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Fundamental theorem 2

Remember

Ṽt =
Et

[
C̃F t+1 + Ṽt+1

]
1 + kt

.

Another way to handle risk are risk-neutral probabilities Q.

Ṽt =
EQ
t

[
C̃F t+1 + Ṽt+1

]
1 + rf

.

Does Q always exist?
This is not a trivial question! For example, solutions of the form
q(state) = −1 or q(state) = 2 would not be considered as
‘probabilities’.
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Fundamental theorem 3

Theorem (fundamental theorem) If the markets are free of
arbitrage, there is a probability Q such that for all claims

Ṽt =
EQ
t

[
C̃F t+1 + Ṽt+1

]
1 + rf

.

Holds for any claims!

What about a proof? Forget it.

How to get Q for valuation of firms? No idea.

So why is this helpful? We will see (much) later.

Is there at least an interpretation of Q? Yes!
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Risk-neutrality of Q 4

Why do we call Q a risk-neutral probability?

Look at the following:

1 + rf =
EQ
t

[
C̃F t+1 + Ṽt+1

]
Ṽt

fundamental theorem

1 + rf = EQ
t

[
C̃F t+1 + Ṽt+1

Ṽt

]
rule 5

rf = EQ
t

[
C̃F t+1 + Ṽt+1

Ṽt

]
− EQ

t [1] rule 3

rf = EQ
t

[
C̃F t+1 + Ṽt+1

Ṽt

− 1︸ ︷︷ ︸
return on holding a share

]
rule 2.
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Intuition of Q 5

The last equation
rf = EQ

t [return]

simply says: if we change our probabilities to Q, any security has
expected return rf .

Or: the world is risk-neutral under Q.
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Uniqueness of Q 6

Is Q unique? Or can the value of the company depend on Q?

If the cash flows of the firm can be duplicated by traded assets
(market is complete) then any Q will lead to the same value.

Proof? Forget this as well. . .
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Two assumptions 7

From now on two assumptions will always hold:

Assumption The markets are free of arbitrage.

Assumption The cash flows of the firm can be duplicated by
traded assets.

=⇒ The risk-neutral probability Q exists and is (in some sense)
unique.
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Valuation equation with Q 8

Theorem The market value of the firm is (also) given by

Ṽt =
EQ
t [C̃F t+1]

1 + rf
+

EQ
t [C̃F t+2]

(1 + rf )2
+

EQ
t [C̃F t+3]

(1 + rf )3
+ . . .

+
EQ
t [C̃FT ]

(1 + rf )T−t−1

We are now proving this theorem using our rules.
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Proof I 9

Reformulate our fundamental theorem

Ṽt =
EQ
t

[
C̃F t+1 + Ṽt+1

]
1 + rf

.

Using the fundamental theorem next period

Ṽt+1 =
EQ
t+1

[
C̃F t+2 + Ṽt+2

]
1 + rf

,

the result is

Ṽt =

EQ
t

[
C̃F t+1 +

EQ
t+1

[
C̃F t+2+Ṽt+2

]
1+rf

]
1 + rf

.
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Proof II 10

Because the risk-free rate is deterministic, we can apply the
Linearity Rule (no. 3) of conditional expectation and get

Ṽt =
EQ
t [C̃F t+1] +

EQ
t

[
EQ
t+1[C̃F t+2+Ṽt+2]

]
1+rf

1 + rf
.

Using the Rule of Iterated Expectation (no. 4) we get

Ṽt =
EQ
t [C̃F t+1] +

EQ
t

[
C̃F t+2+Ṽt+2

]
1+rf

1 + rf
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Proof III 11

Rearranging and using linearity again gives

Ṽt =
EQ
t [C̃F t+1]

1 + rf
+

EQ
t

[
C̃F t+2

]
(1 + rf )2

+
EQ
t

[
Ṽt+2

]
(1 + rf )2

This procedure can be applied again and again: We see a pattern
here!
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Proof IV 12

If T is the last point in time where ṼT = 0, we get finally our first
valuation equation.

Ṽt =
EQ
t [C̃F t+1]

1 + rf
+

EQ
t

[
C̃F t+2

]
(1 + rf )2

+ . . . +
EQ
t

[
C̃FT

]
(1 + rf )T−t−1

This is what we wanted to show.
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Summary 13

If markets are free of arbitrage, “some” Q exists. It looks like a
probability (between 0 and 1) and can be interpreted as implying
only “risk-neutral” returns. We call it risk-neutral probability.

If markets are complete, Q is unique.

Q may be intuitive, but it is not directly observable and is, at first
glance, of limited use.

We can value every claim using Q and rf .

Kruschwitz & Löffler DCF: Basic Concepts – Fundamental theorem 13 / 13


