm at time ¢ = 0, the investment expenses of the previous
periods of time = —1 to ¢t = —(n — 1) must also be known. It should not be impossible
to obtain this information.

The subsequent calculations show that the lack of discretionary accruals is not of
critical importance for the development of a valuation equation. It is sufficient that the
accruals linearly depend on investments the investment expenses Inv_; through Inv,_,.

The Def. 2.13 and the Assump. 2.10 now suffice to prove the following theorem.

Theorem 2.19 (Investment policy based on cash flows) The cash flows of the
unlevered firm are martingale-like and the firm follows a financing based on book
values. There are only non discretionary accruals and the investment policy is
based on cash flows. The following is then valid for the market value of the levered

firm

T-1 1 0 min(n+s,t)
Vi=vV441r l ZO Lo, ~ Zsmion T[nvs
0~ "0 f ~t t+1
=0 (1 + rf)
-1, E [515”] s 1
+1r . g %Lt nT£t+1 + E£n+t—1
L+ kBt \L+ry (1+rf)2 (L+rp)"

withl =0 fors >T.

Since this theorem’s proof is very involved, we refer interested readers to the
appendix.>* The equation named in the current theorem is only formulated for time ¢ = 0,
and is nevertheless anything but pleasant to read. It can be generalized with considerable
technical effort so that a result for th can be obtained. This representation certainly does
not give any new insights. That is why we forego presenting it here.

Long-Term Constant Debt Ratios We also revisit how the valuation equation changes
under a few simplifying assumptions. To do so we particularly require that there is no
increase in subscribed capital and that the parameters @; and [, remain constant. We
further assume that the firm has an infinite life. In contrast to Thm. 2.7, we do not,
however, assume that the cash flows have a constant, or constantly growing, expectation.
We can then, nevertheless, substantiate the outcome—which at first seems surprising
and is by no means obvious—that a valuation formula, which is very similar to the
Modigliani-Miller equation, is valid.

Theorem 2.20 (Adapted Modigliani-Miller formula) The conditions of
Thm. 2.19 are valid. The firms exists perpetually. The debt ratio | and the

54 See Sect. 5.2.

Page: 129 job: S-DCF macro: SNmono.cls date/time: 15-Mar-2026/8:28



130 2 Corporate Income Tax: APV, FTE, TCF, WACC

investment parameter a are constant. The influence of past investments on the
book value can be disregarded. The following is then valid for the market value of
the firm

nrp—1+1+rg)™"

Vi=vi[1+ ral | + 1Dy .
I’l}’f

The proof is again found in the appendix.’> Compared with the original equation
of Modigliani and Miller, two additional terms arise that are straightforward to handle
mathematically with standard techniques. Nevertheless, the expression is not immediately
transparent, so we proceed by simplifying it. For low interest rates, it appears that

nry— 1+ (1 + Vf)_n (n + 1)rf

nry 2

is valid.*® With that a preliminary estimate of the order of magnitude of this term is
easily possible.

Adjustment Formulas We also need adjustment formulas in the case of financing
policy based on book values. Whoever wants to, for instance, work with the valuation
equation of Thm. 2.19, can only do so if the cost of capital of the unlevered firm k%-*
is known. We see two ways of obtaining this information if there is no reference firm
available that is actually free of debt.

If we know all variables of the valuation equation except for kZ-* of a levered
reference firm, the cost of capital can be determined by iteration.’” The fact that we
cannot simply solve the valuation equation according to k£-*, would then be a cosmetic
blemish at best.

33 See Sect. 5.3.
36 With help of a Taylor expansion the following holds

_ nn+1) ,
(1+rf)nz1—nrf+—2 g

and from that immediately results

nrf—1+(1+rf)7'1 n+1

nrg =~ 2 rf.

57 In doing so, constant investment parameters « and constant debt ratios I would presumably be worked
with within the framework of a practical application.
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2.5.5 Examples and Problems

2.5.5.1 The Finite Case (Continued)

The duration of depreciation is # = 2. Under this condition the assumption that
investments will be made exclusively at time ¢ = 1 and not afterwards is useful,

01:50%, 0220320%.
The book value of the levered firm at time ¢ = 0 is
1 _
V,=150.

For the debt ratios based on book values, we choose just those ratios, which were also
used in the example of financing based on market values,

Iy=50%, 1, =20%, L,=0%.

For simplicity’s sake, we assume that in the previous periods there were no investments
and there were no systematic increases in the subscribed capital,

Inv_1 = Invg =0, €2 = 0.

If we employ everything in the valuation equation according to Theorem 2.19, we then
get

l 1 2 L @ B [6?’;] ! 2ls
Vo =V§ +1rsV = +Trf =
N T e
05 0.2 0.5x100 0.2
~22975+05X01X150X(ﬁ+m)+05X01XTXH

~ 234.77 .

2.5.5.2 The Infinite Case (Continued)

As in the above example we assume that the debt ratio measured in book values remains
constant. If we use
n=2, a=50%, [=50%,

then if there are no investments before ¢+ = 0 and with Thm. 2.20 we arrive at a firm
value of
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nry—1+ (1 +rf)_"

V(I) =Vy+1Do+ TalVy
I’l}’f
2x0.1-1+(1+0.1)72
=500+ 0.5x 100 + %01 0.5 % 0.5 x 0.5 x 500

~ 678.125 .

2.5.5.3 Problems

Problem 2.19 Assume that the cash flows follow
/C‘F":_'_l = /C‘F‘;t +E&r41

where €;,1 are independent and normally distributed with expectation zero and variance
one. The cost of capital k" is constant, and the firm follows an investment policy based
on cash flows. There were no investments before ¢+ = 0 and there will be no increases in
subscribed capital in the future. Furthermore, @ does not depend on .

a) Determine the distribution of the cash flows 5}??

b) Write down the perpetual rent formula for the value of the unlevered firm ‘7;‘. How
is the value distributed?

c) (This problem is hard to solve.) Write down a simple formula for the book value zt.
(You might have to look at the proofs. . . ) How is the book value distributed?

Hint: Any addition or any difference of two normally distributed random variables is
again normally distributed. The expectation of the sum (or the difference) is the sum
(or the difference) of the expectations. If both random variables are independent, then
furthermore the variance of the sum is the sum of the variances.

Problem 2.20 Often people use the WACC approach and do not distinguish precisely
between market and book values. This problem shows what can go wrong in the case of
an infinite rent (i.e., constant expected cash flows).

Assume that a firm is infinitely lived, financed by book-value and follows an investment
policy based on cash flows. There were no investments before # = 0 and there will be no
increases in subscribed capital in the future. Furthermore, @ as well as [ do not depend
ont.

Compare the value of the unlevered firm financed by book-value and market-value.
Let E[aﬁu] =100, ry = 5%, kB = 15%, n = 4,1 = 0.7, Dy = 500, & = 50% and
7 = 34% and write down both values. Is it fair to evaluate a company financed by book
values with WACC?

Hint: Use the formula obtained from Prob. 2.16 in Sect. 2.4.5 for the firm financed by
market value. Notice that /j is not given.
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2.6 Other Financing Policies

We see our task as examining every conceivable finance policy and deriving appropriate
valuation equations. In this section we introduce three finance policies, which in our
opinion are not as equally significant as those we have dealt with up to now. Yet there
will be situations in which the application of one of these three forms is called for.
Throughout this section we will assume that debt is risk-free.

2.6.1 Financing Based on Cash Flows

We want to discuss a fourth form of financing policy in this section that is based on the
firm’s free cash flows. If the free cash flows should happen to be high, then a lot of debt
will be paid back. If in contrast, the cash flows turn out to be lower, debt redemption is
abstained from. One such form of financing policy seems to us to be fully plausible with
high leverage (at least for the time being).

One-Period Financing Policy As far as we know, a financing policy of this kind was
only examined twice in the literature until now. That shows that considerable difficulties
come up with the establishment of values of firms if it is assumed that financing based
on cash flows is carried out over a longer period of time: the value of the firm is
then dependent upon the price of certain exotic options. To keep these difficulties at a
minimum, we consider a special case. The leverage should be based on free cash flows
only in the first year; afterwards the amount of debt may remain constant. This leads to
the following definition.®

Definition 2.14 A firm is financed based on cash flows if the debt develops
—~ — +
D; = (Do _a (CF1 - rfDO))

fort > 1. a is thereby a real number between zero and one, a € (0, 1].

The definition reads as follows: The future amount of debt is established in that the
initial amount is decreased by a random debt service. This random debt repayment is
established as a part of that amount, which remains from the first year’s free cash flow
when the interest due has been subtracted. If the random redemption should be larger

38 The symbol X* is defined as

X+ = X ifX>0,
0 otherwise.
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than the initial debt, then it is at most as large as this. The maximum condition is required
so that negative amounts of debt are avoided.””

We can give a valuation equation for this case. To do so we use a put option on the

. . . . 1 1- ;
value of the unlevered firm at time ¢ = 1 with an exercise price of mrfl—igT)Do. This

a
kE,u,g

put has the value I1. The following relation is then valid.

Theorem 2.21 The firm lives until T and follows a financing policy based on cash
flows. The cash flows of the unlevered firm are martingale-like. Debt is risk-free.
The market value of a levered firm is then established from

IT.

TryD 1+ 1
vi= vy e L2 g (1—

1+rf Ta,kE’“—g (1+rf)T_1

We refer readers, who want to grasp this somewhat difficult formula, to the appendix.®°

The last theorem clarifies that for the valuation of the levered firm, it is necessary to
trade a put with a determined exercise price. If this put is not traded, the valuation will
not be successful. It is said in this case that the market is not complete.

Perpetual Annuity In general we cannot most likely assume that the put option required
for the valuation of the firm where the financing is based on cash flows is traded. But the
last theorem then has no practical relevance for valuation of firms. The derivation of a
valuation equation that does not have to fall back on options is possible under a broader
assumption.

Theorem 2.22 The conditions of Thm. 2.21 are valid. In addition, the first period’s
debt is larger than zero, and finally, the expectation of the cash flows are constant.
The market value of the levered firm is then established from

1—- —1
(2 (14rp)"!

Vi=|1-ar 143
E, 1 0
1+k MI_W
l+a(l-
1+(1+a(1—r))rf—%
+ ! Dg .

1+rf

39 If full distribution is not insisted upon one could interpret negative debt as retained earnings. In this
case the maximum condition can be left out which simplifies the calculation. But notice that such a
behavior is suboptimal since the company will pay corporate tax on interest obtained.

60 See Sect. 5.4.
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The proof is again found in the appendix.°!

2.6.2 Example

We also want to calculate the firm value with financing based on cash flows in our finite
example. To do so we suppose that at time ¢ = 0 debt is

Dg =100
and the factor @ amounts to exactly
a=1.

We are concentrating our attention on the put and next establish its exercise price. For
this we need the dividend-price relation of the unlevered firm. Since we have already
determined the cash flows as well as the values of the firm at time ¢ = 1, this is easy to
do. We get

1+g _ CFi(w) _ CF(d)

= — — ~ 0.5692 .
kBt —g Vi (u) Vi(d)
The exercise price of the put therefore comes to
l+arf(l-1) 1+0.1x(1-0.5)
~ 100 = 184.48 .
JREY: & 0.5692 00 3
kE,u_g

The conditional payments of the put thus amount to

h
1 1- = . .
(%DQ—V{‘(M)) =0.00 ifupint=1
_ T

I =

1+g
WE—g

)
(“L‘“) Do - Vf(d)) ~26.35 ifdowninz =1.

Since it is supposed that there is no free lunch in the market the Fundamental Theorem
of Asset Pricing must hold for the put. This means

e )|

1+ ry '

Employing the appropriate risk-neutral probabilities from Fig. 2.2 gives

0~ 0.0833 x 0.00 + 0.9167 x 26.35

~ 21.96 .
1.1

We end up calculating the value of the levered firm with

61 See Sect. 5.4.
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~ TreD 1 1
Vé=V0”+ f O+T(l E+g 1- = |1
1+ry kB — g (1+7rf)
0.5x0.1x100
~ 229.75 + —1 +0.5%x0.5692 x 21.96 X 0.1736 ~ 235.38 .

For the case of an infinitely lived firm financing based on cash flows requires the
knowledge of a multiplicity of complicated derivatives. We believe that this assumption
is far from being realistic to pursue this case.

2.6.3 Financing Based on Dividends

Distribution and Debt Redemption It is apparent with many corporations, that the
managers hold the dividends constant to be paid to the shareholders over a longer period
of time. Such a policy has consequences for the firm’s amount of debt. It emerges from
Fig. 1.1 that there are only two uses for the free cash flow: distribution to the owners, or
to serve the creditors with interest and debt repayments. In all of the financing policy
variations discussed up to now, the debt redemption was exogenously set and followed a
more or less realistic plan. Now we want to look at a new possibility and assume that
the management determines the distribution. A look at Fig. 1.1 makes it clear that with
a pre-given free cash flow, such a policy has consequences for debt redemption. If the
managers subordinate the redemption of debt under the implemented policy of dividends
in the way described, then we want to speak of financing based on dividends.

In relation to the equity approach, we made it clear that the shareholders of a levered
firm receive payments at time 7 of (in the case of no insolvency)®?

— —  ~ ~ ~
Div, = CF[_Dl—l_ 11 +Dt'

If the firm now tries to manage the amount of debt so that this exactly corresponds to the
already determined dividends Div, then the following definition is useful.

Definition 2.15 A firm is financed based on dividends over n periods, when the
development of debt meets the condition

= — = = \7
D, = (Div — CF, + Dy_1 + It)

for all times t < n. The payments Div are then deterministic and correspond to
the distributions to the shareholders at times t < n.

62 See Eq. (2.28).
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We could, in an analogous way to the financing based on cash flows, now again prove
a theorem, which brings the value of the levered firm in proportion to the value of the
unlevered firm and one option. But since we already stressed in the previous section that
we regard such valuation equations as useless in practice, we want to look right away
here at a special case.

Time Limitation of the Dividends Policy It does not make sense to assume that a
policy of constant dividends can be carried out for a very long time. Firstly, that does
not agree with the picture that can be empirically observed, and secondly, you fall
into a logical contradiction if you assume that constant dividends can be paid for all
eternity from a taxable, levered firm. If, namely, the same dividends Div would really
be continuously paid, then the market value of the levered firm would come to Dr—;v + Dy
at time ¢ = 0. The tax advantages bound up with the financing policy would, it is true,
be achieved, but never distributed to the shareholders and that could be a contradiction
of the condition of transversality.

Constant Rate of Growth The same now applies for the method of financing based
on dividends just as it did for the financing policy based on cash flows, namely that
without simplifying assumptions we can only derive valuation equations with unpleasant
options-terms. For this reason, and only for this reason, we suppose that the amount of
debt remains constant beyond time ¢ = n, and the expected cash flows of the unlevered
firm grow constantly with the rate g.

Theorem 2.23 The firm implements a financing policy based on dividends over
n < T periods, the cash flows of the unlevered firm are martingale-like and debt is
risk-free. In addition, the amount of capital is continuously larger than zero up to
the n'* period. The expectation of the cash flows of the unlevered firm grows with
the constant rate g. The market value of a levered firm is then established from

1
Vi=|1-y"|1-7|1- ————|]|| Do
(1+rf)
1 1 Di
+[1-9y"|1-7 1——H -7|1- 7 v
(1+7rf) (1+rp)")) rrA=7)
+5"_5T+ukEM—_g 1-7(1= 1 Vo
%—1 l+g (1+rf)T‘” 1-6T"
_ l+rp(l-7) _ 1+g
wherey—vandé—m—ﬂu.

You find the proof in the appendix.®®
For the case of an infinite lifespan, the above equation is simplified to the extent that
the factor 57 then moves towards zero.

63 See Sect. 5.5.
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2.6.4 Example

We again fall back upon the payment values of our finite example to establish the value
of the firm for the case of financing based on dividends as well. We suppose that the
firm at time ¢ = 1 distributes a dividend of

Div = 150

and the firm does not change the amount of debt necessary to do so from n = 1 on.
According to Def. 2.15, at future time # = 1 an amount of debt is required of

Dy = (Div —~CF +(1+rp(1- T)))+

145 ifupint =1,
165 ifdownint = 1.

The conditions of the theorem are obviously met with that; debt remains positive. Let us
first establish the parameters y and 6

_l+rp(1-7) 1+0.1(1-0.5)
14y 1+0.1

_1+g  1+0.1
T 1+ kEu 1402

~ 0.9545 ,

~ 0.9167 .

The value of the levered firm then results from the equation

1
1—7(1—7(1——2
(1+rf)

1 1
+ll-y(l-7(1-——F]-7[1- 3
(1 + rf) (1 + rf)

_ Eu _ 1 V“
+ 6—63+Z—5k—g(1—7(1— 2)) o

s—1 l+g (1+ryp) 1-¢6

Entering all values known to us results in

V= Dy

Div
rf(l - T)

Vi~ 237.50 .

We already mentioned that a perpetual constant dividend could be a contradiction
to transversality. That is why we will not evaluate our infinite example here. See the
problem set for another infinite example.
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2.6.5 Financing Based on Debt—Cash Flow Ratio

Dynamic Leverage Ratio The dynamic leverage ratio is a real number by which the
cash flow is set in relation to the firm’s debts,

D
L= —.
CF,

(2.35)

This ratio serves as a (simpler) criterion for the length of time in which the firm would
be completely self-financed only using cash flows for debt redemption. We want to use
this ratio to look at a sixth financing policy.

Definition 2.16 A firm is financed based on debt-cash flow ratios if these ratios
are deterministic.

If a firm follows this debt schedule the following theorem can be verified. The proof
can be found in the appendix.®*

Theorem 2.24 (Debt-cash flow ratio) The firm implements a financing policy
based on debt-cash flow ratios. The cash flows of the unlevered firm are martingale-
like and debt is risk-free. The market value of a levered firm is then established
from

t+1

_ _ » T—1~ _ Try s+1-t
Vi=Vi+D, ) I¢ . L ( )
s=t

1+ ry
T-1 (T-1 utl-s\ E; [5]5"]
Td 74| TS s
* Z (ZL“"'LS(1+rf) )(1+k’5v“)5’
s=t+1 \u=s

where for the product Zf e Zflﬂ

=1holdsifs =t.

Infinite Lifetime If the firm exists infinitely long and if the dynamic leverage ratio
remains constant the following theorem can be shown.

%4 See Sect. 5.6.
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Theorem 2.25 (Debt-cash flow ratio in infinite lifetime) The assumptions of
Thm. 2.24 are valid. If the firm has an infinite lifetime and if the debt-cash flow
ratio remains constant, then the firm value is given by

=1 Trfzd ==, Try ~
Vi=11+ : — |V + — D, .
1+rp(1-7L9) 1+rp(1-7L9)

2.6.6 Examples

2.6.6.1 The Finite Case (Continued)

The debt-cash flow ratio will be constant
L4=1.

Debt at time ¢ = 0 is
Dy =100.

From the above theorems we have

2 3
Tr
fo (TN (T
1+rf 1+Vf 1+rf

——u —~—u
7y wry |’ E)[CUTl] 7y E)[CHTQJ
— .
L+ry \l4rf 1+kEx  1+4rs (14 KkEu)2

V= V¥ + Do

This gives

5x0.1 5x0.1)\ 5x0.1\3
x%=2w75+um(05xo +(O5XO )+(05X0 ))

1+0.1 1+0.1 1+0.1

0.5x0.1 (0.5x0.1\%| 100 , 0501 110
1+0.1 1+01 ) |1+02" 1+0.1 (1+0.2)2

~ 241.94

for the value of the levered firm.
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2.6.6.2 The Infinite Case (Continued)
If the firm exists infinitely long and maintains a debt-cash flow ratio of
=1

then with debt of 100 at # = 0 the levered firm is worth

rr L4 ~ Tr ~
L+rp(1-17L9) L+rp(1—-17L9)
. Ax1 . 1
(14 0.5x0.1x 500 + 0.5x0 100
1+01(1-05x1) 1+01(1-05x1)
~ 528.57 .

2.6.7 Comparing Alternative Forms of Financing

In the previous sections, we discussed different forms of financing and their influences
on the value of firms. In the case of autonomous financing, the analyst knows the firm’s
future amount of debt Dg, D1, ... A valuation equation, which is possible under this
assumption and delivers the correct value of the firm is the APV equation. If in contrast
financing is based on market values, the analyst knows the firm’s future debt ratios
lo, 11, ... measured in market values. A valuation equation that results in the correct
value of the firm under this condition is the WACC formula. In the case of financing
based on book values, the future debt ratios [, [, , . . . measured in book values are known
to the analyst. Which valuation equation is applied under this condition is dependent
upon whether the firm follows a policy of full distribution, only takes on replacement
investments or conditions its investments upon attained cash flows. With financing
based on cash flows, the firm reduces its amount of debt (for a limited time) by a fixed
proportion of its free cash flows. Special valuation equations can be given that bear just
this sort of financing calculation. Dividend-based financing is characterized by a firm
paying constant dividends over an extended period of time.

Extent of Differences in Value In order to illustrate the way the different valuation
equations work, we have used a standard example. Every reader, who has paid attention to
our calculations can determine that the respective values of firms are not that dramatically
different from each other. That brings up the question as to the practical relevance of
those valuation equations either given or developed by us. It is after all conceivable
that the differences in value of the forms of finance specified by us are relatively small.
In this case, using any valuation formula you like and simply accepting the possible
resultant valuation mistakes can be economically justified. It is, however, not now clear
to us at all how you would have to go about confirming or refuting such an assertion if
the firm lives longer than three periods or possesses different cash flows.
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APV and WACC Autonomous financing and financing based on market values are
particularly prominent forms of financing in the DCF literature, which is why we still
want to spend some time on them here. In the first case we recommend the APV
formula, and in the second case the WACC formula. “Mixed formulas” are derived
in the literature that look like WACC formulas and are nevertheless appropriate to be
applied for autonomous financing, or that look like APV formulas and still can be used
for value-based financing.®> From an academic viewpoint, such valuation formulas may
be interesting, but they are not practically relevant. Under an autonomous approach, the
analyst assumes future debt amounts to be known with certainty. What sense is there
then of the fiction of not knowing the amounts of debt (otherwise only the APV formula
would be needed in order to value), but instead falling back upon the expected debt
ratios in order to enter them into a WACC formula? It is likewise so for the opposite
case. If an investor assumes deterministic future debt ratios, why should she pretend
not to know them and instead use the expected amount of debt in an APV formula?
Whoever wants to get from A to B can either take the direct path or take the long way
round. Economists normally avoid such long ways. We find it even more strange at the
least to propagate such round about ways.

With autonomous financing, the tax advantages implied by the credit terms are
deterministic, whereas under financing based on market values they are stochastic. Even
if the expectations are identical to the tax savings®®, from the perspective of risk-averse
investors, risk-free payments are always worth more than risky payments. It follows
that the two assumptions need not lead to identical firm values—a fact that is often
underemphasized in the literature. In practice, when applied consistently, WACC and
APV produce distinctly different firm valuations.

2.6.8 Problems

Problem 2.21 It is not necessary the case that the assumptions of Theorem 2.23 must
violate transversality: show that forn = T — 1 and n — oo the value of the levered firm
satisfies Di
iv

lim V) = Do + —

"o rf
which is very intuitive since the company will pay a given dividend to the shareholders
at any time in the future.

Problem 2.22 Assume an unlevered company has a lifetime 7 = 2 and its cash flows are
given by the Fig. 2.12. Ignore insolvency. The unlevered cost of capital is kZ-* = 20%,
any up- or down-movement has a probability 0.5. The risk-free interest rate is r r = 10%,
the tax rate is 7 = 34%. The levered company has debt Dg = 0 at time 7 = 0.

65 See Wallmeier (1999) or Hillier et al. (2008, Chapt. 13.2).

% This is not the case in our example. This explains why the firm’s value under the WACC approach
exceeds its APV value, even though the tax advantages under WACC are subject to uncertainty.
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a) Write down a formula for the value of the levered firm if D («) and D (d) are
given.

b) Assume the firm has an expected debt E [5 1] = 100. Which debt schedule (i.e., what
values of D (u) and D, (d)) yields the highest value of the levered firm?

132
o~
110
g0
88

I e
t=0 t=1 /:2““lL

Fig. 2.12 Cash flows in Prob. 2.22.

2.7 Further Reading

Research on the valuation of tax advantages dates back more than seven decades; see
Modigliani and Miller (1958) and Modigliani and Miller (1963). In these studies, the
authors also examined the case of a perpetual annuity. Sick (1990) was the first to make
extensive use of certainty equivalents (i.e., a martingale technique) to derive valuation
formulas incorporating taxes, although Ross (1987) had addressed the issue primarily
within a one-period framework.

The well-known formula for a perpetual rent first appeared in Williams (1938, p. 72),
yet it is still referred to as the Gordon—Shapiro formula. Neither Williams nor Gordon
and Shapiro considered uncertainty.

The first two financing policies discussed in this chapter can be found in nearly every
textbook on corporate finance; see, for instance, Brealey et al. (2025, Sect. 18-4 (APV)
and Sect. 18.1 (WACC)). We believe that the term “autonomous” originates from Richter
(1998).

Autonomous financing with a non-constant amount of debt was first presented in
Myers (1974). Financing based on market values was examined by Miles and Ezzell
(1980) and Miles and Ezzell (1985). However, the proof that now bears their names could
only be established under the assumption of a constant leverage rate. A generalization
was later provided by Loffler (2004). Arnold et al. (2018) derived results for a financing
policy in which refinancing dates occur at multiples of a number greater than one
(“delayed financing”). Dierkes and Schifer (2016) analyzed a policy in which a firm
combines both capital structure targets and predetermined debt levels. Finally, Barbi
(2012) employed risk-neutral probabilities to derive general results for the tax shield.
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Although several publications on market-value-based financing appeared later—
Harris and Pringle (1985) and Clubb and Doran (1995) may serve as representative
examples—they did not introduce any new financing concepts. Financing based on cash
flows was examined by Arzac (1996) and Loffler (2000).

Martingales are covered in any textbook on time series analysis. Hamilton (1994)
or Brockwell and Davis (2016) are a good source. Martingale-like cash flows were
introduced in a more general form by Lintner (1956) and Rubinstein (1976). Fama
(1977) was likely the first to discuss martingale-like cash flows and discount rates
systematically in the context of valuation. In Barberis et al. (1998) cash flows that are not
martingale-like were considered, although in a very different context. The implications
of the martingale property for the cost of capital and discount rates were first examined
systematically by Laitenberger and Lofller (2006). LofHer (2002) points out the problem
of the Modigliani-Miller adjustment. In an earlier discussion Ferndndez (2004), Fieten
et al. (2005) and Cooper and Nyborg (2006) clarify the relation between Modigliani-
Miller and Miles-Ezzell. The observations on financing based on book values are new,
even if individual elements, such as the operating assets relation, are already known in
the literature. Compare for instance Feltham and Ohlson (1995, S. 693f.) or Penman
(2012, chapter 8).

The literature cited so far concentrated on discrete-time models. There is a vast
literature on continuous-time models for the firm which we will not mention here.
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Chapter 3
Personal Income Tax

Abstract This chapter develops a valuation framework for settings with personal income
taxation.

We again distinguish unlevered and levered firms, but not to capture debt effects; rather,
the focus is on earnings retention as the source of tax advantages. We discuss and
evaluate several retention policies, and examine whether DCF methods can shed light
on how the cost of capital responds to changes in underlying tax rates.

Finally, we show that a simple relation between the cost of capital and tax rates—often
used in practice—can create arbitrage opportunities.

We now shift gears. In the previous chapter we assumed the firm was taxed and the
financiers were tax-exempt. We now assume the reverse: the financiers are liable to
income tax, while the firm is untaxed.

Certainly not all readers will think it sensible, in valuing firms, to take taxes due
at the financiers’ level into account. Textbooks, at any rate, tend to omit income tax
altogether.! If, however, one keeps in mind that income tax affects private investors’
consumption in all cases, there is little reason not to consider it in valuation. Someone
who acquires a firm will report different figures on her income tax return than someone
who invests in the capital market. This alone argues for including income tax in firm
valuation. The German profession of certified public accountants, for example, decided
in 1997 to endorse the consideration of income tax in valuation.>

The reader can expect a roadmap in this chapter that closely mirrors the plan of
action in the previous chapter. We will soon see that, despite clear differences, corporate
income tax and personal income tax share enough structure to justify treating them in
parallel. Accordingly—and perhaps to some readers’ surprise—we will again speak of
levered and unlevered firms. We use the same symbol for the tax rate and revisit the
various financing policies to value the tax advantages of a levered firm relative to an
unlevered firm.

! Income tax is typically not treated in detail. In the first edition of our book we could at least point to
some textbooks that covered the perpetual-annuity case. In preparing the second edition, we found that
even these cases had disappeared from the literature. It seems that the inclusion of personal taxes has
fallen out of favor.

2 See Institut der Wirtschaftspriifer in Deutschland (2000).
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We will hardly surprise many readers by noting that including personal income tax in
the theory of firm valuation breaks considerable new ground. The first work on WACC
and APV appeared more than half a century ago. By contrast, the literature on firm
valuation has often ignored taxes at the investors’ level up to the present, leaving much
less prior work to build on. Accordingly, this chapter cannot offer a systematic survey
of established results; instead, we develop new ones. Given the scarcity of comparable
studies, we cannot readily benchmark our findings against existing papers. We therefore
present this chapter not as a synthesis of settled knowledge but as a contribution to the
theoretical discussion of personal income taxation within DCF-based firm valuation.

3.1 Unlevered and Levered Firms

DCF theory, in essence, repeatedly addresses how tax shields should be valued. For
discussion of a tax advantage (or disadvantage) to be economically meaningful, a
reference point is needed against which the advantage can be measured. That reference
point is a firm that follows a specific policy—an unlevered firm.

3.1.1 ‘Leverage’ Interpreted Anew

Do you recall the beginning of the previous chapter? There we assumed that the firm pays
taxes while the financiers are exempt. We showed that a levered firm bears a lighter tax
burden than an unlevered one. We also noted that one can understand what an unlevered
firm is without further detail, whereas a precise description of a levered firm requires
substantially more information.? At the outset of that chapter, we agreed to call the firm
without debt unlevered and to describe the indebted firm as levered.

Reference Firm We will proceed analogously in this chapter. We now face a different
tax setting. The firm remains exempt from tax, while the financiers are liable to income
tax. For income-tax purposes, dividends and interest are taxable; hence a firm with
a policy of full distribution gives rise to a large personal tax burden. By contrast, if
the firm distributes only part of its profits to financiers, an income-tax saving is to be
expected. Retaining profits creates a tax shield for investors. It is therefore natural to use
the full-distribution firm as the reference case, since no other distribution policy makes
the discussion equally clear. By contrast, anyone valuing a firm with partial distribution
must specify precisely which share of the cash flows is retained in which periods. Full
distribution is unambiguous. Because full distribution entails more personal income tax
than reduced distribution, we shall call the former an unlevered firm and the latter a
levered firm.

Please note that we use the term levered differently in this chapter than in the preceding
one. Here, levered no longer means “indebted,” but rather “partial distribution.” The

3 See Sect.2.1.
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firm’s capital structure plays no role in this chapter. In this chapter, leverage relates
solely to whether, and how much, is retained in the firm. Although this may be somewhat
irritating for readers, we have deliberately chosen this terminology to make use of
structural similarities with the previous chapter.

In the previous chapter, a full retention policy was assigned to both the unlevered and
the levered firm, while all other possible retention policies lay outside the scope of our
discussion. In this chapter, we proceed in a similar manner. Both firms—the unlevered
(or fully distributing) firm and the levered (or partially distributing) firm—are assumed
to be self-financed and therefore without debt. Financing policy, accordingly, is not the
subject of this discussion. The question of how financing and retention policy can be
linked will be taken up in the final chapter. Seen in this light, the unlevered firm of the
previous chapter and the one considered here are identical: both are debt-free and both
fully distribute their cash flow to their owners.

If we interpret the notation anew in the sense explained here, then it should also apply
that a firm with full distribution has the same value as a firm with partial distribution, as
long as no taxes are imposed. That agrees with the theorem of Miller and Modigliani
(1961) on the irrelevance of dividend policy. This theorem says that it does not matter
when a firm distributes its earnings so long as taxes do not play a role.

Notation We denote the market value of the unlevered firm by V¥ and that of the
levered firm by V,’. Note that neither firm carries debt; hence both values equal the
market value of equity. Analogously, we use CF? for the post-tax free cash flows of the

—1
full-distribution firm and CF', for those of the partial-distribution firm. Correspondingly,

ot U !
Ta:r;t denotes the shareholders’ taxes under full distribution, whereas Tax, denotes the
shareholders’ income taxes under partial distribution.

Note another important difference between the previous and present chapters. Pre-

—
viously, CF', denoted the free cash flow accruing to all investors (shareholders and
debtholders). Now there are no debtholders. In contrast to the previous chapter, the free
cash flow here consists solely of payments to shareholders.

Positive Dividends If we proceed on the assumption that a firm’s cash flows are the pool
from which dividends to owners are paid, an additional restriction arises. In the previous
chapter, when cash flows turned negative, this simply meant that financiers injected
additional equity. If that was no longer possible, we called the situation insolvency and
discussed its implications in detail. Negative payments, however, make no sense for
dividends. We therefore assume, in what follows, that the cash flows of both the levered
and the unlevered firm are large enough that dividends never become negative.

3.1.2 The Unlevered Firm

In this chapter, firms with full distribution play the same role as debt-free firms did in
the chapter on corporate taxes. We assume that such firms are just as rare in practice as
entirely self-financed firms. Nevertheless, it is important to be able to value them. Just
as we argued previously that an indebted firm can be valued only if one can also value
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a self-financed firm, we can now maintain that a firm with partial distribution can be
valued only if there is a method for valuing a firm with full distribution.

If the cost of equity and the free cash flows of a firm with full distribution are known,
the valuation equation follows directly. We begin by defining the cost of equity.

Definition 3.1 (Cost of equity) Cost of equity k="

conditional expected return

of an unlevered firm is the

¢t

B, [GF" | + 7

kfz’u :
u
Vt

Since this cost of equity is mathematically identical to the cost of equity of an
unlevered firm (Def. 2.1), the valuation equation for a firm with full distribution follows
immediately. If we again assume that the cost of equity is deterministic and time-invariant,
then the valuation equation is exactly the same as the corresponding one for a fully
self-financed firm in Thm. 2.1,

Theorem 3.1 (Market value of the unlevered firm) If the cost of equity of
the unlevered firm kf’” is deterministic, then the value of the firm, which fully
distributes its free cash flows, amounts at time t to

5 B[

(1 + kEw)*"

s=t+1

We do, however, consider it important to emphasize a point that may take some getting
used to. The cost of equity kZ-* used here is post-tax, not pre-tax. Equally important,
we refrain from making any claims about the link between pre-tax and post-tax cost of
equity; instead, we take the post-tax cost of equity as given. We will return to the likely
relation between the two in more detail later.*

In the chapter on corporate income tax, we relied on a premise we termed the
assumption of martingale-like cash flows.> To develop valuation equations—and, above
all, adjustment equations—we repeatedly used Thm. 2.3. We will need a corresponding
theorem when dealing with personal income tax. To obtain it, we first restate the
martingale-like cash flow assumption. Thus

4 See Sect. 3.2.
3 See Assump. 2.1.
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Assumption 3.1 (Martingale-like cash flows) There is a real number g such that

is valid for the unlevered firm’s cash flows.

Since we have already discussed the economic significance of this assumption, we
need not repeat it. Before we can prove specific valuation equations, we must complete
a few preparatory steps. First, we describe in more detail the tax at the center of this
chapter. We must also address what happens to the Fundamental Theorem of Asset
Pricing when personal income tax is taken into account.

3.1.3 Income and Taxes

Economists usually describe a type of tax by specifying who bears the liability, how the
tax base is defined, and which tax rate schedule applies. In our setting, the taxpayers are
individuals.

Categories of Income In most countries, income tax is assessed on a base that is
typically difficult to compute, because detailed statutory provisions must be followed.
The core of this base is the sum of recognized income categories. For the moment, we
distinguish between the income of owners and that of creditors, although no creditors
appear in our model yet.

1. Owners’ income can refer either to the firm’s earnings or to the firm’s dividends. If
the firm’s earnings are taxed, regardless of whether they are distributed or retained,
then “accrued income” forms the tax base. If, by contrast, the cash that shareholders
receive is taxed, this is “realized income”. Income from shares traded on capital
markets is always included in the second group.

2. When we speak of creditors’ income, we mean interest. In many countries, interest
income and dividend income are taxed differently.

Redemption of Capital Owners sometimes receive payments that are not dividends—
for example, share capital reductions or payments on liquidation. These should not be
confused with dividends, as they are generally not subject to income tax.

Earnings Retention It is possible to retain part of the distributable cash flow within
the firm. Let A; denote these retention amounts. The retention amounts are always
non-negative. We assume they are invested by the firm for one period at the (to be
specified) interest rate 7, and then distributed to the financiers.

Table 3.1 shows how to derive levered taxable income from the firm’s pre-tax gross
cash flows. This yields the expression in the last line of the table for the financiers’ taxable
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income. The owners must, however, still pay income taxes on this amount. Accordingly,
both the unlevered and the levered free cash flows equal the respective taxable income
minus the tax payments.

Table 3.1 From pre-tax gross cash flow to income.

Pre-tax gross cash flow /G‘Cf,
— Investment expenses Inv,
= Shareholder’s unlevered taxable income é‘c?, - ﬁﬁ;t
— Retained earnings A,
+ Cash flow from retained earnings (1+7-1 )K,_l
= Shareholder’s levered taxable income 55]?‘, - fﬁq/),

—gt +(1+ E—l)gt—l

In this figure, the gross cash flows and investment outlays are identical for the levered
and the unlevered firm. The unlevered firm, however, has no retained earnings.

Yield of the Retained Earnings Amounts Under what conditions does the firm
invest the amount A, ? Recall that managers—regardless of distribution policy—should
undertake every investment project with a positive net present value. In our framework,
using A, for operating investment is ruled out, as is using it for the repayment of principal
or for writing down equity. The only remaining possibility is to invest A, on the capital
market for one period at the rate 7;.

Investing on the capital market may be risk-free or risky. One might expect that the
choice would matter. However, if personal income taxes are not (yet) taken into account,
the Fundamental Theorem implies that we need not distinguish between these cases. Let
r ¢ denote the risk-free interest rate before income tax. If the amount A; is invested in
risk-free assets, then the following holds

Fo=rp 3.1)

In the case of a risky investment, the firm invests the amount X, and receives (1 + E)X,
one period later. If capital markets are arbitrage-free, the payoff at  + 1 must be valued at
its time-# present value. We therefore invoke the Fundamental Theorem of Asset Pricing.
Because the investment is made by the firm and, under our assumptions, the firm pays
no taxes, we use Thm. 1.2, which applies in a no-corporate-tax setting. It follows that
_ B |a+mA

At_

1+ ry
With Rules 2 and 5, we then get
EC[7]=rs. (3.2)

That is a generalization of Eq. (3.1). In the following we will proceed from this relation.
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Tax Rates for Interest and Dividends Analogous to corporate taxation, the personal
tax rate is linear—there are no exemptions or thresholds. As in the preceding section,
the tax rate is assumed known and constant. We have already emphasized that this is a
strong, but necessary, assumption. Tax rates on dividends and interest may differ; we
denote the dividend tax rate by 7 and the interest tax rate by 7/. Although our firms
are self-financed, this distinction is relevant for the proof of the Fundamental Theorem,
as will become clear shortly.

We need to consider the following. Suppose an investor has an amount G available.
There are two riskless ways to invest it. First, the investor can invest personally and,
over one period, end up with G + (1 — /) r G after paying income tax on interest.
Alternatively, the investor can contribute G to the firm and have the firm invest it. In
that case, the firm’s assets grow to G + r¢G over the next period; when this amount
is distributed to the owner, the tax treatment of the interest component is decisive. If
that component is taxed as a dividend, the investor receives G + (1 — 7°) r G after tax.
This generally differs from G + (1 — 71) r¢G (unless 7P = 71), creating an arbitrage
opportunity even with self-financed firms and thereby undermining the model. To avoid
this, we are left with two options.

1. We could assume that
I D

T =T
applies.® Unfortunately, it is easily verified empirically that many industrial countries
do not satisfy the identity we assumed, so we will not consider this option.

2. The second possibility is to define the income-tax base differently from our arbitrage
example. For this purpose, we define a capital market that reflects these considerations
more precisely. We assume a finite set of tradable assets, which we call basic assets.’
One of these basic assets is risk-free; the others are risky. Additionally, every firm
and every investor may hold only portfolios of these basic assets.

The formulation of this tax base is therefore crucial for eliminating arbitrage op-
portunities. Any capital-market investment is spanned by portfolios of the basic assets.
Moreover, cash flows from the risk-free asset are always taxed at rate 71, whereas cash
flows from risky assets are taxed at rate 7°. This definition has far-reaching consequences.
Suppose an investor chooses to invest risk-free through a firm rather than privately. When
the returns on this investment are distributed, they are taxed as interest rather than as
dividends, because the cash flow ultimately derives from the risk-free basic asset. With
this definition of the tax base, the arbitrage opportunity described above is eliminated.

Tax Equation Our model’s income tax equation for shareholders can now be written
principally in the form

Tt = (GOF, - T

for the unlevered firm.

6 This assumption is found in Miller (1977) for instance.
7 The use of basic assets follows common practice in the mathematical finance literature; see Shreve
(2004, Sect.1.2).
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154 3 Personal Income Tax

As for the levered firm, the matter is less straightforward. The treatment depends
on how the amount A; is invested: a risk-free placement is taxed differently than an
investment in risky securities. In this chapter, we assume the retention is invested in
risky assets. The owners of the levered firm then pay taxes in the amount of®

Taz, = 7P (GCF, —Tno - A +(1 +7,_1)X,_1) .

The difference in the two firms’ tax payments is an amount that we refer to as the tax
shield, in line with the discussion in the chapter on corporate taxation.

Tax Shield If we want to determine the cash flows of the levered firm in 7, we do not
only have to observe the earnings retention at time ¢, but also the earnings retention from
the previous period. In total the tax shield amounts to

— 1 — ~ . ~
Tazx, - Tax? =P (—A, +(1+ r,_l)A,_l) .

To compute the difference in free cash flows between the two firms, note that gross
cash flows, principal repayments, and investment outlays are identical in both. The only
difference is that one firm retains no earnings, while the other does, which leads to
different amounts of income tax. Hence, we can focus entirely on retained earnings and
tax payments when calculating the difference between the levered and unlevered free
cash flows,

—l —=u == ~ ~ —1 —u
CF, - CF) = ( m A (4T ) Ay — Tax,) - ( ) - Tax,)
= (1-7) (A +FDA - 4)) .
With the help of (3.2) and Rule 5 we get for the expectation under risk-neutral probability

EZ [@fi . ffﬁf] = (1 - TD) (1+rs)Aq - (1 - TD) EC, [Xt] . (33)

A tax shield arises when the firm does not fully distribute its free cash flows.

5

8 If the retention is invested risk-free, the equation changes slightly. “Retention for a risk-free investment
simply means the portfolio holds more risk-free securities. Consequently, the income taxed at rate 7/
decreases accordingly; in the next period it increases again through repayment of the retention and the
interest earned. Thus we obtain

Taz, = t° (GCF, - Inv,) + 7! (~A; + (1 +7r7)A, 1) .
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3.1 Unlevered and Levered Firms 155

3.1.4 Fundamental Theorem

In the last chapter we made thorough use of the Fundamental Theorem of Asset Pricing.
We had already introduced this theorem in the first chapter of this book, since it is of
such central importance for the derivation of valuation equations.

The Fundamental Theorem says that, under an arbitrage-free capital market, risk-
neutral probabilities Q exist. Risk-neutral expectations can thus be discounted in a world
without taxes at the risk-free interest rate r ¢. This remains true if a corporate income tax
is introduced, because when taxation applies only at the firm level, the risk-free rate is
identical pre- and post-tax. Here, however, taxation applies at the financiers’ level. A
financier who invests risk-free and is liable to tax no longer earns a net return of ¢ but
instead r ¢ (1 — 7!). What becomes of the Fundamental Theorem under these conditions?
Do risk-neutral probabilities Q still exist? If so, how should risk-neutral expectations be
discounted?

For the value of any discretionary portfolio from risky and risk-free assets as well the
following theorem now applies.

Theorem 3.2 (Fundamental Theorem with Different Taxation) If the capital
market with a personal income tax is free of arbitrage, the conditional probabilities
Q can be chosen to the extent that the following result is valid

_ EzQ [6?1;1 + Vt+1]
L+rp(l-7)

The tax rate on interest income appears in the denominator, even when the portfolio
contains risky assets. This result is neither trivial nor immediately evident.” We now
proceed to develop results analogous to those established in the previous two chapters.

Theorem 3.3 (Williams/Gordon-Shapiro formula) If the cost of equity is
deterministic and the cash flows are martingale-like, then for the value of the
unlevered firm

holds.

9 For a proof, see Becker and Loffler (2024) (in a risk-free setup but with a more general tax function)
or the first edition of this book.
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Theorem 3.4 (Equivalence of the valuation concepts) If the cost of equity is
deterministic and the cash flows are martingale-like, then the following is valid for
all times s > t

AN

(T+rp(1=7)"" (14 kEw)*™"

For the value of equity of the unlevered firm, the cost of equity and the discount rate
coincide. However, the taxed interest rate r p (1 — 71) now appears in place of the risk-free
rate r 7. The cost of equity k£ we consider is also a post-tax variable. We nevertheless
avoid stating an explicit relation to the levered firm’s pre-tax cost of equity here.

We need not prove the two theorems again here. Instead, we refer readers to the
relevant pages in the chapter on corporate tax.'?

3.1.5 What If Tax Scales Are Nonlinear?

Looking at the literature on the effect of income taxation on security prices, one almost
invariably finds the assumption of a constant tax rate. This corresponds to a tax liability
function that is linear in the tax base. Such an assumption is made for reasons of
convenience, as it allows the same formal apparatus to be applied as in the case where
taxes are entirely disregarded. We, too, have so far relied on this linearity assumption.

Tax schedules, however, are determined by legislators, not by academic abstraction.
As we noted in the opening sections of this book, there is hardly any country in the
world where linear tax schedules apply—at least, we are not aware of one. The very
existence of tax allowances is already incompatible with the assumption of linearity.
Thus, assuming linearity in tax liability functions is fundamentally questionable. If one
must instead proceed from nonlinear schedules, the question arises how a firm should
then be valued.

In addressing this question, we turn to Becker and Loffler (2024), in which the authors
examine how to handle nonlinear income tax schedules. We believe that their results
may be of interest for the analysis pursued in this chapter. In Germany, the assumption
of constant tax rates is particularly problematic, since a quadratic function of the tax
base is applied.'!

At the outset, however, one crucial point must be emphasized. We have consistently
argued that a useful theory of firm valuation must, in principle, be based on stochastic
future cash flows. By contrast, the analysis in Becker and Loftler (2024) is conducted
entirely under the assumption of deterministic cash flows. Whether their results remain

10 See Sect. 5.1.
11 'We have discussed this issue in a German paper, the contents of which we shall briefly outline below.
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valid once uncertainty is introduced cannot simply be assumed but must be proven—
something that has not yet been achieved. For this reason, caution is warranted when
transferring their findings. Nevertheless, we do have indications that the results obtained
under certainty may provide guidance as to what outcomes are to be expected under
uncertainty. We therefore consider it worthwhile to engage here with the results of
Becker and Loffler (2024).

It is clear that the firm generates pre-tax cash flows of CF,.!? Less clear, however,
is how much of this amount is captured by income tax at a given point in time. This is
determined by the legislator. The object of taxation is not usually the free cash flow
itself, but the so-called tax base, denoted by B,. Post-tax cash flows are then

CFP*"™ = CF, — Tax(B,) , (3.4)

where Tax(-) represents the nonlinear tax schedule. We therefore assume that, in addition
to all cash flows, the relevant tax bases B; are known at every point in time.

In the context of nonlinear taxation, one usually defines the marginal tax rate. For
a given tax base, it specifies how much an additional unit of the base is taxed. For
differentiable tax functions, the marginal tax rate is conventionally represented by the first
derivative Tax’(-).!3 In actual tax systems, the marginal tax rate typically lies between
0% and 100%. The marginal tax function will play an important role later on.

Becker and Loffler (2024) assume that the tax liability function Tax(-) is not linear
but convex. Convexity is a topic in mathematics that is not always covered in standard
training. It is important to note, however, that convex tax functions are common in many
countries. Worldwide, it is standard practice for tax rates to rise with the size of the
tax base, a structure usually referred to as a progressive schedule. Although there is a
minor distinction between a progressive schedule and a convex tax liability (for details
see Becker and Lofller (2024, Appendix 1)), one may reasonably argue that assuming a
convex tax liability function is plausible.

For economists, convex tax liabilities can also be illustrated in another way. In many
economies, married couples may choose between two methods of taxation:

SEPARATE TAXATION  Each spouse is taxed individually, and the couple’s total tax
liability is simply the sum of the two.

Joint FiLING  First, the spouses’ incomes are added together and then divided by two.
The tax liability is calculated on the basis of this halved income, and the
resulting amount is doubled.

If both spouses earn identical incomes, both yield the same result. If their incomes differ,
however, joint filing produces a lower overall tax burden.

12 Since Becker and LofHler consider taxation only under certainty, we dispense with the tilde here and
in what follows.

13 A serious technical difficulty with nonlinear taxes is that typical real-world tax functions are often not
differentiable, as they lack a well-defined first derivative. Consider, for example, a linear tax function
with an allowance: while linear functions are differentiable, at the allowance point no unique first
derivative exists—the function has a kink. The paper by Becker and Lofller (2024) discusses these
technical issues in more detail; in such cases one must work with the so-called subdifferential. The
subdifferential can be thought of as the set of all possible tangents to the tax function. We refrain from
further details here.
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Looking at the mathematical conditions under which joint filing leads to a lower
overall tax burden, one again encounters a convex tax function. Let b1 and b2 denote
the taxable incomes of the two spouses. If Tax(-) denotes the tax liability function, then
under separate assessment their combined liability is Tax(b1) + Tax(b2). Under joint
filing, however, the spouses’ incomes are pooled and split evenly, yielding a tax liability

of 2Tax(%). If joint filing reduces the overall burden, this requires that

(3.5)

by +b
Tax(b1) + Tax(ba) < 2Tax(%) ,

regardless of the individual income levels. This condition is precisely the requirement
that Tax(-) be (strictly) convex.!*

For reasons of convenience, Becker and Loffler also assume that the tax function
does not change over time. This restriction is less severe than it might appear, since
otherwise the function could simply be indexed by time 7 and all previous considerations
would still apply. More critical, however, is the assumption that the future tax function is
deterministic—that is, that one already knows today how much tax will be owed in the
future for a given tax base. Yet, as we have already noted, there is scarcely any literature
addressing stochastic tax rates, let alone stochastic tax schedules.

When moving from a linear to a convex tax liability function, the effects of nonlinear
taxation can be clearly illustrated. As in Becker and Loftler, we rely only on the principle
of absence of arbitrage, which we have already discussed extensively elsewhere. We now
ask which firm values are admissible under arbitrage-free conditions. The key results
are Becker and Loffler (2024, Theorems 8 and 9), which we incorporate into our model,
using the notation introduced earlier.

At this point, it is useful to change our approach. Until now, we have assumed that
both a firm’s cash flows and its values are given, and that these quantities are related
in such a way that no arbitrage opportunities arise. Becker and Loffler also start from
given cash flows CF, but they do not assume that the corresponding values V; are
already known. Instead, their aim is to clarify which values V; are even conceivable
under no-arbitrage conditions.

Suppose, for instance, that someone were to assign arbitrary numbers—say, numbers
determined by the roll of a die—as “values” V; to a firm’s given cash flows CF;. In
such a case, arbitrage opportunities would materialize, even in a no-tax setting. The
situation should be no different once nonlinear income taxation is taken into account. It
is therefore natural to ask whether, among all conceivable numbers, there are some that
qualify as prices precisely because they do not permit arbitrage opportunities.

It is well established that under a linear tax rate, the Fundamental Theorem (Thm. 3.2)
takes the following form:

_ CFi1 — 1By

T l4rp(1-1) (3.6

t

14 Convexity is usually defined somewhat differently: instead of the coefficients % one uses arbitrary
positive real numbers that sum to one. The formulation employed here is, interestingly, taken directly
from Jensen’s original article in which he was the first to mathematically analyze the concept of
convexity.
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Here, 7 denotes the tax rate, assumed to be constant over time and independent of
the tax base. In the nonlinear case, however, Becker and Loftler take the opposite route.
For any conceivable price V;, they calculate the linear tax rate 7 that would generate
exactly that price. To do so, they rearrange Eq. (3.6) with respect to 7 and solve. As long
as B; # r¢V;, this procedure always works. The resulting number is what Becker and
Loffer call the “implicit tax rate.”

It is worth noting that the computed 7 is not necessarily a value one would ordinarily
regard as a tax rate. It may well exceed 100% or even be negative. What, then, is the
meaning of this 7?7 The implicit tax rate makes it perfectly transparent whether or not
arbitrage opportunities exist. To dig deeper into this point, we must introduce a variable
that has so far played no role in our valuation theory: the initial endowment of investors.

In our earlier use of DCEF, the size of the investor’s wealth—whether buying or selling
a firm—was irrelevant. Since the purchase price could be determined without reference
to it, we simply ignored the investor’s overall wealth. The same holds, incidentally, when
a linear income tax is incorporated into the valuation.

Things change, however, once nonlinear taxes come into play. Whether an arbitrage
opportunity exists may now depend on the size of the investor’s assets outside the firm
being valued but nonetheless subject to taxation. This should not be surprising: the
magnitude of these other assets directly affects the marginal tax rate!

Thus, under nonlinear taxation, we must take into account the taxable income the
investor receives in addition to that from the firm under consideration. In what follows,
we refer to these additional sources of income as the “initial endowment”.

Becker and Loffler (2024) established the following results:

case 1 Suppose implicit tax rates can be evaluated (recall that this is possible whenever
B; # rV;). In this case, it becomes essential to differentiate between two distinct
subcases.

sUBCASE 1.1  If these implicit tax rates coincide with the marginal tax rates
applied to the income from the investor’s initial endowment, then
the market is free of arbitrage.

SUBCASE 1.2 Otherwise there are arbitrage opportunities. '3

In other words, if we look only at the investor’s initial endowment and set the
firm under valuation aside, there is a characteristic marginal tax rate attached to it.
When firm values are then computed from the company’s cash flows, that same
marginal tax rate must be applied. Otherwise, an arbitrage opportunity arises.

case 2  If no implicit tax rates can be evaluated (this is the case if B; = rV;), the only
arbitrage-free prices are those that would prevail in a world without taxes.'®

All of these considerations matter because, taken together, they lead to a simple
conclusion: under a nonlinear tax, Eq. (3.6) still applies. The only change lies in the

15 Tt may well occur—indeed, this is a characteristic feature of nonlinear taxation—that such arbitrage
opportunities are bounded, in the sense that repeated exploitation does not yield unbounded gains. For a
detailed discussion, see Becker and Loffler (2024).

16 This case is of particular interest in the tax literature, as it describes the so-called investment-neutral
taxes.
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tax rate used. It is now a marginal tax rate, determined either by the investor’s initial
endowment or—if none exists—reduced to zero. In this respect, and only in this respect,
the treatment of nonlinear taxation is more complicated than that of a linear income tax.

Let us close with a final remark that goes beyond our discounted cash flow framework.
In this book, we have argued that arbitrage theory can stand independently alongside
equilibrium theory, precisely because it rests on fewer assumptions. The work of Becker
and Loffler (2024) offers further support for this claim.

To see why, consider how equilibrium theory would need to proceed in order to analyze
the effects of nonlinear taxation. The first step would be to describe the equilibrium.
Naturally, it would involve several individuals with different initial endowments—
otherwise, the nonlinearity of the tax would never come into play. But once this
assumption is taken seriously, a logical contradiction emerges.

Consider two individuals whose endowments differ and who therefore face different
marginal tax rates. Following the logic of Becker and LofHler (2024), each individual
would first ask which prices rule out arbitrage. Whether supply and demand balance to
produce an equilibrium can be set aside. The key problem is this: both individuals apply
Eq. (3.6), but each inserts a different tax rate. The prices they compute—prices meant to
rule out arbitrage—therefore differ.

But that, of course, cannot happen in a functioning market. Prices in such markets
are always unique. It is not possible for one individual to acquire a security or a good at
price p, while another pays a different price p’ for the very same asset.

What does this insight tell us? The only possible conclusion is that equilibrium models
cannot accommodate nonlinear taxes and heterogeneous endowments simultaneously
without running into logical contradiction. Together, these features make a unified
modeling approach impossible. Anyone wishing to study the effects of nonlinear income
taxation must therefore turn to a different framework. This conclusion may well come as
a surprise.

3.1.6 Tax Shield and Distribution Policy

In this section we want to characterize the difference in value between an unlevered and
a levered firm.

Let us begin with the firm with full distribution. From Thm. 3.1 together with (3.3),
we immediately get the representation

I ve (7|

C e (=) T (e (1— )T

We get the value of a levered firm in the exact same way from

—1 —1
. B2 |CF,.. | B2 | CF, |
" l4rp(1-7t) T (L+rp(1=7))""
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Yet, we still have to think about how the free cash flows from the firm with partial
distribution differ from those of the unlevered firm. We thereby adopt the following
principle: The first earnings retention takes place in ¢. It is economically unsuitable to
forgo with distributions at the last time # = 7. From that results A = 0. If we compare
the value of the levered and unlevered firm, we then obtain, by applying Rules 4 and 5

(1=7P)E2|(1+7/) Ay = A

Vi =V
R 1+rp(1-17) *
(L-7P) B2 |(1+7y) Ara = Ara| (1= 7P) B2 [(1+ry) Ari ]
+
L+rp(1—7)7 ! (1+rp(1—D)T~

After some minimal reshuffling, the following results

(1-7P) (1+7f) A, .\ EP [%Z’H - (1-7P) Zt+1]

Vi=Vi+
! ! L+rp(l-71) 1+rf(1—7")
1+r 1-7P) ~ =
P
+...+

(Lr (=)™

This brings us to the conclusion

o 71 (l—TD)rfE,Q [Z,]
Vi=Vre(1-7P) A+

1+rf(1—TI)

h(1-7P)ry EtQ [ZT_l]
+...+ - . (3.7
(L+ry(1=77))

This equations shows itself to be the personal income tax pendant to Eq. (2.14). In place
of debt D, (1 — 7P) A, simply enters in, that being the amount by which the maximum
distribution to the financiers is reduced.

Alternative Retained Earnings Policies If we push the logic of tax shields to its
conclusion, we would then have to advise every firm to defer distributions as long as
possible for tax reasons. There is nothing to object to this recommendation within the
framework of our model. We could have also argued accordingly in the last chapter.
It was the debt which brought a tax shield there. And it would have then made sense
to recommend that the firm allow for the maximum debt ratio permissible. As we did
there, we here refrain from such recommendations since we very well know that suitable
advice is unreasonable if it is solely based on tax considerations. That is also why we
want to master the situation differently here. We take the firm’s distribution policy—just
as we did the debt policy in the last chapter—as a given and question how it affects the
value of the firm.
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In what follows, we analyze five payout policies more precisely. Because payout and
retention are complementary, we can equally frame them as alternative retention policies.
We adopt labels for the subsequent characterizations that are easy to remember.

1. Under autonomous retention, a deterministic amount is retained each period.

2. Under cash flow based earnings retention, a fixed fraction of each period’s free cash
flow is retained.

3. Under dividend based earnings retention, retention is chosen so that a fixed dividend
is paid in each of the first n periods.

4. Under market value based earnings retention, the deducted amounts are so chosen
that the relation of earnings retention and equity value remains deterministic.

Another dividend policy becomes relevant under statutory payout restrictions (dis-
bursement stoppages). In many jurisdictions, firms may distribute at most their current
earnings, even when free cash flow is higher. Because such restrictions are difficult to
model, we will not pursue them further.

3.1.7 Examples and Problems

3.1.7.1 The Finite Case

We also reuse the numbers from the two examples in the previous chapter, now in the
context of personal income taxation. We assume that the tax rates on dividends and
on interest coincide and denote the common rate by 7. Because the derivations in this
chapter are formally almost identical to those in the previous one, we could, in principle,
repeat the same calculations, changing only the interpretation of the variables: With
’C"f',u denoting after-income-tax cash flows, kZ-* the after-tax cost of equity, and 7 the
income-tax rate, the calculations for both the finite and infinite examples proceed exactly
as in Sect. 1.3.3 and 1.4.6; only the interpretation of the variables changes.

In the infinite case, despite the formal parallel with the previous chapter, we would
stumble into a pitfall. Analogous to Sect. 1.4.6, we might compute risk-neutral proba-
bilities Q(d) and Q(u) for a given period. The resulting values no longer match those
obtained for the infinite case in Sect. 1.4.6, because the fundamental theorems differ
between corporate and personal taxation. In the former, one discounts at the risk-free rate
7 5 in the latter, at the after-tax risk-free rate r 1 (1 — 7). For the parameter constellation
we chose, this switch can drive the implied probabilities negative—an immediate red
flag for arbitrage.'’

We therefore assume a cost of equity of k&% = 15%. At this rate, the arbitrage
opportunity disappears. With k£-# = 15%, the value of the unlevered firm in the infinite
example is

i (e Il (e
0= L+kEw — (1+kEw)2 (14 kEw)3

17 For details see Prob.3.1.
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100 110 121
= + +
1.15  1.15%2  1.15°

~ 249.69 .

The values 17{‘ and 175 must be recomputed.
All other former numerical values for the infinite example carry over unchanged.

3.1.7.2 Problems

Problem 3.1 In Sect. 1.4.6 we were able to evaluate the risk-neutral probabilities Q1 (d)
and Q1 (u) for the finite example. Show that

Q1(u) = —0.125, 01(d) ~1.125

if a personal income tax with 7 = 50% is present.
Verify that for k- = 15% this arbitrage opportunity vanishes and determine Q1 (u)
and Q1(d). Determine Q2 (dd), Q2 (du), Q2(ud) and Q2 (uu).

Problem 3.2 Prove that the tax shield V/ — V¥ in the case of the personal income tax
satisfies

ol _¥ Q [ A, — A ]
Er Vi - Vil +(1- TD)Et (L+7)A — A

f/'l _ Vu —
Lt 1+rp(1-17) 1+rp(1-17)
Problem 3.3 Similar to Prob.2.8 show that the main valuation Eq. (3.7) can be written
as -
_ _ 1-70 - o (1—TD) T E[Q [AS—AS,l]
V,’:Vt”+1 TAL =
-7 -t A (T+rp(1=7))

3.2 Cost of Equity and Tax Rate

Statement of the Problem In this section, we address a question we have so far set
aside: How do a firm’s cost of equity change when the income tax rate changes? And,
relatedly, how does the value of a fully self-financed firm depend on the income tax rate?
In all previous discussions we held tax rates constant and did not analyze how the firm’s
market value responds to changes in taxation. The reason for this omission will become
clear below.

Anyone who wants to investigate the relation between the tax rate and the value of
the firm must grapple with two problems. On the one hand, one must analyze the effect
of the tax rate on cash flows; on the other hand, the effect on the cost of equity. The first
problem is generally considered straightforward in the literature and therefore receives
little attention. By contrast, how the cost of equity reacts to changes in the tax rate
deserves much more consideration. In what follows, we restrict attention to the case of a
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perpetuity. For simplicity, we assume that both types of income are taxed identically; the
tax rate is denoted by .

Influence on Cash Flows We assume that the expected cash flows are constant. We
further assume that there are no capital contributions or withdrawals and no additional
investments over the horizon. Hence, the free cash flow equals the gross cash flow
multiplied by 1 — 7,

CF, = GCF,(1-7). (3.8)

Influence on Cost of Equity Following Johansson (1969), the literature often posits a
functional relationship between the post-tax cost of equity and the tax rate,'® which can
be formulated as follows: the post-tax cost of equity k£-* depends linearly on the tax
rate 7; that is, there exists a constant k£ such that

kE# = kE(1-1). (3.9)

The constant k¥ is often called the “pre-tax cost of equity,” although this interpretation
is not needed for our argument. We have deliberately refrained from asserting such a
relation.

Eq. (3.8), in conjunction with Eq. (3.9), yields the familiar result that, under the
assumptions made here, income tax is redundant: it cancels out of the valuation
equation,'”

7 _ CF, _ GCF,(1-7) _ GCF,
T kEu T kE(1-71)  kE
But our discussion concerns a deeper matter. We want to critically analyze the linear
relation (3.9).

(3.10)

Stochastic Structure of the Cash Flows There is a strong relation between the cost of
equity and the risk-neutral probability measure Q. We always stressed that earlier as well.
The relation we wish to emphasize here is particularly well captured by Theorems 2.3
and 3.4. If, as now in Eq. (3.9), a statement on the dependance of the cost of equity on
the tax rate is made, then that also implies a relation between risk-neutral probabilities
and the tax rate.

We use an example to show that this relation can lead to a serious problem. To
characterize the stochastic structure of future gross cash flows more precisely, we return

18 Johansson (1969) examined—more generally—whether the formula stated below is actually applicable
and emphasized that several conditions must be satisfied. Consequently, this relation is typically presented
in examples rather than in theoretical chapters; see, e.g., Hillier et al. (2008, Example 14.5, p. 520) or
practice-oriented texts such as Institut der Wirtschaftspriifer in Deutschland (2008, Sect.4.4.2.5) (in
German).

19 There has been a heated debate in the German literature about this relation, and it has found its way
into the documents of the Institute of Public Auditors in Germany (“Institut der Wirtschaftspriifer”,
IdW). For example, Institut der Wirtschaftspriifer in Deutschland (2013, II. Band, Teil A, Rz. 195) notes:
“...1in 1983 it was still assumed that in a number of cases one could forgo the (explicit) inclusion of
the investor’s tax burden, since it has no effect on the firm’s value.” The Institute, however, abandoned
this position in 1997. Since then, an income tax rate of 35% has been used if no other rate can be
identified; see Institut der Wirtschaftspriifer in Deutschland (2000) and Institut der Wirtschaftspriifer in
Deutschland (2013, II. Band, Teil A, Rz. 117).
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to our infinitely lived firm. We assume that the firm’s gross cash flows, GCF +, follow
the binomial process shown in Fig. 1.3.

In order to show that the free cash flows as modeled are in fact martingale-like, we
have to make it clear how the conditioned expectation E; [-] is calculated. At time ¢ the
cash flow 55}7} is already known, and that is why the uncertainty can only relate the
subsequent movement u or d. We thus have, in connection with Rule 2

E, (1 _T)Wt+1] =(1-7)E [@t+1]
=(1-7)P(u)u GCF, + (1 - 1) P(d)d GCF,
- (P(u)u +P(d)d)(1 —1)GCF, . 3.11)

N——— ———
=1+g

Because of (3.8) that is exactly the assumption of martingale-like cash flows.

An Arbitrage Opportunity Now we do not only suppose the existence of one, but of
two firms. Both should be without debt and pursue a policy of full distribution. For the
parameters u, d in the first firm

P(uw)u+ P(d)d =1 = g=0

should be valid. The value of the firm at time ¢ is denoted by V,. For the sake of simplicity,
we designate the cost of equity when taxes are neglected with k; they should remain
constant in time.

The second firm should also possess gross cash flows with the stochastic structure as
in Fig. 1.3. If the cash flows grow in the first firm (that is, move up), then they also grow
in the second firm. If they fall in the first firm, then they also decline in the second. It
can thus be determined that the cash flows of the two firms are perfectly correlated. we
will denote the cash flows of the second firm with CffC’?Z The factors u’, d” are different
from those of the first firm, but

Pu)u’ + P(d)d =1 B g =0

should again be valid. Because of this connection, the gross cash flows do not point to
any expected growth in either case. The second firm’s cost of equity rate when taxes are
neglected is k” and the firm’s value in 7 is denoted with V.

The investor may continue to buy or sell risk-free bonds whose value at time ¢ is B;.
Ignoring taxes, these bonds earn the risk-free rate r .

We use a well-known idea in the literature, pricing by duplication. In this way we
can derive a relationship between the values of the two firms, V, and \7,’ , and likewise
between their costs of equity, k£ and k’. The idea is that one can construct a portfolio from
shares of the first firm and a risk-free bond whose cash flows replicate those available to
an owner of the second firm.

For this purpose, we construct a portfolio that at time 7 holds exactly np risk-free
bonds and ny shares of the first firm. We choose np and ny so that, regardless of the
state that realizes at time ¢ + 1, the following
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By (L+7r(1-1)) +ny (GCFHl(l —7)+ x7,+1) = GOF,,,(1-1)+V/,,

is satisfied. With the help of (3.10), applied to both firms, the equation can be simplified
to

nBy (L+7r(1=7)) +ny (1+ k1 (1=7) Vigr = (L+ k), (1=7)) V/,; .

In the period following from the end of time ¢, there are exactly two possible directions
(up or down) along the cash flow path in the binomial model. That is why the above
condition can be resolved in a system of two equations, which must be simultaneously
satisfied: in the case of an up movement

(L+r;(1=7))ngB +u(1+k(1-t)nyV, =’ 1+ kK (1-1)V/
must be valid, while in the case of a down movement
(L+r;(1=7))ngB, +d (1 +k(1=1)nyV, =d’ 1+ k'(1-1))V,

must be satisfied. These two equations form a linear system that can be solved uniquely
for ng and ny,

V u—u)(1+ K (1-1))
"B, u(l+rs(1-1)

Vi wa+k(1-1)
TV, u(l+k(1-1)

ng:

ny :

All variables are stochastic. They depend upon the firm value in ¢.
Since, by construction, the portfolio delivers the same cash flows at time 7 + 1 as the
second firm, it must—under arbitrage-free conditions—have the same price at time ¢,

ngB; +nyV, =V, . (3.12)

If we substitute the solutions for np and ny into the preceding equation, we obtain a
valuation equation for the second firm. In doing so, V/ cancels, yielding a functional
relation between the cost of equity & of the first firm and £’ of the second,

u—u u u

T+r;(-1) 1+k(-7) 1+k(1-1)

(3.13)

A possible economic interpretation of this equation could consist of the cost of equity
1+ k’(1 - 7) being established as harmonic mean of the cost of equity 1 + (1 - 7)
and 1 + k(1 — 1), whereby this harmonic mean is weighted with the parameters of the
up and down movement.

The following is decisive for this equation: it must be valid for all conceivable tax
rates 7. But that does not work. In addition to the trivial solution 7 = 1 the value 7 = 0
will yield a relation between k and k’. Hence, 7 = 0 and 7 = 1 solve the above equation
already. But, a simple rearrangement shows that (3.13) is a quadratic equation in 7 that
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3.2 Cost of Equity and Tax Rate 167

cannot have more than two solutions! The equation cannot be satisfied for a single further
T.

That violates the no-arbitrage principle, which we always uphold. If the cost of equity
does not satisfy relation (3.13), then the corresponding relation for firm values (3.12)
also fails to hold—allowing an immediate arbitrage. Depending on whether

nBBt + nVVt > Vl’ or nBB[ + nVVt < th

is valid, you must either go short or long with the shares of the second firm and cover
this transaction with the bond and the shares of the first firm.

We asked what connection exists between the cost of equity and the tax rate—a
question we had set aside until now. To address it, we drew on a concept popular in
applied work that posits a simple linear link between the two. We showed that unrestricted
use of the resulting equation can generate arbitrage. The upshot is clear: anyone seeking
to understand how the cost of equity responds to changes in the tax rate should not
rely on Eq. (3.9). DCF theory does not provide an answer here—which is why we have
deliberately avoided the question until now.

3.2.1 Problems

The following problems are devoted to the understanding of the arbitrage opportunity
revealed in this section.

Problem 3.4 One particular feature of our tax system in that section was that only
dividends were taxed. Assume now that also capital gains are taxed. In particular, we
assume that the capital gains (even if they are not realized!) also add to the tax base, i.e.,
instead of (3.8) we assume

——m —— — " ~
CF" = GCF, —T(GCF, V-, )
——
unrealized capital gain

Such a tax system is also called neutral tax system or taxation of economic rent. Show
that if the value of the assets remain unchanged by the tax rate the cost of equity have to
satisfy

kpost-tax — kpre-laX(l _ T)

Remark: It can be shown that if this system is free of arbitrage pre-tax it will remain free
of arbitrage post-tax.

Problem 3.5 In this problem, we derive a relation between firm value and the tax rate
that does not violate the arbitrage principle.

Assume that the risk-neutral probability measure Q does not change with the tax
rate T and that the cash flows form a perpetual rent (no growth). We further assume
that the company has constant pre-tax cost of equity kP***, Using Thm. 3.2, derive
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168 3 Personal Income Tax

the following equation for post-tax value of the unlevered firm that explicitly contains
Jpre-tax.

u_ (1-1)GCF,
t = 1+re(1—
(1 + kpre—tax) + lf-:rf 7) -1

Hint: The heart of the solution is the precise definition of a pre-tax cost of equity. Make
sure that
B2|GCF| | GOR]
(1 + rf)s—t = (1 + kpre-tax)sft

is a good choice.

Problem 3.6 The (pre-tax) gross cash flows from two companies follow the binomial
tree as in Fig. 1.3 and let CFy = 100, ¢ = 0,77 = 5%, k = 15%, u = 10% and u” = 20%.

a) Consider the first company having cost of equity k. Determine the risk-neutral
probabilities Q (u) and Q(d).

b) Use the arbitrage argument above to determine k’.

¢) Assume that for the first company the post-tax cost of equity are given as (1 — 7)k.
Determine the risk-neutral probabilities depending on .

d) Now assume that, for the second company, the post-tax cost of equity is given by
(1 — 7)k’. Calculate again the risk-neutral probabilities depending on 7. Does the
result coincide with ¢)?

Hint: You might consult the finite example from Sect. 2.1.5 on how to calculate Q (u)
and Q(d).
3.3 Retention Policies

In what follows, we analyze alternative earnings-retention policies. With one exception,
we focus on strategies for which the retention rate is stochastic.

3.3.1 Autonomous Retention

The free cash flow of an unlevered firm may be distributed in full or only in part. We
now consider the simplest form of a retention policy, characterized by the firm’s practice
of withholding, as a matter of principle, a fixed amount from the maximum distributable
cash flow each year.
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3.3 Retention Policies 169

Definition 3.2 (Autonomous retention) A firm is following autonomous retention
policy if the retention is deterministic.

The value of a firm which follows this policy is straightforward to calculate. We
employ Definition 3.2 in Eq. (3.7) and get

Theorem 3.5 (Autonomous retention) In the case of an autonomous retention,
the following is valid

I (1-7P)rpA, h(1-7P)reAr_y
Ltrp(L=7) 7 (Lerp(1-70)""

Vf=‘7t”+(1—TD)A,+

Perpetual Firm with an Autonomous Retention If the firm pursues the autonomous
retention in such a way so that A, does not change in time, the last statement is simplified.
We furthermore suppose at the same time that the firm lives infinitely. Notice that the

value of the tax shield in Thm. 3.6 does not depend on the tax rate if 720 = /.

Theorem 3.6 (Constant retention) The firm lives on forever. For constant A, the

following applies
Tl _ Tu —i
Vt = Vt + mA .

The proof of this statement is straightforward.

3.3.2 Example

3.3.2.1 The Finite Example

Let us turn to our finite example. The amounts of retention with the levered firm are
exactly
Ap =10, A; =20, A2=0.

With that we get
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T(1=-1)ryAo T(1=-1)rpA:

T+rp(1-71) (1+rf(l-1))2

0.5x(1-0.5)x0.1x10 N 0.5x (1-0.5) x0.1x20
1+0.1x(1-0.5) (1+0.1x(1-0.5))2

Vi=Vi+(1-1)Ag +

=249.692 + (1 - 0.5) x 10 +

~ 255.38

for the value of the levered firm.
In order to establish the value of the levered firm in the infinite example, assuming
A =10 and using the statement from Thm. 3.6 we get

Vi=V§+A=510,

which is independent of the tax rate as mentioned earlier.

3.3.3 Retention Based on Cash Flow

The next policy concerns the case where a fraction of the distributable cash flow is
retained.

Definition 3.3 (Retention based on cash flows) A firm is following an earnings
retention policy based on cash flows if the retention is a determinate multiple of
the free cash flow of the unlevered firm,

== —u
At = CFt o
a; is a number greater than zero.

The value of a firm which follows this policy is easy to calculate. We employ
Definition 3.3 in Eq. (3.7) and get

_ _ ! E? [Tlrf (1 - TD) g,] EtQ [TIVf (1 - TD)XT_l]
V,‘:Vt”+(1—-rD)A,+ - o4 —
1+rg(1-71) (147 (1-71))
- —w tlry(1-7P)a,CF}
:Vt”+(1—TD)a,CFt+Trf( S A
1+rf(1—‘rl)
TIrf(l_TD) EtQ [a,+16‘ﬁj‘+1 N EIQ [aT,la‘ﬁ;_l]
Lhrp(L=al) | T4rp(1=70) 77 (Larp(a-71))T!

All we need to do now is to use Thm. 3.4, and the following statement is already
proven.
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Theorem 3.7 (Cash flow-retention) In the case of a retention based on cash flows,
the following is valid

(L+rf) (1-7P) afCT'?

Vi=Vvi+
! ! L+rp(l-77)
Tlrf (1 _ TD) Et [at+1 a??+1 Et I:aT_l Eﬁ;_l]
L+rp(1-71) 1+ kEu T (L4 kBTl

Perpetual Firm with Constant Retention If the firm follows a cash-flow—based
retention rule such that the retained share a > 0 is constant over time, the preceding
statement simplifies. This simplification, however, requires an infinite horizon: with a
finite lifetime one must have a7 = 0 at the terminal date, so a constant retention rate is
no longer meaningful. The following result is stated under these assumptions.

Theorem 3.8 (Constant retention rate) The firm lives on forever. For constant a,
the following applies

Tlrf(l—TD)(l ~u (1+rf)(1—TD)a~u
— |V CF, .
L+rp(1-7) L+rp(1-71)

Vi=|1+

The proof of this statement is simple. We only need to employ the constant retention
rate,

(1+rf) (I—TD)Qﬁ;‘ Tlrf (1—TD)Q’ > EI[CFS]
+ )

f/'l:f/'u
P L+rp(l=71) L+rp(L=7l) &4 (1+kEu)s~t
e, (L+ry) (1—TD)afCTF‘; .\ lrp(1-tP)a-,
! L+rp(l=7T) L+rp(l-7)
And that was it. ]

3.3.4 Example

Let us turn again to our finite example. The retention coefficients with the levered firm
are exactly
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ag=0%, a1 =10%;, a9=20%.
With that we get

(L+rf) (1 =1)aoCF} trp(l—-1) E[’C‘ﬁbll]

vi=v4 4+ +
0= "0 1+r(1-17) Trrp(l—1) |1+ kEw
+ —_—
P21+ kEw)2
0.5 0.1 (1-0.5) 100 110
=249.692 +0 + x10.1 % +02X ——m
1+0.1x(1-05) ( 1+0.15 (1+0.15)2)
~ 250.29

for the value of the levered firm.
In order to establish the value of the levered firm in the infinite example, we use the
statement from Thm. 3.8 and get

Vé _ (1+ rp(l-1) a) g (1+rf) (1-7)a
1+rp(l-1) l+rp(l-1)
_ (1+ 0.5x0.1x(1-0.5)
1+0.1x(1-0.5)
~ 558.33 .

CF!

(1+0.1)x (1-0.5)x0.5

100
1+01x(1-05) |

X 0.5) x 500 +

3.3.5 Retention Based on Dividends

Valuation Equation We now want to look at a retention policy in which a prescribed
(pre-tax) dividend is distributed for a period of n years. At the end of this period, the
firm should switch to a policy of full distribution. In the following, we assume that all
decisions about the firm’s investment policy have already been made. However, the firm
cannot pay dividends if the free cash flow is not large enough. It is thus recommended to
require that the free cash flow be higher, or at worst equal to, the planned dividend. If
the two amounts do not match, the difference is withheld. Repayments of this difference
are then available as additional distribution potential at time 7 + 1.

Definition 3.4 (Retention based on dividends) A firm is following a retention
policy based on dividends if a prescribed deterministic pre-tax dividend should be
payed in the first n < T periods,

45

_ 1 —u — ,
A[ = l_TD CFI +(1+r171)A171— DlVl»
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forallt=1,...,n

Readers who still remember details from Sect. 2.6.1 and 2.6.3 of the previous chapter,
will hardly be surprised by the assertion that a general valuation equation is only possible
through the inclusion of derivatives which we believe are not always traded in the market.
Such complications can only be avoided if we introduce an additional assumption.

Assumption 3.2 (Non-negative retention) Az no time does the prescribed dividend
policy lead to the retention amount being negative,

’C‘]E’IuZDivt Vi<n.

1-7D

The maximum function in Def. 3.4 is superfluous under this simplified assumption,
and we can prove that the following statement is valid.

Theorem 3.9 (Retention based on dividends) The following applies in the case
of a retention based on dividends, if the dividend is not greater than the free cash
flow of the unlevered firm for all times before T,

. . 1+r n—t+1~
V= yu g o (].—TD) (—f) A+
1+rf (1—7‘1)

n ( E,[CFTF‘:] (1-7P)Div, (1+( T4rp ))n+1v) .

1 _ T
YOrs 2 TR T G ey T (LT

The proof is found in the appendix. In our opinion it does not make sense to
generalize the above statement to the case of an infinitely lived firm with a perpetual
constant dividend (n — o0), since we otherwise fall into conflict with the assumption of
transversality. We already pointed this out in a similar context in Sect. 2.6.3.

3.3.6 Example

Let us work on the basis that the firm will pay the following pre-tax dividend:

Ag =0, Divi =Divy=40.
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If the tax rate amounts to 50% , Assump. 3.2 is satisfied. Under these conditions we get
the following for the value of the levered firm

Vé =Vy +1ry

E[CFl_ _ (1 -71)Divq 1+ry 2
1+kEu 1+ (1-1)ry 1+(1-1)ryf

+Trf

E [6]5;] (1 —7)Divs 1+ry
(1+kE,u)2_(1+(1—T)rf)2 ( 1+(1—T)}’f)

and from that

V) =249.692

1%0. - T+(1-05) x0.1
+0 ><05><(1+0.15 14+4(1-0.5)x0.1 1+(1-0.5)x0.1

110 (1-0.5) x 40 . 140.1
(1+0.15)2  (1+(1-0.5) ><O.1)2) ( "1y (<05 xO.l) :

2
100 (1-0.5) x 40 )x(1+( 1+0.1 ))

+0.1><0.5><(

That results in
Vi~ 263.47

for the levered firm.

3.3.7 Retention Based on Market Value

Valuation Equation A retention policy could take the following form: management
withholds a fixed share of the levered firm’s value each year. The greater the firm’s value,
the greater the retained amount. The idea is to finance the firm’s growth internally at a
constant intensity.

Definition 3.5 (Retention-value ratio) The firm is following a retention policy
based on market values if the relation of retention and value of the firm

~_Xt
t th

is deterministic.

We again use the symbol for leverage here, since, as we will soon see, an equation
equivalent to the WACC approach can be derived with the help of this ratio. This justifies
the designation of this retention policy.
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Theorem 3.10 (Retention based on market values) In the case of a retention
policy based on market values, the following is valid for the levered firm that bears
no debt

_ & B M2, (1= (1-7P) 1) CF|

vi= )

s=t+1 Z;} (1 + kh)

il

whereby

e rEy(y o Q) (127
1+kp=(1+k )(1 T lh).

The last equation resembles the Miles-Ezzell formula.?’ In order to prove Theorem
3.10, we use Eq. (3.7) for V!

+10

0 _
- _ o\~ B, [‘rlrf (1—TD)A,+1]
Vt+1_Vf+1=(1_T )A’+1+ L+ry(1-7f) "

EZQ_'.1 [Tlrf (1 - TD) AVT,l]
+ T-t-1
(L+rf(1-71))

)

out of which with the rule for the iterated expectation

B (7L, -V, | B [01-7°) A
L+rp(l-71) L+rp(l=71)
EtQ [Tlrf (1 - TD) A-z+1] EtQ [Tlrf (1 - TD) A'T,l]
+ 3 +...+ -
(L+rp(1=7T)) (L+rf(1=7T))

E?[Tlrf(l—TD)gx—(1—TD)A~t+1] D\ T

L+rp(1-7T) + (1_T )At
to both sides, then we can again under application of (3.7) bring the above equation into
the form

results. When we now add the expression

EC |V, - V"

t+1 t+1

+(1=7P) (L) & = (1= 7°) Ao
L+rp(l-=7)

=V -V,

With the help of the Fundamental Theorem 3.2, we can eliminate 17}’ and V4

1 1 from
the last equation for the unlevered firm and get

20 See Theorem 2.13.
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EQ [ 41 T 67/Ft+1 - (1 _TD) Avt+1] (1 _ TD) (1 " rf) ;t
+ .

-
d L+rp(1-71) L+rp(l-7)
Since the retention-value ratio is deterministic, we have

o (=) (L) 1V B2 V2, + CFfoy = (1= 72) L1V |
g L+rp(1-71) B L+rp(1-71) '

1- (1 T )(1+rf)

We now divide by the factor ( Terp(1-77)

lt) and get the recursion equation

2| (1= (1=7P) 1) T,y + CF),
L+rp(1=-7l)=(1=7P) (1 +rf) L,

S

: =

When we apply this repeatedly, the following then results>!

oy EQ[Hh o (1= (1= °) 1) CF|
Vi= 2 wot (Lry (L=7!) = (L=7P) (Lrp) 1n) -

s=t+1

With the help of Thm. 3.4, the following ensues

4 E, [Hh t+1 (1 - TD) lh) ’C‘Fu]

s+ [T, ((1 + k(1 - (g OS] ))

L+rp(1-7T)

W:

That is the assertion of the statement.

3.3.8 Examples and Problems

3.3.8.1 The Finite Example

We assume a constant retention-value ratio of
lo=1l1 =1, =10%.
The following then results for the cost of equity

(1+rf)(1—T)

-1
1+rf(1—T)

ke = (1+ k5" (1 -

2! By definition, [1%_,,; x5 = 1.
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(1+0.1)x(1-0.5)
© 1+0.1x(1-0.5)

= (1+0.15) x (1 ><0.1) ~1~8.976% .

With that we get the value of the levered firm with

E [517“1] (1-(1-71))E [’C‘F;‘] (1-(1-1))(1-(1-1))E [EF;‘]

Vl_

= —+ +
0 1+k (1+k)2 (1+k)3
100 (1-(1-0.5)%x0.1)110 (1 - (1-0.5) x0.1)2 x 121
~ 1+0.08976 (1 +0.08976)2 (1 +0.08976)3
~264.14 .
In the infinite example, we again use
Iy =10%

resulting in

(L+rf)(1-7)

kS=(1+kf’“)(1— T, (=1) ls)—l

(1+0.1) x (1-0.5)
-~ (1+02)(1- 1) —1~0.13714.
(1+0 )( T+01x(1-05) " y adl
We thus get
l iE[a—(l—r)l)f—lEFf] ) E[’C‘F”{] E[Eﬁ”{]
VO: = =
2 1+ k) = (-0l 5 =1 k+ (-0
100

=0534.35.

T 013714+ (1-05)x 0.1

3.3.8.2 Problems

Problem 3.7 Consider the example of the unlevered firm in this section. Assume that
the firm’s funds are invested in risky assets. Let Ag = 0. What are the highest possible
retentions at times ¢ = 1, 2? What is the firm’s value if it institutes these retentions?

Problem 3.8 Consider the case where retention is invested in risk-free assets. Write
down the valuation equation similar to (3.7). Determine the value of the levered and
perpetual company if the firm follows an autonomous retention with constant A;.

3.4 Further Reading

The literature on personal income tax is scarce. Miller and Modigliani (1961) dividends
story is a predecessor of our handling of tax shield and distribution policy. Miller (1977)
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investigated an equilibrium model where a corporate and a personal income tax are
present. The papers by Sick (1990), Taggart Jr. (1991) and Rashid and Amoaku-Adu
(1995) considered personal income taxes in a valuation setup. The relation between
tax and arbitrage (and in particular a Fundamental Theorem with income taxes) is
also developed in a paper by Jensen (2009). Lally (2000) develops the DCF valuation
implications with personal and corporate income tax where an imputation system is
applicable. Fernandez (2004) discusses the effect of different retention policies on the
firm value.

The so-called “lock-in-effect” designates a situation where the owner of a company
retains parts of the distributable cash flows due to personal income tax savings. If the
tax rate differs across individuals people with high tax brackets hold assets with low
dividends and people with low tax brackets hold assets with high dividend yields. This
“clientele effect” is widely discussed in the literature.
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Chapter 4
Corporate and Personal Income Tax

Abstract This chapter extends the valuation framework to cases in which both corporate
and personal income taxes apply.

Building on the earlier distinction between the two tax types, it analyzes their interaction
under the classical system, in which dividends and interest are taxed differently.

In the final chapter of this book, we examine how to value a firm when taxes apply at
both the investor and corporate levels. Attentive readers of Chapts. 2 and 3 might expect
a discussion of alternative financing (Chapt. 2) and dividend (Chapt. 3) policies. We will
not pursue that here, nor will we catalog the countless possible combinations. Instead,
we confine ourselves to a tractable example. We conclude with brief guidance on how to
proceed under other financing and dividend policies.

4.1 Assumptions

In this chapter we define an unlevered company as one that fulfills the following two
conditions. First, it must be entirely self-financed; second, it must distribute all free cash
flow to shareholders. If either attribute does not hold, we switch to discussing a levered
company. As in Chapts. 2 and 3, we use the symbols u and / to distinguish the two cases.

In what follows we will begin by characterizing a tax system, which will be used in
our example.

Corporate Income Tax The corporate income tax has the attributes mentioned in
Chapt. 2: the tax is measured by the company’s profit, the tax scale is linear, and the tax
rate, denoted 7€, is independent of time. Furthermore, taking out loans at time 7 — 1
provides a tax advantage equal to the product of the tax scale and interest, 7€ 1.

Personal Income Tax The personal income tax follows the model in Chapt. 3. On
the assessment basis, we consider dividends and interest, which are taxed differently:
dividends at rate 7° and interest at rate 7/. Such divergent treatment of income categories
exists in several industrial nations. Both tax schedules are linear, and the rates are time-
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182 4 Corporate and Personal Income Tax

invariant. If the company does not distribute its entire free cash flow, retention generates
a tax advantage of A;.

Interaction of Both Taxes As we excluded one of the two tax types in Chapts. 2 and 3,
we did not have to address how the two interact. Here, that interaction must be considered.
To that end, we adopt the perspective of a shareholder whose income consists solely
of dividends. For dividends to be paid, the company in which the shareholder invests
must first earn profits. These profits are subject to corporate tax. Consequently, any
distribution to the shareholder has already been taxed once at the corporate level, and
the company can distribute only what remains after corporate tax. If the shareholder
must then pay personal income tax, the tax authorities effectively access the dividend a
second time.

The legislature has two ways to address this situation. Either it treats the corporate
income tax already paid (in whole or in part) as a first installment—an approach known
as indirect relief,! or it provides no such allowance, which implies double taxation of
dividends.> Occasionally, jurisdictions attempt to combine both concepts. As a rule, this
is implemented by taxing dividends more lightly, especially relative to interest.?

In our examples, we assume the classical system with distinct tax rates for dividends
and interest. Further guidance on handling alternative indirect relief policies or financial
systems can be found in Cooper and Nyborg (2006), Husmann et al. (2006), and Lally
(2000).

4.2 Identification and Evaluation of Tax Advantages

Gross and Free Cash Flows Our aim is to evaluate the tax advantages of the levered
firm, especially relative to the unlevered firm. As in the preceding chapters, this can
be done in two steps. First, we identify the tax advantages in period ¢. Second, we
value these future tax advantages at the evaluation date. To determine their magnitude
precisely, it is helpful to consult Fig. 4.1.

It shows how to get from gross cash flow to the free cash flow of the levered company.
Under our assumption, the levered company’s gross cash flow equals that of the unlevered

—1
company. The same holds for investment expenditures. Note that (as in Chapt. 3) CF', in
Fig. 4.1 does not represent all payments to investors, but only payments to shareholders.

Tax Shields Let us now have a look at the distributions of the levered company. We
intend to compare these payments with those of an unlevered company. The unlevered
company is able to pay the following amount to the shareholders,

—— P.,u

CF! = GCF, - TEx,C’“ - Inv; — Taz, . (4.1)

I'In Italy, Japan, and New Zealand, for example, a form of indirect relief was in use as of 2004.
2 In 2004, the “classical system” was adopted in Belgium, Denmark, and the USA.
3 In 2004 adequate solutions to this problem were in existence in Germany, the Netherlands, and Greece.
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Fig. 4.1 From pre-tax gross cash flows to post-tax free cash flow.

Gross cash flow before taxes /G‘C?,
—  Corporate income taxes T&Ec,c
—  Investment expenses I?LZ;t
—  Interest (Creditor’s taxable income) 7t
—  Debt repayments -D; +D;_,
—  Retained earnings A,
+  Cash flow from retained earnings (1+7-1 )Zt,l
—  Shareholder’s personal income tax mf)
= Shareholder’s levered post-tax cash flow ‘C‘F'i

Due to the indebtedness of the levered company the payments to the shareholders will
diminish. In addition, a part of the cash flow is withheld. The following equation for the
payments to the shareholders of the levered company can be derived from Fig. 4.1,

—1 — —~ —~ —~ ~ . N
CFI = CFI:_ Il +Dt—D,_1—A,+(1+rt_1)At_1
~—Cu ~Cl ——Pu Pl
+ Taz, g Taz, + Tax, y - Taz, . (4.2)

Here we can find two tax shields, a corporate income tax shield and a personal income
tax shield. In our example we want to focus on a case in which both the indebtedness and
the retention are constant over a specified period of time. Hence the following always
applies, _

D,=D, A =A. (4.3)

Now, let us address the tax shields.
The earnings before taxes determine the corporate income tax. Consequently, analo-
gously to Chapt. 2, the following applies

—C,l —_—l
Tax,” =tCEBT,

c (gzpt ~
T (EBT, —rpD+ r,_lA)
- C, —~
= Taz, - TCI"fD + ‘rcr,_lA .

The personal income tax follows the classical system and is based on distributions. When
we look more closely at the underlying items, we see that the shareholder’s tax base in
the levered company decreases by the amount of interest payments and increases by the
proceeds from retention. For the creditors, however, the tax advantages from borrowing
must be added. These are partly risky and partly risk-free. Thus, the appropriate tax rate
must be applied as follows,
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—~—Pl —~—Pu —
Tax, = Tax, —TIrfD+TDr,_1A+T T VfD—T D _1A

%f‘u—rl(l—rc)rfD+T (1—‘r )7;_1A.

Finally, both equations add up to the entire tax shield of the levered company.* For
this purpose we will concentrate on Eq. (4.2) and will take advantage of the fact that
indebtedness and distribution remain unchanged over time,

—_— — —Cu ~—Cl ~—~—Pu ~—~—Pl
CFI=CF,u—rfD+r,_1A+ Taz " - Taz ~ + Taz " - Tax

= FC??— (1—T1) (1—Tc)rfD+ (1_TD) (1—TC)7I_1A
0, [GF!] = 52, [F!] + (1-2) (1-5) rya

(=) (=) D

The difference of both equations is now easy to determine. All we need to do is to
make use of the Fundamental Theorem (3.2), which applies to the levered as well as to
the unlevered companies.

Once again, we must account for an important detail already mentioned in the previous
chapter. We denoted the cash flow of the unlevered company—one that follows a full
payout policy—by FC‘F’? As noted earlier, this refers only to the cash flow accruing to the
owners; payments to creditors (interest and/or amortization) have so far been excluded.
To determine not only the value of equity but also the value of the entire firm, we must
include payments to all investors. It would therefore be incorrect to focus solely on ’CTF?

Here we technically have two possibilities: on the one hand, we could focus on the
owner’s income and then add D;. On the other hand, we could calculate the payments
to all financiers by adding the interest payments and amortization to CFt , and then
subtracting the personal income tax that creditors must pay. Both methods lead to the
same result, by the Fundamental Theorem of Asset Pricing. Correspondingly, this applies
to the levered company as well.

According to this, the difference between the values of the companies concerned is
equal to the sum of the discounted tax shields plus the market value of the debt,

- P) (1= rA= (1= 7) (1 1) D]

Vi=V*+D+ Z

— “4.4)
e (1+rf (1)
~ = 1- 1- > 1— 1—
=V/+D+ L= IT —Z s ,TA)_, f
s=t+l(1+rf(1_T s=t+1 1""’f 1_7))
_ 1- 1- 1-71)(1-7€
=v;‘+D+( ) T)rfA——( sl T)rfD
re(1-71) re(l=71)
— 1-7P)(1-+C€
gy LU= epy
1-71

* The argumentation is equivalent to the Eq. (3.2).
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4.3 Conclusion 185

This describes a more general view of the findings of the precedent chapters (Modigliani-
Miller Theorem 2.7 and Thm. 3.6).

4.3 Conclusion

In the previous paragraph, we valued a company assuming that taxes are levied at both
the corporate and investor levels. Under specific assumptions about the firm’s lifespan
and its debt and dividend policies, we derived a simple valuation equation. The remaining
question is how to proceed when the debt and dividend policies deviate substantially
from those assumptions.

For this purpose we analyze Eq. (4.4). Under our specific assumptions, it allows us
to assess the value difference between the levered and unlevered firm. With different
assumptions about debt and dividend policies, the equation can be adapted by identifying
the tax advantages associated with the chosen policies. The expectations then apply to
future debt D, and future retention At, and must be taken under the risk-neutral measure
Q. In practice, however, the evaluator typically does not know this measure, leaving the
equation elegant but not operational.

In a first step toward deriving a valuation equation (under the subjective probability
measure) it is important to posit a linear relation between the future amounts of debt
D,, the future amounts of retention A,, and the unlevered firm’s cash flow CF S If we
succeed in this step, the valuation equation can be written as follows,

; X1 EQ [TFT] XT-1 EQ [ﬁ;—l]
Vo = V¥ +x9Dg + x)Ag + + ..+
00 O W (1)) (147, (1-7))7

In this case, we assume that the current amount of debt and the current amount of
retention are given as known factors. The parameters x; are expressions of deterministic
variables that describe the linear relation between the amounts of debt and retention, on
the one hand, and the cash flow of the unlevered firm, on the other. Unfortunately, we
cannot characterize them more precisely at this level of generality. With this, we reduce
the evaluation of the tax shield to determining the expected values of future cash flow
under Q.

Finally, we need to eliminate the risk-neutral probability measure. To do so, we use,
in a second step, the assumption that the free cash flow of the unlevered company is
martingale-like. Under these conditions, the cost of capital of the unlevered company
provides suitable discount rates. We can then obtain realistic valuation equations that
rely only on known variables (subjectively expected cash flow, cost of capital of the
unlevered company, tax rates, and interest rates).

Consequently, by proceeding as described, we can value firms operating under
alternative financing and dividend policies. First, we must identify the resulting tax
advantages. Next, the future amounts of debt D, and retention A, should be linked

3 For a similar approach in continuous time see Grinblatt and Liu (2008, Chapt. 1.C).
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linearly to the unlevered firm’s future cash flow. Finally, we evaluate the corresponding
expectations of this cash flow, using the unlevered firm’s cost of capital as discount rates.

But the limits of our approach are evident. Whenever we cannot construct a linear
relation, the concept collapses. Such situations are easy to imagine—for example, when
a firm’s future investments follow a stochastic process independent of cash flow and
managers commit to financing investments exclusively with equity. In that case, the
future amounts of debt cannot be expressed in a linear relation with cash flows, and our
approach will not yield the desired result in which the tax shield is determined solely by
the cost of capital and the subjectively expected values of future cash flows.

4.4 Problem

Problem 4.1 Evaluate the value of the levered company in the infinite example using
all our assumptions (from autonomous debt and retention) so far.
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Chapter 5
Proofs

Abstract This chapter contains proofs of the main theorems.
5.1 Williams/Gordon-Shapiro Formula (Thm. 2.2) and Equivalence
of Valuation Concepts (Thm. 2.3)

Proof. We start with the proof of Thm. 2.2. From the valuation equation (Thm. 2.1) and
the Assump. 2.1

T E b‘ﬁu T s—t At T s—t
i = Z t[ ‘s] _ Z (1+g) ' CF, :a};u Z ( 1+g )
t s=t+1 (1 + kE’u)Sit s=t+1 (1+ kE)st ! = 1+ kEu

But this equation says exactly that the firm value is a deterministic multiple of the cash
flow. Using transversality this also applies for T — co where the sum converges to

k,}jﬁ < Thus the Thm. 2.2 is proven. i

Now we prove Thm. 2.3. The following results from the definition of the cost of
equity of the unlevered firmifz+1 < T

B, [Fyy + V|

Vi = by Def. 2.1 (5.1)
! 1+ KB

= 1+g At

E; [CFz+1 + mCqu]
= 3 by Thm. 2.2
1+k"
1+o —u
(1 + kE,Jerg_g) E; [CFt+1]
1+ ktE’“ '

The following is likewise valid if t + 1 < T

187



188 5 Proofs

B2 |CF, V|

= by Thm. 1.2 52
Vz 1+ ry Y m ( )
——u
(1 + ksl,ﬁg) E2 [CFZ+1] o A
= Ty y Thm. 2.2 .

The comparison of both terms results in

E; [FC\F?H] ~ EP [5[511]

L+kEuw 147y

and this also holds for 7 + 1 = T from transversality. And that is already the proposition
of the theorem for s = ¢ + 1.

We go back to Eq.(5.1) and (5.2) and remove the terms already shown to be identical.
There then remains

E, [V, ] _ E2 V4]
14 kEu 1+ry
or
Ers1 [CFTF'?+2+V£2] 0 EtQ*fl[C?ﬁ;‘*frV;iz]
o T E; - 1ty
1+ kEw - 1+7r,

The law of the iterated expectation as well as the fact that the dividend-price relation is
deterministic establishes

Et [(1 + k};}%) 67F:ZQ] _ EtQ [(1 + 8 )6}?12]

kE,u_g
(1 + kE-w)2 B (1+7rp)2
After shortening of (1 + kEl:‘g: g), that is the claim of the theorem for s = # + 2. The

propositions for s = ¢ + 3, ... can now be proven analogously. |

5.2 Valuation Formula with Investment Policy Based on Cash Flows
(Thm. 2.19)

Proof. With the following proof you have to make an effort to keep an overview. We begin
with showing the difference between investments and accruals. Because of Def. 2.10
and because there are only non discretionary accruals, for the time being we could write

— - 1 — —
Inv, — Acer; = Invy — — (Invt_1 +...+ Invt_n) .
n
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Now it makes sense to use Def. 2.13 and replace fﬁ?}s with a; 6’?? That, however, fails
in that for investment amounts that are not in the future, we have to take historical real
numbers and can only use free cash flows in relation to future investments. With

~ {055}7?, ifs >0
Hs = '

Invg, else

we get for all 1 > 1 equation
R — ~ 1/~ —
[n'l)t - ACCTt = Ht - - (Ht—l +...+ Ht—n) . (53)
n

Taking advantage of this relation, we get the following for the firm’s book value using
Thm. 2.15 (operating assets relation) and Assump. 2.9 (subscribed capital) as well as
Eq. (2.34)

Ei:ﬂ)"'ﬁlof'“ +et1 (%1—Accr1)+...+(%,—Accr,)

t

= Vl + eo . + v Accrl) L+ (fﬁ?}t - Accr,)
t 1 s—n
_y! 7
Vel Z( Y Hr)
=1 r=s—1
1<y st
_y! )
=Vytey, + . Z Z
s=1 s=1r=s—
t _ 1 t n-1 _
=Vy+eh, +y Hy—~ Z Hyvsp - (5.4)
s=1 L =1 r=0

We will now rearrange the double sum. To this end we determine the number of
possibilities to represent a given number a as a sum a = r + s such that the first summand
r is between 0 and n — 1 and the second summand s is between 1 and ¢. We first show
that A(a) is given by

a if 0<a<min(t,n),
min(¢,n) if min(z,n) < a < max(t,n),
n+t—a if max(t,n) <a<n+t,

0 else.

To this end write a = r + s as a sum of ones with a separating vertical line between r

and s
r N

11 1 11 1111

a
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The separating line cannot lie left from the first one (because r > 0) and cannot lie right
from the last one (because s > 0). Hence, there are exactly A(a) = a possibilities; this
explains the first row of our definition. If @ increases by one the quantity A(a) increases
by one as well.

If a gets above min(n, t) then A(a) remains at its current level. This is so because
the vertical line cannot occupy all available positions. If, for example n < ¢ and therefore
n < a, the vertical line cannot be right from the n-th one since we must have r < n. The
argument is analog for n > ¢. This explains the second line of the definition.

The third line of the definition can be understood as follows. Look at a representation
r + s where the vertical line is farthest to the left. Because a is greater than n and ¢ by
adding an additional one to the right this representation violates our rules since s gets
too large. Hence, increasing a by one decreases the number A(a) by one. This finishes
our proof of A(a).

Now (5.4) can be simplified to

t n+t—1
Vi =Vo+ep, + Z Hy=~ 3 Al@)Haon
a=1 a=1
t
/ A(a +n) A(a +n)

:ZO+£O,1_ N Ha+z( n a

a=1-n a=1

A(s + d A(s + —
- v, "‘ecn Z (s n) Z( %) CF, . (5.5)
=1- 1

This equation can be simplified even further. To this end we will look at the distinct
cases.
First let n < t. Then from the definition of A(s + n)

s+n if O<s+n<n
A(s+n)=<n if n<s+n<t
n+t—s—-n if t<s+n<n+t

s+n if —-n<s<0,
n if 0<s<t-n,
t—s if t—-n<s<t.

We will treat the second and the third summand separately. Because the index s in the
first summand runs from 1 — z to 0 and the index in the second summand runs from 1 to
t — 1 (5.5) simplifies to

0 t
~ A A —
Zt:KO+£6,Z_ Z (S+”) Z( (s+n))a'sCFs
1
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t—n

:ZO+£6,I_ Zol s+n[nvs+2(1——)asCF

s=1-n s=1
t
r—s
+ Z (1 )a/SCF
n
s=t—-n+1
0 '
s+n n—t+s —
=Vo+eh, - Y Invg+ Y ——=a,CF; . (5.6)
; n n
s=1-n s=t—-n+1
Let now n > t. Then from the definition of A(s + n)
s+n if O<s+n<t
A(s+n) =1t if t<s+n<n
n+t—s—-n if n<s+n<n+t
s+n if —-n<s<t—-n
=4t if t-n<s<0

t—s if O<s<t.

Again we will treat the second and the third summand separately. The index s in the first
summand runs from 1 — » to 0 and in the second summand from 1 to r — 1. Hence, (5.5)
simplifies to

t-n 0
~ A(s +n) A(s +n)
_ l
Vi=Votey, - Z Tlnvs— Z Tlnvs
s=1-n s=t—-n+1
t
A(s + —
+ Z ( (s n))as CFy
s=1
& os+n 9 ¢ J t—s —
—V +gOt Z " ITM}S— Z ;Infvs'}"Z(l_T)aSCFS
s=1-n s=t—n+1 s=1
0 . t
min(s + n,t) n—t+s —
=Vy+eh,— > " I, + > ———a,CF, . (5.7)
s=1-n s=1

Now we are able to rejoin both cases n < ¢ and n > t. The Equations (5.6) and (5.7)
yield in compact notation

t

0 .
min(s + n,t n—-t+s =
NI Sl LI VRN S Il A LY 2}

n
s=1-n s=1+max(t-n,0)

:=Z’6[
The first three summands will be designated as ZSI' Economically, this term concerns

the amount which the firm’s book value would be if up to time ¢, there are exclu-
sively increases in subscribed capital and no single investment. That leads us to the

Page: 191 job: S-DCF macro: SNmono.cls date/time: 15-Mar-2026/8:28



192 5 Proofs

representation

t
~I il n—(t-s) —=u
Poyie Y M09, op
s=1+max(r—n,0)

When we use the agreement g = 0 for s < 0 (@ was up to now only defined for future
times) this equation becomes

zi =Vi+ %a‘ﬁ‘?at + CFY Jay1+...+ %6133‘+,_na1+,,n (5.8)
and we will from now on use this form.

The valuation with a policy based on book values is now finally successful by means
of this representation. For that purpose we use everything that we have. Look at the
valuation Eq. (2.14) which is valid for every conceivable financing policy and onto
which we want to fall back now. With means of financing based on book values, we have
at all times

=1 V

—-t—t °

which with (5.8) and using Assump. 2.7 leads us to

l *l
VO - VO +Trf1 Ty Z (1 +rf)t+1 [V A CF @
n—1—u 1 —u
+ CFt 1Q-1+ ...+ ;CFt—n+1af—n+1]
=V 4+ + +
0 Trf s Z (1+Vf)t+1 (1+rf)’ 1+rf
—u ——u
EQ [CFI—l] nT_la’t_l EQ [CF1+t—n] %014_[»_"
(1+rf)’*1 (1+rf)2 (1+rf)1+’*” (1+rf)”

We are now using the Assump. 2.1 and the Theorem 2.3 based on it. That allows for
the representation

I T- yol B|CF;|
Vo=V + +
0= "o Trfl Z:1 A +rp)t - (L+ kEw) 147,
E [CFt—l] nTila't_l E [CF1+t—n] %a1+t_n

T+ kBT (1472 T (L KBy (L rp)n

T- V*l
_VO +Trf1 Zl[ (1+rf)t+1
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-1, E [CF] ny Ckz_lE[,CTF,u_J n-1y

+ +
Try IZ; (1+ kEuyt 14 ry (14 kEuy=1 (1 + rf)2

@11-n B [FFbllH—n] %ll
(1 + kE,u)1+t—n (1 + rf)n

Lastly, we only have the terms in the last two lines to concentrate on. We are obviously
looking at a double sum. To simplify its representation, we have to consider, how often
. . . . B [ CA'??]
an expected cash flow comes up. It is recognized that the coefficient in front of TTkEEy

appears with the expressions

-1 1
ol nT£t+1 Z£n+t—1
L+rf’ (1+rf)2’ T (M4

Again, this requires that coefficients [ with an index greater than 7' — 1 are set to zero.
We get

VO_V”+Trf +Trfz_t (1+rf)’+1
T-1 n- 1
+ 17 @ B [CFI] th T£t+1 Z£n+r—1
P L (T kEayt \Tary " (L41p)2 A+rp) ]’
where [ = 0 for s > T. With that Thm. 2.19 is finally proven. O

5.3 Adjusted Modigliani-Miller Formula (Thm. 2.20)

Proof. Many factors remain constant in the theorem. More than anything, that affects
the debt ratio /, the investment parameter o and the subscribed capital. Beyond that, it is
assumed that the firm to be valued exists without end. By disregarding the time indices
with the investment parameter and the debt ratio, we get the following using the sum of
a geometric sequence

Page: 193 job: S-DCF macro: SNmono.cls date/time: 15-Mar-2026/8:28



194 5 Proofs
—Uu
o V*l © @ E [CFt ]
vi=ve s ~ =
0= o T T, f25(1+rﬂH1 ﬂ722(1+kﬂwt(1+q

n =
T (1+rﬂ”)

T o E[Aﬁ“]
:V(';_,_Tl(rfzo"'zo)_'_”fal % ( n n-1

+
L+ry no (1 kEa) \L+rp  (1+rp)?

1
+...+m). 5.9

We make the effort now to get a compact representation of the expression

n N n-1 N N 1
1+rf (1+rf)2 (1+rf)"'

To do so we look at the identity

A+rp)((L+rp)"=1)
vy

(L+rp) "+ (A +rp)" P+ (L+ry) =

and derive it according to r ¢,

1+ (nry=1)(A +rp)"
E .
7

n(l+rp)" P+ (n=D)A+r)" 2 +...+1=

y
Multiplying by (1 + ) ™" results in
nrp—14+1+rp)™

2
f

n(+r) b+ (n=DA+rp) 2+ +(L+rp) ™" =

,
Entering this into Eq. (5.9), results in

——u
Tl (erf) +ZBI) . tryal nry =1+ (1+rp)™" » E [CFt]

) 2 E.u\t
1+ry n r — (1 + kE-uyt

Vi=V§+

We recognize that the sum on the right hand side exactly corresponds to the market value
of the unlevered firm. This leads us to

Tl(rf%+281) nrp—1+1+rp)™"
+
1+ry nry

Vi=V§+ TalVy .

Lastly we turn our attention to the term

Page: 194 job: S-DCF macro: SNmono.cls date/time: 15-Mar-2026/8:28



5.4 Theorem 2.21 and Theorem 2.22 195

Tl (rsVi +V5)
1+ ry

and consider that at time ¢ = 0 the identity

il . 0 min(n - s,1)
ZO :ZO— Z TIH'US

s=1-n
applies, so long as the influence of depreciation on those assets raised before time ¢ = 0
is not excluded. But when we disregard this influence according to the gotten condition,
then we get

(Vo +VE) _ LYo+ Vo) _
1+rf - 1+l’f -0

We recognize that the product of debt ratio and book value of the value of the firm
corresponds to the book value of the debt, and can close up the proof considering
Assump. 2.7. O

5.4 Valuation Formula with Financing Based on Cash Flows
(Thm. 2.21 and 2.22)

Proof. From the definition of financing based on cash flows, the following first results
for the amount of debt using the fact that debt is ris-free

~ —u\t
D, = ((1 +arp(1-1)Do - a CFl) Viz1.
We enter this into Eq. (2.14) and get

TE2[Z21] +T—1 Try EC [((1 +arg(l-17))Do - a 6‘7'{”

vi=vu
0 0 * 1+rf = (1+l’f)t+1
o —u\*
e 7r£ Dy Try B [((1+ar_f(1—‘r))Dg—aC'F1) ] . 1
= + — + —
07 T+ry (L +rp)ry (L+rp)T-1

With help of Thm. 2.2, the third summand can be further simplified

+
0 [(Hafl_gﬂ Dy - ‘7{1) ]
. . TrfDo (14 g)ta ¥ Eu_g 1
Vo=Vy + +—F - -7 -
l+ry kBu—g l+ry (1 +ryp)
Let us now look at a put on the value of the unlevered firm at time + = 1 with a
strike of %DO. The bearer of this option receives the difference of the exercise
a KE.u -g
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price and the firm value, if this difference is positive. In the opposite case, the payment
comes to zero. To determine the value of this put I, we have to evaluate the expectation
E2[] of the payments of the put and discount them at the risk-free rate according to the
duration of the option. This results exactly in

+
EQ |:(1+arj;(;‘r) DO _ Vf) ]
a2

E,u
I = i
1+7‘f
But with that applies
TryDyg 1+g 1
|7/ 7/ Ny &
0= 0T T, T T ( (1+rf)T—1)

and that was what we wanted to show.

We come to the proof of Thm. 2.22. Since the amount of debt of the first period
is positive, expression (1 + ary(1 - 7))Dg — « ’C‘F"f will not be negative in any case.
Therefore we can write

D, =(1+ar;(1-1)Dy-a CFy

for all # > 1. From that we get the simpler valuation equation

Q _ | - u
s r4Dy . trpE¥ [(1+ary(1-1))Do -« C’Fl] B 1
0 0 1+ry (1+rf)rf (1+7'f)T71
. TrrDo T(1+ary(1-1))Dg EC [CFl] 1
=0 * -Ta T 1L N1
1+ry 1+ry 1+ry (1+rf)

Due to the equivalence of the valuation concepts (Thm. 2.3), there results from that

E[CF”]
TreD T(l+ars(1-1))D 1 1
Vi=vy+ U ( i NDo _ ( —)

1+ry L+rf T+ kB |7 (1 4rpT-1

Lastly we make use of the fact that expected cash flows are constant. With that we end
up with

Tr¢D T(l+arf(1-1))D 1
V(l):v(,]4+ f O+ ( f( )) 0 1-
1+rf 1+rf (1+rf)T‘1
1
O L 27 i
E’ —_— ;
1+ kB (THrEay T
That agrees with the claim. |
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5.5 Valuation with Financing Based on Dividends (Thm. 2.23)

Proof. Here we apply a different method to establish the value of the firm. For that
we concentrate on the payments, which go to the debt and equity financiers. From the
Fundamental Theorem the following first results for the levered firm

} T EC [ETF? +77t]
Vo= L (T4rp)

r BQ|CF, - D1~ (1-0)1,+D,| I 80[T,+D,.-D|]
:; A+rp)t " A +rp)t

t=1

The second summand agrees with the sum of the discounted payments to the debt
financiers. It should be exactly equal to D, which can be easily proven,

" EQ|[1,+D,1 - D] B T 5 (7, + Dy
; (L+rp)t _; (L+rp) Z (1+rf)t

[Di-1]
‘Z(1+rf)t 1 Z(1+rf)t

=Dy .

With that we have the following equation for the value of the levered firm,

L EC [’C‘F'?—E,,l—(l—f)7,+5t]
V = +D0 .
0 ; (1+7rp)t

During the first n periods, the shareholders get exactly the amount Div. Afterwards, the
amount of debt remains constant. Using (2.20) that leads to

[CFz+1 -(1-1) In+1] EC [D,]

1
Vo = Do+ Z a +rf)t+1 Z (L+rp)r+t - (L+rp?
1 \Div =E° [FC?’:“]
(1-7)r EC[D,] 1 1 EQ [D,]

When we make use of the equivalence of the valuation concepts from (Theorem 2.3) and
further consider that the rate of growth of the expected cash flows is constant (g = const.),
there then results
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. T-1(1+¢) E|CF;
1 )Dzv [ 1] (5.10)

T 7 s kEwi
A+rpn) rp LT (4 kB

EC[D,] - 1

S (L+rp)n ( _T( - (1+rf)T-"))
1 ) Div E ||

(1+rf)”

Vé=D0+(1—

=Do+|1-
0 ( rf kE,u_g

1+g \" 1+g 4
1+ kEwu 1+ kE-u

%(1_7(1 _ )) 5.11)

S (Ltrpn S (L4rp)Tn

We now turn to the amount of debt at time n. Since according to the condition that
the credit always remains positive, we can simplify the formation law of the debt. With
(2.20) and r} =rs(1 - 1) applies

B2, [Di] = B2, |Div- CF/|+ (14D Vi<n,

Taking advantage of the recursion relationship leads to

EQ [En] = E¢ [Div - HF'Z] +(1+ r;) EQ [Div - 6’7‘5_1]

+. o+ (L+rp)" Tt EC [Div - af’lf] +(1+7r7)"Do .

This equation can be brought into the form

EQ [D,] = %Div +(1+rp)"Do
¥
e [’c‘ﬁﬁ] ~(1+7%) EC [672_1] R SR S L o [6?1] .

From that the following is valid under the discounted expectation

g *\N =\
EQ[Dn] ) (1+rf) -1 . 1+rf b
A+rpm il +rp)" 147y 0
EQ [615"] 1+, B2 ["C‘Fz_l] (14751 B2 [’C‘Fﬁ‘]
CAHrp)t L4rp (L+rpmt T (Larpntt 14y
1+
or due to Thm. 2.3 as well as the constant rate of growth g and with y = 1:—:; and
5 l+g
T l+kbu
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BC (B, (+rp-
(T+rp)n B r;;(1+rf)"

Div +y" Dy

IO IR
Tl+g T 1+g 7 Tlg

_sn n-1

We combine the last summands in the equation and get
E [5?’{]
1+g

EC[D,] @A+r)"-1 n-1
[ 1= - s nDiv+y"D0—(1+z+...+(z) )6“
(L+ry) rf(1+rf) ) 0

or, after simplification,

——u
i on B[ CF]
-1 1l+g

EQ [ﬁn] (1+ r;.)” -1
(T+rp)n B r;}(l +rp)t

Div +y"Dg —

We put this into (5.11) and get

l _ AN _ _ 1
= (1 e - oo
n 1 1 Div
vl ) ) e
" T 7"—5" kE,u_g 1 E[FCTFI;]
+(5 -6 +—%_1 y (1_7(1_(1+rf)T—n))

kE.u —
We now take advantage of the expected cash flow of the unlevered firm showing a
constant rate of growth. It follows that
1 1+g T
1+ kB '

(5.12)

OO N RO
(L+kEwy A T+g \1+kEu kEu — g

Plugging this into (5.12) gives

1 _ o n _ _ 1
VO‘(l 4 (1 T(l (1+rf>T-")))D°
, 1 1 Div
*(1‘7 (1"(1‘<1+rf>T-"))"(1‘<1+rf>T)) -1

n_sn pEu _ 1 yvu
P Y P P |
T-1 l+g A+rpTn )] T=oT

When we sort the terms around a bit, then we get our desired result. O
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5.6 Valuation with Debt-Cash Flow Ratio (Thm. 2.24 and Thm. 2.25)

Proof. From the definition of the dynamic leverage ratio we get

Dy = Zfl (FC"F‘? + T}”fﬁs_l) .
and hence e _ . _
Dy =11 (CFS +7reLd (CFS_l + Trst_g)) 4
Using induction this gives for s > ¢
= (Trf)s_tzg . t+1Df + Z Ld Zg(_rrf)s—u ,CTF”;
u=t+1
Plugging this into the general valuation formula (2.14) we get

o ‘rrf—DV, =l Trf(Trf)S"Zf Lz+1Dt
=V + + Z —
(1+ rf)s i+

1+rf

s=t+1

T-1 s EQ [Trf(L L"l(‘rrf)v uCF )]

+ Z Z (1 + rf)s—t+1

s=t u=t+1

This simplifies to (let Zf o of ZfH =1ifs=1)

~. (TI" )s t+1 ~4 ~4
V +D[Z (1+rf)3 t+1L Lt+1
=& L. L (arp)stim EP [Z?Z]
+ - .
P

s=t u=t+1

Changing summation it yields

(TV )v t+1 "d ~
V“ + Dt Z (1 + rf)s t+1 L Lz+1

-1 EP [’C"FZ] L L (rp)stiu
+

u=t+1 (1 + rf)uit s=u (]' + rf)s+1—u
or after using Thm. 2.2
(TV )s t+1 ~4 ~4
- V4D, Z Gt 1 L
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— T-1 Ld Ld(Trf)y+1 u E; [CF ]
+ Z Z (1+rf)a+l u )(1+kE u)u t

u=t+1 \s=u

Changing indices gives Thm. 2.24.
Now let us turn to the case of infinite lifetime (Theorem 2.25) and constant dynamic
leverage ratio. In this case

s—t+1
vuwtz ((”f STy

1 +rf)_s —t+1

Ld)u+1 s(.”,f)u+1 s E; [6?‘?]
+ .
5;1 MZ; (1 +rputl=s (14 kE-uys—t
The sum of geometric series gives

o K [E;TF”]

(1 + kE,u)s—t '

‘rrf Zd‘rrf
+

L+rp(1—7L4)  1+rp(1-7L9)

s=t+1
The sum on the right hand side is just \7;” and hence
Zd‘rrf

oy Tu

‘7[1 = 5;—., + Vt 1+ —| .
1+rp(1-7L9) 1+rp(1-17L9)

This finishes the proof. O

5.7 Valuation Formula with Retention Based on Dividends
(Thm. 3.9)

Proof. The free cash flows are never lower than the dividend (see Assump. 3.2). From
Eq. (3.2) and Def. 3.4 it follows

c [f]-x

Using induction and Rule 4, and noting that dividends are deterministic, it follows for
s > t that

5 6’?: —Divg |+ (1 + rf)gs,l .

-7

B2 | CF} |
EQ[ ] (147" A, + Z L) | 5~ Divs

v=t+1

We plug this term into (3.7). It yields
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n Iy (1-7P) Ay
7T (1-e0) Z, ILff(_T,))f_,ﬂ]

lrp (1-7P) L+ rp) A

e O 5

ol (L (B2 [CFY) - (1= 72) Div,)

="7tu+(1—TD)AVt

n
+
5;1 v=t+1 (1 +ry (1 - TI))S y
. 1 . n—t+1 _
:V,”+TI(1—TD)(—+rf ) A;
L+rp(l=7)

w7l (L (B2 [CFY) - (1-72) Div,)

IP)

v=t+1 s=v (1 try (1 -7

[l

I))s—t+1

the last row by changing summands. Using geometric sums we get

. . 1+r n—t+1 .
Vi=Vier (1-1P) (—f ) A,
L+rp(l=71)

n EZQ [’C‘Fﬁ] - (1 - TD) Div,,

+ ‘rlrf

(L+rp(1=70)"" 1+ (%)"*’1—\/) |

v=t+1

Lastly, we use Thm. 3.4 and get

_ _ 1 +r n—t+1 A
V=V 47! (1—TD)(—f )) A

L+rp(l-7f
- u
, n E; [CFV] (1-1P) Div, L7y n+l-v
Ty Z (1 + kEwyv=t oo |1 T+, (-7 :
vt (1+rf (1 w )) re T
This was to be shown. m]
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Chapter 6
Sketch of Solutions

Abstract This chapter contains the solutions to the problems. Note that all numerical re-
sults were computed using software, and rounding was applied only after the calculations
were completed.

6.1 Basic Elements

Solution 1.1
a) We have

E [CF 1] CF, 100 100
Vo = + 5 = + 5 & 181.61 .
1+ k0.1 (1+7f) 1.10  1.05
The resulting cost of capital is
E[FFl +V1] 100_'_%
kp=———— -1 ————= > 7.503% .
0 Vo 181.61 %
b) We have
E [CF 1] CF» 100 100
Vo = + = + ~ 177.49 .
1+ ko (1+ko)(L+ry) 110 1.10x1.05
The discount rate is then
E [aﬁl] 100
Ko,1 = _ Ch,_ -1= 17749 — 100 ~ 15.226% .
(1+77) 105

203
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Solution 1.2 This is straightforward, see Fig. 6.1.

193.6
1452
331 96.8
‘ 121 /
1os us2
1006
56

f

t=0 t

Fig. 6.1 Cash flows in Prob.1.2.

Solution 1.3 The expectation for cash flows from Fig. 1.4 is evaluated as

_ 1
Eo [ElQ [CFQH = 5 (01X 145.2+ 0.9 x 121)
1
+5 (0.1 121 +0.9 100.6) = 113.03

and
0 — 1 1
EG [E1 |CFs|| = 0.1 (5 x 1452+ 5 x121
1 1
+0.9 (5 x 121 + 5 x100.6] = 113.03 .
Let us turn to Fig. 1.5. If we now change the order of expectation we get

_ 1
Eo [E? [CFQH = 5 (01X 145.2+ 0.9 x 120)

1
+5(0.1x122+0.9 % 100.6) = 112.63

and this does not equal

— 1 1
EQ |B: [P, || = 0.1 (5 X 145.2+ 5 x 120
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+0.9 % x 122 + % x100.6| = 113.43 .

In general, it can be shown that both expectations may be changed if down-up and up-
down yield the same cashflows. Otherwise not. The rule is: If the outcome is independent
of the actual path, i.e., if ud yields the same as du and uud yields the same as udu and
duu, then expectations may be changed.

Solution 1.4 For the conditional expectation of CF3 given time ¢ = 2 we have four
possible realizations: up-up, up-down, down-up and down-down. We start with up-up
and get

u +u’d
2

M2CF0

’C‘F’Q(uu) .

Eo [5153] (uu) CF,

The other equations for ud, du as well as dd follow analogously,

E, [Eﬁg] = CF,.

Solution 1.5 We have

% CF1(u) if CF; is up,
E. [CFQ] = {wemtd O, () if CF is middle,
wmid OF, (d) if CF; is down.

The required relation holds if
u+m+d=3.

Jointly with ud = m? this gives the solution

(B-m)++/3(1 —m)(m +3) 4 (B3-m)—+/3(1—m)(m +3)
5 .

) ,
The plot 6.2 below shows (u, m, d) for m from [0, 1]. m must be less then 1.

Solution 1.6

~ 1941 ~
a) The values are straightforward: We have Vi (u) = —211:5%2 = 1.5 and V;(d) =
1.1
2115%6 = 5. From this we get
1 1
s(1+15)+5(B+2
- 2 )+ 302 _ 0

1+ 0%

b) Now we can evaluate the unconditional expectations in a straightforward manner,
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u, d as a function of m

T T
3 |- .
u(m)
2~ .
N
s
1 |- .
m
d(m)
0 |- .
| | | | | |
0 0.2 0.4 0.6 0.8 1
m

Fig. 6.2 Growth factors (trinomial tree) in Prob.1.7.

From this it follows

ELCF2] _ | _ 376 1 4440
E[V1] 3,6

We get different values if we use conditional expectations, namely

El[’C‘FQJ_lz L6 _1~6.61% up
Vi 52 _1=4% down

The expected value of the two cost of capital is different from 4.44%.
Also, B[V + CF1] = 5.2, and hence EL2CT1L 1~ 9.47%,

Solution 1.7 From s; — 1 > 5o — 1 > t it follows

E; [Fs Ty | = Er [Eg, [, 750] | by Rule 4
o Et [7‘;2 ES2 [7’\1 ]] by Rule 5
=B [Py B [ By [Fu] ] by Rule 4.
[ —
=k

S1

Now using Def. 1.1 and because k, is a real number (by assumption) it follows from
Rule 2 that

Et [al?SQ] = ksl EI [?SQ:I .
Employing Rule 4 yields
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which gives the desired result.

Solution 1.8
a) From (1.9) it follows

— B2Vl E2[Vr]
L+ry — (Lrp)Tt

=
b) Letting 7' — oo, transversality (1.12) implies that the right hand side goes to zero.
Hence V; = 0.

The statement in subproblem b. also follows directly from (1.13).
Solution 1.9 k is constant. We use Thm. 1.1 as well as (1.7) (we use g = 0 in our proof)

- n [
s=t+1 (1 + k)kt

_ (1+8)S7I6F4’z
B Z (1+k)s~t

Now

~ u V, if up,
Vig1 = = .
dV; if down

is an immediate consequence of the fact that 6’7} follows this pattern. The second part
of the solution follows from 5 + % =1.

Solution 1.10 We know that

=3 E;Q [Vt+1 + ’C‘F‘Hl]
1+ ry

=
holds. Now adding C(1 + r¢)" to both sides

EIQ[‘ZH +C(1+ rf)Hl + FC‘F:H]
1+rf

Vi+C(+rp) =

and replacing ‘7,* =V, +C(1+ r¢)! gives the desired result

Page: 207 job: S-DCF macro: SNmono.cls date/time: 15-Mar-2026/8:28



208

6 Sketch of Solutions

Sk _ EtQ [V;:_l + /CTFI.;.:[]
d 1+ ry '

Both V as well as V* satisfy the Fundamental Theorem. _
Note that V* does not satisfy the transversality condition if V did: We have

EC[Vr+C(L+rp)T EC[V
g DT OOy BV ey
T—o0 (1 +rf)T_t T—oo (1 +rf)T_’

and this cannot be zero if C is arbitrary.

Solution 1.11

a)

We denote the probabilities by P(u), P(d) and Q(u), Q(d). Since the expectation
under P is zero, we have

P(u)CF1 (1) + (1= P(u)) CF1(d) =0 .

Now assume the same holds for the risk-neutral probabilities Q. By subtracting one
equation from the other we get

0= (P(u) - Q(u) x (CF1(u) - CF1(d)) ,

and this equation can only be satisfied if either the probabilities are equal or the cash
flows are identical in both states. But this is precisely what we excluded. Hence, the
Q-expected value of the cash flow cannot be zero.

This implies that the value of the cash flow, defined as

E2[CF,]
0= —FF
1 +rf

must also be different from zero.

b) We can now evaluate the cost of capital. Since the denominator is nonzero, the
expression is well defined:
=0
—_——
E[CF
k= ELOF] -1=-100% ,
Vo
which was to be shown.
Solution 1.12 We begin with
Eo [671] __
Vo= —— 1 4 Cov [ml, C’Fl] see (1.14)
1+ ry
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Eo [FFl] "‘F
l+ry= + (1 +ry)Cov ml,—C"/ !
0
CF CF
rr=Eq &—1 + (1 +ry) Cov ml,g—l
V() VO

rr—=Eo[r] =1 +ry)Cov[my,r] .
This equation holds for all assets. Setting 5}?1 = my implies r = r,, and we get
rr—=Eo[rm] = (1+rg) Cov [mi,rm] .
Dividing both equations results in

C ,
Eo [r] —=rf = (Eo [rm] —ry) % .

If we now divide the right fraction by Vi (m) and use Cov [%, rm] = Cov [VO’”T; —-1,7m

we get the assertion.

6.2 Corporate Income Tax

Solution 2.1 Assuming iid, the E? [’C"f:f',uﬂ] is constant over time (the same holds under
P), hence N .
Vi=0,1,... EP[CF,,]=ES[CF}] =: const.. (6.1)

Then, from the valuation equation it follows that the firm value is constant,

Hence, cost of capital is deterministic and constant as well,
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210 6 Sketch of Solutions

E2[CF}]
rf

_ EBo[CF\] 4 Vi | _ BolCFl+ Eo[ CF;]
Vi EG [CFY] " Be[CFYy
rf

ki

Since the cost of capital &, is different from the risk-free rate we conclude Eg [5?;] *
ES[CF].

We next show that the discount factor k; is different from the cost of capital k,. To
this end we assume otherwise and use the equation above for k;,

Et[aﬁrﬂ] ? EtQ[FCTFtuH]

1+ k; 1+7y
——=u ——=u
E/[CFy] 2 BPICF,,)]
Eo[CF] 1+ry
Tt

?

1 +rf)Et[57f+1]
——u ? —u
Et[CFHl] = EtQ[CFHl]

EP [CF ] +rp B[ CF ]

and we have showed above that this equation cannot hold. Hence, discount rates and
cost of capital are different in this case.

Solution 2.2 Figure 6.3 shows the individual growth rates. It is straightforward to see
that at each node (state) they add up to 20% which corresponds to 2 X g because each

future state has a probability of 50%. We added CFy = %1;1] = % ~ 90.91 for the
first node at ¢ = 0.
46.67%
g 26.67%
) - 0 //-12%/
1% 222%% 3%
2209 0%
45%

I l .
time
t=0 t=1 t=2 tr=3

Fig. 6.3 Growth rates in Prob.2.2.

Solution 2.3 From the Fundamental Theorem we have
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6.2 Corporate Income Tax 211

_~ EtQ [CFt+1+ t+1]

u _
Vt B 1+}’f
——u ——u 1
—u 1+g EzQ I:CFZ+1+CFI+1%:|
CF’ E,u =
kE - g 1+}"f
EtQ [CF1+1] = W CFt .
————
=:1+g@

Solution 2.4

a) First we have
E, [6?:] = (s—1)C+ CF"

by induction. But then

o E [Eﬁ”]
=

(1 + kE,u)s—t

s=t+1

i CF! +(s-1)C
(]_ + kE,u)s—t

s=t+1
_ (s=1C
szt;-l (1+kEu)s t 821 (1+kEu)s t
CF, 1+kEw
kE,u + (kE,u)Q

using an algebraic formula.! In particular, the price-dividend ratio is not determin-
istic any more. Compare this to Prob.2.13.
b) We have

! Note that

Differentiating this relation yields

or after multiplying by — (1 + x)
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6 Sketch of Solutions

CF;., L LrkBe

kE,u (kE,u)2 c

~ 5177+C+ 1+ kEu
- kE,u (kE,u)Q

_yu
= V't

and hence the expected capital gains rate is not zero.

c) Weuse
B, |CFyp + Hl] o [ m]
1+ kEu L+ry
Employing the above result this implies
CFH— E.,u —u CF[+ E.,u
Et [CFt+1 + kE ul + (1]:Eku)2 C] EtQ [CFI+1 + kE ul + (1k+Eku)2 C]
1+ kEu B L+rf
and after rearranging and multiplying by %,
—u —u
B, |CF)y|+ g B2 |CF)|+ = C
= . 6.2
1+ kEu 1+ry ©2)
Rearranging once again gives
—u 1+ u 1+rp 1 1
Q _ Ty S
Er [CF’”] C 1+ kEwu Er [CF’“] " kE-u (1 +kEu 1+rf) ¢
which is, after using the assumption,
C 1+ re
[CFt+1] W(CF +C)+ (W— )
Summarizing the terms with C gives the required result.
Now consider Thm. 2.3. Since C does not cancel in (6.2) this intermediate result
shows that our assumption will not yield a similar statement as in Thm. 2.3. We
have
- u - Uu
C C E; [CFHI] EtQ [CFHI]
# = #
KEu(1 + kEw) = kEu(1+7ry) 1+ kEu 1+ry
Hence, using this assumption about cash flows we can somehow use cost of capital
as discount rates but we have to add a correction term due to the fact that C # 0.
Solution 2.5
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6.2 Corporate Income Tax 213

a) First we have by rule 4

6] = s | 72
=E, [’C‘F?H + X,+1]
=E [FC‘F;MH]
= CF, +X,

and hence for s > ¢

E; [’CTFL:] = ’CTF’,“ + X, .

The value of the company is given by

Vtu = E §—
s=t+1 (1+k ,u)‘ !
B i CF, + X,

- (1+ kE wys—t

s=t+1

CF X
kE,u i kE,u b

Since 6’?? and X; are uncorrelated the variance of the firm is greater than the
variance of the cash flows (if k&% < 100%),

CF, X,
kE,u + kE,u

VO] v,
(kE,u)Z (kE,u)2
> % > Var [’C"F,u] .

Var [\7,“] = Var

b) Now

—u
CF N Xi+1

Et [‘7;/:-1] = Et KE.u kE.u

_ E; [ETF’;{H]

kE,u
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214 6 Sketch of Solutions

and the expected capital gains rate is zero.
¢) This is harder to show and we closely follow the proof of Thm. 2.3.

B, |CFy + V| B2 [CF, + V| .
1+ kE.u B L+rf !
B, [Fl, + Tigten| 50 [T, + T |
1+ kEu B L+ry
L+ ) B [CFL | (4 ) B2 | OF) |
1+ kEu - L+ry
b [ol] e [ar]
L+kEw 147y

which is the first part of the claim.
The second part follows from

B, | Oy + V| B2 [CF, + V]

Vi
1+ kEu L+rf !
h )y -
B [7,] _EC (7]
1+ kEu 1+ry
Ern [a\ﬁ‘i¢+2+‘7;12] o Egl [6;‘?'*2-‘-‘7"12]
Bl — | B |—
1+ KEu B T+rs
E; [CFt+2 + thiQ] EtQ [CF“'Z + Vt‘ig]
Ea2 2
(1 + kE-u) (1+7y)
E, [513::2 + CF,;LXHQ] EtQ [’O‘F[“+2 + CF,]:Z:;XHQ]

(1+ kEu)2 - (1+rf)?

and since E; 1 [X;42] = EQ

t+1 [Xt+2] = 0,
- Uu - Uu
(1 + k%) E, [C’F,+2] (1 + k%) E2 [C’F,+2]

(1 + kE,u)Z (1 " rf)2

which is almost the claim.

Solution 2.6 We start with (2.20) and get for s > ¢
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6.2 Corporate Income Tax 215

EP [T 1+ Dy + Prysi]
1+ ry .

EP [Ds] =
At time s + 1 we similarly have

EtQ [75+2 + 5s+2 + ﬁs+2]

1+rf

E[Q [FDVS+1] =

Plugging this into the first equation gives

—~ or7 D Pr —
B2 | Ty + 2 ["”ﬁ’f;f*”‘*?] + Progy
2 T1p 1=
Et [DS] - 1+ ry
_ EIQ [73+1 + ﬁs+1] + EQ [75+2 + ﬁs+2] + EtQ [5s+2]
B 1+rf (1+rf)2 (1+rf)2

Continuing this approach we get for s = ¢

_ L EZ[1,+Pry] EZ|[Dr]
Q _ t N N t
Et [Dt] - Z (1 +rf)s—t (1 +rf)T—t i

s=t+1

Financing is always such that 57 =0and D; = EtQ [5t] (Rule 5). This proves the
claim.

Solution 2.7 The tax shield satisfies
T T
= (L+ry)
Hence, we have to evaluate the expectations EC [ﬁt]. We get
E€ [Dy] = 100,
since D is deterministic. It follows that
EQ [D] =120%0.25+ 110 x 0.75 = 112.5 .
At time ¢ = 2 we get similarly
EQ [Ds] = 150 % 0.25% + 145 x 2 x 0.25 x 0.75 + 100 x 0.75% = 120 .
Using both equations gives us

— ~, 01x05x100 0.1x05x1125 0.1x0.5x 120
Vi-ve = + +

U 1+0.1 (1+0.1)2 (1+0.1)3
~ 13.702 .
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216 6 Sketch of Solutions

Solution 2.8 From (2.14) we have

T-1 TEQ 1
Z(1+rf)5 -t 1+rf
and from this

B [B,] T rEC[D,]
ey e z o

=1 TEQ
—V“+TD +
t Z (1+rf)st YZ(l_'_rf)y+1t

s=t+1
E [Ds+1
=V*+1D; +
Ty Z(1+rf)s+1t Z(1+rf)5+1 t

which was to be shown (note that Dr = 0).
Solution 2.9 From (2.24) it follows (since the firm is not over-indebted)

(1+77)D;(w)(Q(wu) + Q(wd)) = (1 + ) Dy (w)Q(wu) + (V2 (wd) + CF,, (wd)) Q(wd)
(1+ rf)ﬁl(w)Q(wu) >(1+ c)ﬁ,(w)Q(wu) + (5,+1(wd) + ’C‘Fi:l(wd)
~ (1 +77)D;(w)) Q(wd)
(ry = )Dy()Q(wu) > (Dys1(wd) + CF 1 (wd) = (1 +15) Dy (w)) Q(wd)

and therefore

Q(wd)

> B(@)0(wn) (CF;+1(wd) —(1+rp)D(w) + Dz+1(wd)) .

If now ¢ > ry holds, then it must be that af‘?ﬂ(wd) -(1+ rf)ﬁt(a)) + Dy (wd) < 0.

Solution 2.10

a) The risk-neutral probabilities can be evaluated using (2.6) as Q(u) ~ 54.17% und
0(d) ~ 45.83%. We determine the insolvency threshold (see Fig. 2.7),

1 kEu
== —d= 76.36% .
1+r

Then, the coupon rate can be evaluated using (2.25)

L+rp=(1+c)Q(u)+ (1+k5 ”)mQ(d)
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6.2 Corporate Income Tax 217

L+rp— (1+kE4) 1450(d)
e C = - 1

Q(u)
— ¢~ 1.0306 - 0.71067
[(u)
Figure 6.4 shows the coupon rate as a function of the ratio /(1) = % = %.

c, kP

32%

20%

10%

I* ~76% 82% 100%

Fig. 6.4 Coupon rate and cost of capital in Prob.2.10.

For additional information, one can also calculate the cost of debt. To do so, the
subjective probabilities of the two movements must be known. Since we have
required a growth rate of g = 0, we necessarily have to set P(x) = 0.75 and
P(d) = 0.25 for these values of u and d. We then obtain:

1+k2 = (1+c) Pu)+ (1+ kE’“)i P(d) = kP ~0.5225- 0.3233
l(u) l(u)

b) If I(u) = 82% then we have ¢ ~ 16.39% and we get illiquidity if

1+
I(d) < 1) — € kB ~1.1995 .
We get over-indebtedness if
1<i(d).

Solution 2.11 We have

Page: 217 job: S-DCF macro: SNmono.cls date/time: 15-Mar-2026/8:28



218 6 Sketch of Solutions

E, [ﬁiﬂ] =E [ﬁrun + Trfﬁt]
=E; [6}7‘11] + Trfﬁt
=(1+ g,)@f’? + Trfﬁz
#(1+g) (57? + Trf5r—1) :

-CF"
For martingale-like levered cash flows debt D,_, must increase with the growth rate
D;=(1+g)D;1=...=(1+g)...(1+g1)Do

and then deterministic.

Solution 2.12 From (2.14) we have

V“ +
Z (1 + rf)s+1 t
_ 2w E2 (D]
— (1 + rf)s+1—t

_ T-1 1
=V +1ryD; TR
; (1 + Vf)SJr t

and from this the assertion using the formula of perpetual rent.

Solution 2.13 In the infinite example the value of the firm can be rearranged as follows

TrfDS

Vi=Vi+ s
s=t+1 (1 + rf)
u

_ CF,
kEu

+7D,; .

The dividend-price ratio of the levered firm is

—1
CF,

Vi
6?? +7ryD;
V,“ +71D;
‘7;4 + %TD,_l

V;4 +7D; 4

d; =

— kE,u
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6.2 Corporate Income Tax 219

To verify that this dividend ratio is stochastic we first realize that kz—fu # 1 since the cash
flows are stochastic. Then, the function

is strictly monotone and hence f (‘7;‘) will again be a random variable, i.e., if for two
different states V(w) is different from V*(w’), it will be true that d! (w) # d!(w’) and
hence the dividend-price ratio is stochastic.

Solution 2.14

a) We start with the value of the levered firm at ¢ = 0,

I O e
Vo= T wace T (1+WACC)2 * (1+ WACC)?
100 110 121

+ + ~ 237.39 .
1+0.18 (1+0.18)2  (1+0.18)3

The value at r = 1 depends on the state of nature. We get

B |OF:| B |OF]

vl = .
1+WACC =~ (1+WACC)?2
121 133.1 .
— {1+0.18 * {+0.182 © 198.13 if up,
)99 108.9 . :
70.18 T (r0.182 ~ 162.11 if down.

b) This debt schedule implies the following leverage ratios:

D
_Do_ 50 ~ 21.06%

Jo= 2 =
0 vl " 237.39

and

~ Dy _ {% ~30.28% if up,
162.11

PV T ey ~ 24.67% if down,

The Miles-Ezzell formula must not be applied.
c¢) The WACC textbook formula will give us the cost of equity of the levered firm
since

WACC () = ki) (1-Tw) + 7 (1= ) ()
0.18 ~ k2! (u) x (1 -0.3028) + 0.1 x (1 - 0.5) x 0.3028

implying _
K (u) ~ 23.65% .

Analogously one gets
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220 6 Sketch of Solutions

kPl (d) ~ 22.26% .

The weighted average cost of capital type 1 can be evaluated using the TCF textbook
formula

kG = K ) (1-T1w) +rp T

k2(u) ~ 0.2365 x (1 - 0.3028) + 0.1 x 0.3028 ~ 19.52%
and again

) =B @) (1-T(@) + 74T (@)

k2(d) ~ 0.2226 x (1 — 0.2467) + 0.1 x 0.2467 ~ 19.24% .

Solution 2.15 We have
WACC — kE#(1 = 7lp) = (1 + WACC) — (1 + kB (] - Tz))
_ E.,u _ Trf _ E.,u _
- (1+k )(1 —1+er) (1+k (1 Tz))

KE —rp)tl
Gt DL

1+ ry
which was to be shown.
Solution 2.16 In this case we have

7l = i E’[CFS] _ i CF/ _ CF,
! (1+WACC)s! (1+WACC)s—t  WACC
s=t+1 s=t+1

Since __4

vu _ CFt

[ kE,u
using the Miles-Ezzell formula gives
—, CF/ KEu
I 7 KE.u E Try
(14 kB (1= 1) -1

which gives the result after some rearranging.

Solution 2.17 We have

E.u Ty
1+WACC;:(1+k,’) 1-— 1
!

according to Miles-Ezzell. Now plug in
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6.2 Corporate Income Tax 221

and this can be rearranged to

WACC E,u T i
=B""11- |- =———1.
b Fi ( 1+rf ’) E[fml—rs "

Solution 2.18 We get for the threshold

20%
I'=07———=28%.
071+2O%—0.7 8%

The risk-neutral probabilities can be determined using (2.6):
Q(u) = 54.17%, Q(d) ~ 45.83% .
The coupon rate is given by

E.,u Q(d) E,uy _
. re kBt S (d(1+ kEm) —1) - 11030
u, QW) ’
K+ Bt

and turns out to be negative!
One can even evaluate the leverage ratio where the coupon rate equals the risk-free
rate:

!
=c

1+ "r, )Q(u)+(1+kE’”)[7lQ(d)

1+rf

(1 + kE’“) ‘TZ 0(d)

1 E.,u
LR 76.36%
1+rf

= (1+rp)0(d)

which is substantially larger then [*.

Between leverage ratios of approx. 28% and approx. 76%, a partial transfer of assets
leads to a situation where insolvency can be avoided. Only for [ > 76.36% do we get a
“real” insolvency situation where a complete transfer of assets is necessary.

Solution 2.19

a) First, since
- u
CFi 1 =CF{+e1+...+&

and using the hint we know that the cash flows are normally distributed. They have
expectation CFj and variance .
b) This is easy, since
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222 6 Sketch of Solutions

u FCTFIM
t = kE.u

CFY

the value of the firm is normally distributed and has expectation ;75 and variance

t
c) For the book value we have using (5.8) and the assumptions on the past of the firm

t
~1 / n— ([ — S) —~—u
evie ) U9, g
s=t-n+1

n(t=s) ﬁ;‘ is normally distributed with expectation %_‘) aCFy

Every summand — —

2
and variance (#cx) t. Hence, the whole sum is again normally distributed. It
has expectation

+1

t
_z‘_
vie > n= U9 epr = v+ " acry
n

s=t—n+1

When evaluating the variance we have to take into account that the fC"ﬁ'l: are
correlated. We assume ¢ > n for simplicity and get

t t s
n—(t—-s) —u n—(t—s
var| 32029 | Cvae| D ﬁzg,l
n n
s=t—-n+1 s=t—-n+1 r=1
[, t—n+1 t-n+2 t
9 1 n
=a“ Var |- Z &g+ — Z 8S+...+—Zb‘s
,n s=1 n s=1 ns:l
[f—n+1
9 &1 2 n 2 n n
= a” Var Z —+—+...+—pEg+{—+...+— s,,n+2+...+{—}s,
n o n n n n n
s=1
[1—n+1
s 'S8 n(n+1) (n+2)(n+1-2)
= a“ Var Z &5+ Er—n+2
— 2n 2n

t

1- 1-
+(n+3)(n+ 3) N 4 (n+n)(n+ n)
2n 2n

Since the & are pairwise independent it follows that the variance is equal to

t—n+1 2 2 2 2
9 n“(n+1) (n+2)*(n+1-2)
44 ;:1 Var[ax] An2 + An2 Var[at—n+2]

(n+3)2(n+1-3)>2
+
4n?

Varlgy sl + ... 4 S0 L) Var[st]] .
4n

Since the variance of all noise terms is 1, this can be simplified to
date/time: 15-Mar-2026/8:28
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6.2 Corporate Income Tax 223

2 [nQ(n +1)2(r - n) . (n+1)2(n+1-1)2 N (n+2)>2%(n+1-2)2

4n? 4n? 4n?
+(n+3)2(n+1—3)2+ +(n+n)2(n+1—n)2
4n? 4n? '

Although this is a complicated sum it can nevertheless be evaluated and we get

9 [n2(n+1)2(t—n) (n+1)(1+2n) (1 + 2n +2n?)
@ +
4n? 30n

and after simplification,

2 (1+n)(2+15tn(n+1) + 81 — 3n> — 7nd)
60n ’

This is the variance of the book value of the firm.

These evaluations show two interesting things:

— The expectation of the future book value does not depend on time. It stays
constant at a level above the book value today.
—  The variance does depend on time. With higher ¢ the variance increases, the

. . . . +1 2
increase is linear with slope « ("T).

Solution 2.20 The value of the firm that is financed by book value is given by

nrp—1+(1+rg)™"

Vé(ﬁnan. book value) = Vi + D¢ + - TalVy
f
100
=—+4+0.34 %
oG 0.34 x 500
4%0.05—-1+ (1+0.05)~* 100
.34 . . —
+ 15 0.05 x 0.3 XO5XO7XO.15
~ 845.67 .

The Miles-Ezzell formula for infinite lifetime (see Prob. 2.16 in Sect. 2.4.5.4) can be
applied, but /g is not known (if /o were equal to / then book and market value would
coincide). Hence,

E [5]5,]
Vé(ﬁnan. market value) =

(1 + kEs) (1 - lo) ~1

1+rf
——u
CF,
- Euy (1 X7 Do ~
(L+k24) (1 1+ry v (finan. market value)) 1

This can be rearranged to
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224 6 Sketch of Solutions

B|CF| ., Eu
; r 1+k=
V; (finan. market value) = W + T+r; KEw 0
100 0.34x0.05 1+0.15
= 500

01T 17005 015
~ T28.73 .

Obviously, the difference is very large.

Solution 2.21 First, if n —» coand T — oo

lim 6" = lim 6T =0

n—oo0 T—oo

since 6 < 1. The same holds for y and ﬁ Now Thm. 2.23 reduces to

limy e Vi = (1-0(1=7(1-0))) Do
+(1—0(1—T(1—0))—T(1—0))’£—ifﬂ

0 O 0 kE,u_g V(,)A
+( VT T T )1-0

which was to be shown.

Solution 2.22 In a binomial model, the individual probabilities Q can be determined
(see Fig. 2.2).

a) Using (2.14) this gives
Vi = V¢ + (D1 ()01 () + Dy ()01 (d) ——
(I+ryp)?
=159.72 + (D1 (u) X 0.083 + D1 (d) x 0.917) x 0.0281 .

b) Since 1
100 = E [Dy] = 5 (51(d) + 51(u))

and since debt cannot be negative, the highest value of Vé is achieved for
D1(d) = 200, Di(u) =0.

This yields a firm value of 164.87 .
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6.3 Personal Income Tax
6.3 Personal Income Tax

Solution 3.1 Due to Thm. 3.4, we get
E2 [’C‘F”{] E [5]51]
T+rp(l-7) 1+KkEx

01 (u)CFy (u) + 01(d)CFy(d) _E [573‘]

L+rp(1-1) T 1+ kEwu
Ql(u) x 110 + Ql(d) X 90 _ @
1.05 127

and from this
Q1(u) ~ —0.125, Q1(d) ~1.125 .

225

Any claim that pays one dollar after tax if up and nothing after tax if down must have a

price of
u _ Ql (u)

=—— <0
O 14rp(l-1)
and this is an arbitrage opportunity. If k£-* = 15% we get
Q1 (u) = 0.0652, 01(d) =~ 0.9348 .

To evaluate Q2(dd), . .. we concentrate on ¢ = 1. Analogously, we must have

0o (ulu) x 132 + Qa(d|u) x 110 121
1.05 T 1.15°

which gives
Q2 (ulu) =~ 0.0217, Qa(d|u) =~ 0.9783 .

Now by Bayes theorem

Q2 (uu) = 01(u) X Q2(ulu) ~ 0.0014
02(ud) = Q1(u) X Q2(uld) =~ 0.0638

and analogously
Q2(du) =~ 0.1016, Q2(dd) ~ 0.8332 .

Solution 3.2 (3.7) implies
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- _ b~ EtQ+1 TIrf(l —TD)XH,l]
Vigp =V + (1 =-1%)Am + Trr, (=) +...
EIQJr1 Tlrf(l—TD)ZT_l]

(I+rp(l—gl))T-t-1

Rule 4 gives

EtQ [‘711+1 - ‘7;11] = EtQ [(1 - TD)ZHl]

EtQ [Tlrf(l - TD)ng] EIQ [Tlrf(l - TD);T_l]
L+rp(l-1l) (L+rp(1—7l))T-t-1
or
E? ‘7;“ - Vzu+1 -(1- TD)X,H] EtQ [Tlrf(l - TD)X,H]
T+r(1—1)) T (L+rp(1-t)?
EtQ [Tlrf(l —TD)XT_l]
(I+rp(1 =7l
Now adding M results in

1+rp(1-71)

oS ~ Q[ 1 DA _(1_-D\A ]
ES [th+1_vtu+1] Ef |t'rp(1-1)A; — (1 -77)Ai

1+rp(1-11) L+rp(l—1l)
EIQ [Tll’f(l - TD)A'I] E,Q [Tlrf(l - TD)XH.1]
1+rp(1-17) (I+rp(1-11))2

EtQ [Tlrf(l — TD)ZT_l]
(I+rp(1- )Tt

=‘7tl_‘7tu_(1_TD)Xt-

Reshuflling gives
Ny 0l _ -D\T
ot ERIVL T ] (erpa o) - BP0
Lt L+rp(1-71) 1+rp(l-17) ! 1+rp(l-17)

Solution 3.3 We have

o T Tl(l—TD)rfEtQ[XS]
v,’:v;’+(1—rD)At+

po (1 + ry (1 _ TI))x—t+1
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6.3 Personal Income Tax 227

I (1-7P)ry EtQ [KS]
(L4rp(1—7l))st+l

. ~ dA-P)rA &
T (1-00) A DTy

L+rp(l-7)

s=r+l

. A+rpi=-r") = ro7 (1-7P)rp EP [A}]

L+rp(1-11) L (g (L=l))s—td
=~t“+(1+rf)(1_TD) ~t+'rl (1-7P) i EtQ 7;{5 1-1hry

L+rp(l—7h) L—7l A (Q+rp(1=-7l))st 14rp(l-7)
=~t”+(1+rf)(1_TD)X,+TI(1_TD) i EP »ZS_ (1_ 1

L+rp(l—7) L—7l & (T+rp(1=7l))s L+rp(l—1h)
g, Q0w (1) BY 4]

L+rp(l—77) L—7l & (T+rp(1=7l))st

7! (l—TD) u EfQ [;‘]

L1l Za (Tery (L-7l))
gy (1+Vf)(1—TD)gt+TI (1-7P) ZT: E? [ZS]

L+rp(l—71) 1-7f (T4rp(1=7l))st

s=t+1
T EZ [AS 1]
1—71 Z , (L+7y (1—71))s~

=t+

using A7 =0. Rearranging gives

o[~
= Qrrp-tP) A (1-7P) Er [AS]
Vi=Vi+ A > -
+rp(l-7l) -t A (L+rp(1-7))
O\|x —
Tl(l—TD) T E; [As_l] Tl(l—TD) A,

L—7l & (+rp(1=7l))st 1-71 1+rp(1-70)
and this is equivalent to

D _ 1 (1 _ TD) zT: E,Q [A-y - Awsfl]
1-7 (1+ry (1—7’1))S‘f ’

s=t+1

Solution 3.4 This follows from
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228 6 Sketch of Solutions

B, | GOF o1 + Vi, = 1(GCF iy + Vi, = V0]

Vit
B, |GCF o + V2,

Jopost-tax _

=(1-1)

Ve
— (1 _ T)kpre—tax .
Solution 3.5 We have

o EC [557?5(1—7)]
(L +rp(1—1) "

v =

s=t+1
= EP [GCFS] (1-1) (L+rf)""
2 Tery T @rrgi=m)

o] Et [ms] (1—‘1') (1+rf)s—t
(1 + kpre—tax)s—t (1 + rf(l _ T))s—t

s=t+1

i 55_]:", (1-1) (1+rf)s_t
(1 + kpre—tax)s—t (1 + rf(l _ T))s—t

s=t+1
(1 - T) ZRY—F'[

(L+kPrea) (T4ry (1-7))
1+rf

1

1+rf(1—T)

Tor 1is obviously different from kP*%(1—7) .

and the denominator (1 + kPre-tax)

Solution 3.6
a) Asin Sect. 2.6.1 we get

EQ|GCF, | . E|GCF|

1+7ry 1+k
01(u) GOF 1 (u) + 01(d) GCF 1 (d) _ B |G|
147y 1+k
Q1(u) x 110 + Q1(d) x 90 _ 100
1.05 1157

and hence
01(u) ~ 0.0652, 01(d) ~0.93478 .

b) If we look at the second company, the gross cash flows are different and we get
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6.3 Personal Income Tax 229

ve |GoF,|  E|GTF)|
1+7y - 1+ Kk

01(u) GCF (u) + 01(d)GCFy(d) _E | e

1+ry 1+k
0.0652 x 120 + 0.93478 x 80 100
1.05 T 1tk

and hence
k' =~ 27.105% .

¢) This is the same calculation except that we have to add taxes:

B2 [(1- T)Eavl] E [(1 - T)GACE]

l+rp(l-7) — 1+k(l-1)
01(W)(1=7)GTF, () + 01 (d)(1 - ) GOF, (¢) _ B[ -7 GOF
l+rp(1-71) T 1+k(l-1)
01(w)(1-7)110+ Q1 (d)(1 -7)90  100(1 - 1)
1+0.05(1-1) T 1+0.15(1-17)"

and hence

(0.176471 + 1)

~ 2.
O1(u) ~ 28333 — e

, 01(d) =1-01(u) .

d) The calculation is as above,

B [(1- T)G’Eﬁl] E [(1 - T)c’@?l]

l+re(l-7)  1+k(1-7)
01(0)(1 - 7)GOF (1) + 01 (d)(1 - ) GOF, (¢ _ B |1 -7 GOF
1+rp(1-7) T 1+k(1-1)
01 (u)(1-7)120+ Q1(d)(1 -7)80 _ 100(1 —7)
1+0.05(1-1) T 1+15.5%(1-1)

and hence

(1.85714 + 1)

76667 -1 01(d)=1-01(u) .

01(u) = 1.1667

This is different from the result in 6.3.

Solution 3.7 From (3.7) it follows that the market value is maximized if the retentions
are as large as possible. Since necessarily
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230 6 Sketch of Solutions

A3 =0,

we only look at A, and Ay. We will determine the highest possible retention and evaluate
the corresponding market value of the firm.

If the company maintains its highest possible retention, the cash flows to the
shareholders are zero. From this

- 1

- 9 1
A=
LR Y2

CFI, A2::(1+rf)A1+1_TDCF2.

We put this into (3.7) and get, using theorem 3.4,

i) EC A | el - ) B &)

Vi=vi 4 +
o— o (1+rp(1-1l))2 (1+rp(1—71))3

= u 1 D (1+r )Eﬁ'u-l-aﬁ‘u
TIrf(l—TD) E2 [lcjb] T rf(l—T )EQ [%

(T+rpd-th? (L+rp(1-1h)?
T EC|CFY| (e EC|CFY| <l EC |CF)
O T (-2 (Atrp(l=t))F " (A+rp(1-1D)°
. T’rfE[EF’T] T’rf(1+rf)E[6F’II]
O T kB (L4 rp(L-tl)) '+ (L+ kB (L+rp(l-t)2

lrs E [6’7’;]
(L + kED2(1 + (1 - 71))

— u
=Vy+

0.5x0.1x100
~ 249.692 +
(1+0.15) X (1 +0.1x(1-0.5))
0.5x0.1x(1+0.1)x100 N 0.5x0.1x110
(1+0.15) x (1 +0.1x(1-0.5)2 (1+0.15)2x (1 +0.1x (1-0.5))
~ 260.06 .

Solution 3.8 With retention in risk-free assets (3.3) reads
—1 —u ~ ~
B2, [CF, - CF/| = (1=} (L4 r) Ay - (1-7) B2, 4] -
Following Eq. (3.7) we get

(L=t EL [(1474) & - A

vi=yH ...
! et L+rp(l=7) "
(1 - TI) EIQ [(1 + rf) ZT,Q - Xr,l]
+ T-1-1
L+rp(l-7)
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6.4 Corporate and Personal Income Tax 231

(1 - TI) EIQ [(1 + rf) ZT—I]

R

After some minimal reshuffling the following results

(1 - TI) (1 + rf) X,

Vi=Vi 4
! ! Lt+rp(l=7)
1 . 1-— 1y — —_
B [La0r g, (1 o!) A
- + ...
1+rf(1—rl)
1+r 1-7 ~
[(1+rjfr2§ ‘r’))AT_1 - (1 - TI) AT_I]

(1+r,(1=7)""
This brings us to the conclusion,

T (1-7")r, EIQ [Zt]
L+rp(1-7l)

\7,’=\7,”+(1—T’)Zt+

T (1-7l)r, E,Q [Zr_l]
+

(1ery (1=e)

In case of autonomous retention, with an perpetual firm this simply yields

Vi=Vi4 A,

6.4 Corporate and Personal Income Tax

Solution 4.1 We get

(1-tP) (1-7€)

V,l=\7,”+ T A+7¢D
1-0.5)%x(1-0.5
=500+( ) X ( )10+0.5><100
1-05
=555 .
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Index

A
accruals
and cash flow 6,75
and depreciation 128
and investment 123,125
non discretionary 128
adjustment formula
Miles-Ezzell 111-113
Modigliani-Miller 101, 113-115

with valuation based on book values
130
APV
see formula, APV 99
arbitrage free 3, 28,29, 37

B

bankruptcy 62, 82,90
binomial model 13,20-24, 68
book value
financing based on 122
of levered and unlevered firm 75
operating assets relation 121

C

capital

subscribed 123
capital gains rate 60
cash flows

233

additive increments 56-58
and earnings 6,75
free 7
gross 6
independent increments 58
martingale-like  53-56, 60, 151
multiplicative increments  58-59
projection of 7
uncorrelated increments 56
certainty equivalent 30
cost of capital 9-11,31,32
and discount rate 31,60, 115,156
and leverage 50
and yields 10, 14,53
of the unlevered firm 150
weighted average (type 1)
weighted average (type 2)
cost of debt 86
cost of equity 105

106
108

D

debt 74
book value of 120
constant 100, 126
market value of 74
one-period 73
debt-equity ratio
see leverage ratio 75
default 62,89
depreciation 128



234 INDEX

discount rate TCF 106-108
and cost of capital 31,60 textbook TCF- 107
and WACC 115 textbook WACC- 109
of the unlevered firm 53 WACC 109
dividend-price ratio 59,103, 155 Williams/Gordon-Shapiro 59, 155
free lunch 29, 153, 165

E FTE
see formula, FTE 105
EBIT 6,75 . VIS
full distribution 123-125
EBT 75
. Fundamental Theorem
equity 74

of Asset Pricing 37
with different taxation of dividends
and interest 155

book value of 121
market value of 74
excess volatility 65

expectation
classical 18
conditional 16
iterated 19
linearity 18
on realized variables 19
rules 17-19

F

financial distress 61
financing
autonomous 99-101, 125,126
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based on book values 120-130

based on cash flows 133-135

based on debt-cash flow ratio
139-141

based on dividends 136-138

based on market values 103-116

policy 73,77

policy and insolvency 85

firm

levered 72-76,144
reference 50, 130
unlevered 49-69, 149-151

formula
APV 100,104
FTE 105

Miles-Ezzell 111

Modigliani-Miller 100, 185

Modigliani-Miller- adapted 129

Modigliani-Miller- based on book
values 127

macro: SNmono.cls

I

insolvency 62,80, 84,91
and complete transfer of assets
89-98,117-119
insolvency trigger 62,87-91
investment
based on cash flows 127-130
debt financed 124
replacement 125

L

leverage ratio
anew interpreted 149
based on book values 75
based on market values 74
constant 129

M

market value
of the levered firm 74,161
of the unlevered firm 51,150
martingale measure 31

0]
operating assets relation 121
P

point-in-time principle 14,21
probability
conditional 24,68
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risk-neutral 31,37,69, 155
risk-neutral and pricing kernel 39
subjective  31,37,41

R

random variable 15,33
random walk 58
relevering 50, 148

risk premium 31

S

state of nature 15,21,41
structural model of insolvency

62,81,84
T
tax
base 8,151
equation 75,153
income- 7
sales- 7
scale 8
subject 8

value-based- 7

tax advantage
and debt 73,76,77
and retention 154
stochastic 103

Page: 235 job: S-DCF

macro: SNmono.cls

235

value of 77,161

TCF
see formula, TCF 106
theorem
Fundamental, see Fundamental
Theorem 37
time

continuous or discrete 12
finite or infinite 11
transversality 40-42,47, 142
trinomial model 26
U

uncertainty 15
unlevering 50, 148

A\

volatility
excess 65

W

WACC
see formula, WACC 108

Y

yield 10, 14,53
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