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Stochastic structure of cash flows 2

Valuation standard of the German
Association of CPAs (“IDW”).

We are not interested in past
cash flows but in future ones.

These are uncertain.

We must estimate them.

So what is the right
“narrative” to tell about the
quantities?

And what follows for the
stochastic structure of those
cash flows?
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Unlevered firms! 3

Notice: We will only consider unlevered firms and their cash flows
here.

If unlevered firms have a particular stochastic structure, the
structure of the levered cash flows follows. (Later we will discuss
levered firms.)
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Stochastic structure of cash flows 4

Let us try some ideas.1

Assume that future cash flows are independent of each other.

Before we set off, why is this economically likely to be nonsense?

What does “independent” mean here: The cash flow in year t has
nothing to do with the cash flow in year t + 1.

But then any corporate strategy would seem to have no effect.
Pure chance would determine where the firm ends up.

1Spoiler: we begin with something deliberately misguided, to make our later
assumption more plausible.
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Independent cash flows? 5

We need another rule that we did not introduce earlier.

“Rule 6” If cash flows are independent, then EQ
t [C̃F

u

t+1] is not
random but a number.

Then, by using iterated expectation (rule 4), we get (s > t)

EQ
t [C̃F

u

s ] = EQ
t [E

Q
s−1[C̃F

u

s ]︸ ︷︷ ︸
is a number

]

and by using rule 3 the expectation EQ
t [C̃F

u

s ] is a number as well.
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Independent cash flows? 6

This has implications for the value of the firm:

V u
t =

number︷ ︸︸ ︷
EQ
t [C̃F

u

t+1]

1 + rf
+

number︷ ︸︸ ︷
EQ
t [C̃F

u

t+2]

(1 + rf )2
+ . . .+

number︷ ︸︸ ︷
EQ
t [C̃F

u

T ]

(1 + rf )T−t−1

It is a number (deterministic!).

Independent cash flows means: “If future cash flows are driven
purely by chance rather than strategy, then the firm’s value is no
longer random.”

We will not make such an assumption.
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Instead: Persistence and Shocks 7

We need an assumption

under which the firm’s strategy plays a role.

Future cash flows should evolve from current cash flows plus
shocks,

while also allowing for possible growth.

We assume martingale-like cash flows.

Probably first introduced by Fama (1977):

However, Fama does not look at multiple cash flows in this section. . .
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Martingale-like cash flows 8

We assume
Et [C̃F

u

t+1] = (1 + g) · C̃F
u

t .

g is the growth rate of the cash flows (g > −1), cash flows are
always positive.

This needs to be explained in more detail.
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Intuition of martingale-like 9

Consider a binomial tree of cash flows,
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Figure: At each node, the expected growth rate is g = 10%.
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Intuition of martingale-like 10

Loosely speaking, “martingale-like” cash flows mean that

cash flows are generated by an underlying narrative (a
“story”),

cash flows are uncertain, but

despite this uncertainty, their average (i.e., their expectation
at each node) is anchored to the past value.
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Another remark: Q versus P 11

We have choosen the expectation under the subjective measure
(we used Et [·]) instead of the risk-neutral measure (we did not use
EQ
t [·]). Why?

It does not matter. In an exercise we show that the cash flows are
martingale-like under Q as well, if cost of capital are deterministic.
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Martingale-like and AR(1) 12

Martingale-like is linked to autoregressive variables (AR).

But autoregressive variables must have a constant term that is
missing here, i.e., if cash flows would be AR(1) then

Et [C̃F
u

t+1] = some constant +︸ ︷︷ ︸
missing here!

(1 + g)C̃F
u

t .
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Noise and martingale-like 13

Define noise by

ε̃t+1 := C̃F
u

t+1 − (1 + g)C̃F
u

t .

Then we can show

1 Noise has no expectation2

E [ε̃t ] = 0.

2 Noise terms are uncorrelated

Cov [ε̃s , ε̃t ] = 0 if s ̸= t

2In the problems we show: That also holds for the conditional expectation.
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Proof (1) 14

Noise terms have no expectation:

E [ε̃t+1] = E0 [ε̃t+1] by rule 1

= E0 [Et [ε̃t+1]] by rule 4

= E0

[
Et

[
C̃F

u

t+1 − (1 + g)C̃F
u

t

]]
by definition

= E0

[
Et

[
C̃F

u

t+1

]
− Et

[
(1 + g)C̃F

u

t

]]
by rule 2

= E0

[
Et

[
C̃F

u

t+1

]
− (1 + g)C̃F

u

t

]
by rule 5

= E0

[
(1 + g)C̃F

u

t − (1 + g)C̃F
u

t

]
by assumption

= E0[0] = 0 rule 3, QED
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Proof (2) 15

Noise terms are uncorrelated: (s < t)

Cov [ε̃s , ε̃t ] = E [ε̃s ε̃t ]− E [ε̃s ] E [ε̃t ]︸ ︷︷ ︸
=0

by definition of covariance

= E [ε̃s ε̃t ]

= E0 [ε̃s ε̃t ] by rule 1

= E0 [Es [ε̃s ε̃t ]] by rule 4

= E0

[
ε̃s Es [ε̃t ]︸ ︷︷ ︸

will now shown
to be 0

]
by rule 5

= 0 rule 3, QED
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Proof (2) continued 16

Es [ε̃t ] = Es

[
C̃F

u

t+1 − (1 + gt)C̃F
u

t

]
= Es

[
Et

[
C̃F

u

t+1 − (1 + gt)C̃F
u

t

]]
rule 4

= Es

[
Et

[
C̃F

u

t+1

]
− (1 + gt)C̃F

u

t

]
rule 2 and 5

= 0 by assumption
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Independence vs.uncorrelation 17

Martingale-like can be written as

C̃F
u

t+1 = (1 + g)C̃F
u

t + ε̃t+1.

In finance the usual assumption is: noise terms ε̃t are pairwise
independent. But here we only assume that the noise terms are
pairwise uncorrelated – which is less restrictive:

ε̃t , ε̃s are
uncorrelated if independent if for all

functions f and g

Cov [ε̃t , ε̃s ] = 0 Cov [f (ε̃t) , g (ε̃s)] = 0
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Finite and infinite example 18

We already
hinted at it: in
both cases of
the example,
the cash flows
are
martingale-like.

Let us verify this briefly.
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Finite and infinite example 19

The infinite example

Et [C̃F
u

t+1] =
1

2
uC̃F

u

t +
1

2
dC̃F

u

t

=
u + d

2︸ ︷︷ ︸
=1

C̃F t

The finite example: We always have

Et [C̃F
u

t+1] = 1.1 · C̃F
u

t .
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Summary 20

We will consider unlevered and levered firms.

Cash flows of the unlevered firm are martingale-like, i.e., noise
terms are uncorrelated.
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